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Abstract:
In the present paper we introduce and study 7" - R} -, T"-, RY-, 17 -, T - T -
strong 77 - and strong T -separation axioms in fuzzifying topology and give some of

their characterizations as well as the relations of these axioms and other separation
axioms In fuzzifying topology introduced by Shen, Fuzzy Sets and Systems, 57 (1993),
111-123.
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1. Introduction

In 1991, Ying [6] used the semantic method of continuous valued logie to propose the
so-called fuzzifying topology as a preliminary of the research on bifuzzy topology and
elementally develop topology in the theory of fuzzy sets from a completely different
direction. Briefly speaking, a fuzzifying topology on a set X assigns each crisp subset
of X to a certnin degree of being open, other than being definitely open or not,
Andrijevi¢ [1] introduced the concepts of b -open sets and b -closed sets in general
topology. In [2] Hanafy used the term ¥ -open sets instead of b -open sets and studied
the concepis of ¥ -open sets and ¥ -continuity in fuzzy topology. In [4] the concepts of
fuzzifying p -open sets, fuzzifying y -neighborhood structure of a point, fuzzifying y -
interior operation and fuzzifying ¥ -closure operation are introduced and studied. Shen
[5] introduced T, , T, , 7, (Hausdorff)-, 7} (regularity)-, T, (normality)-separation
axioms in fuzzifying topology. In the frame work of fuzzifying topology, the authors in
[3) introduced the i, -separation axioms and studied their relations with the T} - and T -
separation axioms, respectively. In the present paper, we introduce and study
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T = R =17 = R! =T (¥ -Hausdorff)-, T\" (¥ -recularity)-, T, (¥ -normality), strong
T7 -, strong T -separation axioms in fuzzyifying topology. Also, we give some of their
characterizations as well as the relations of these axioms and T, -, Fty = T) - Iy~
T, (Hausdorff)-, T (regularity)-, T, (normality)-separation  axioms in fuzzifying
topology.

1. Preliminaries

First, we display the fuzzy logical and corresponding set theoretical notations [6-7]
since we need them in this paper. For any formula @, the symbol [@] means the truth

value of @, where the set of truth values is the unit interval [0,1]. We write =@ if
[@]=1 for any interpretation. The original formulae of fuzzy logical and corresponding
set theoretical notations are:

(1) [a) = a(ee[0.1]): [paw]=min([g][w]): [¢-> w]=min(L1-[e]+[v]).
) If Aed(X), where J(X) is the family of all fuzzy sets of X , then
[:rE j}.; Az).

(3) If X is the universe of discourse, then [Vz(x) ] = inf, [qﬂ{r]] In addition
the following derived formulae are given,

(1) [~¢]=[p—>0]=1-[g)].

@) [pvy)=[~(~eAr=p)]=max([pl¥]).

@) [pey]=le-ylaly -0l

@ [pap]=[~(p——w)]=max(0[o]+[w]-1).

) [pv p]=[~(~p 2] = (@ = p]=min(1,[¢]+[w]).
(6) [3rp(x)]=[~Vap(z)] = sup,oc [0(2)].

(7)If A, e 3(X), then

[.i c .ﬁ] m['ﬂ'x(:‘i A=rre B)]miﬂmin{u ~A(r)+B(z)): '

Second, we give some definitions and results in fuzzifying topology.

Definition 2.1 [6]. Let X be a universe of discourse, and let r&J(P(X)), where
P(X) is the power set of X satisfying the following conditions:
(DeEXer;
(2)forany A, BeP(X),r(Aer)a(Ber)(AnB)er;
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() forany {4, :AeA}c P(X), =vA(leA—= A er)=l,, A et
Then £ is colled a fuzzifying topology and (X, 7) is a fuzzifying topological space.
The family of all fuzzifying closed sets will be denoted by F,, or if there is no
confusion by F , and defined as follows: AeF=(X-A)er, where XA is the
complement of A,

Definition 2.2 [6]. Let (X, 7) be a fuzzifying topological space.
(1) The fuzzifying neighborhood system of a point r€X is denoted by
N, € 3(P(X)) and defined as follows:

N,(A)= sup r(B)
rlig

(2) The interior of a set A€ P(X) is denated by A € J(X) and defined as follows:
A'(x)= N, (A).
(3) The closure of a set A€ P(X) is denoted by A€ J(X) and defined as follows:

A(z)=1-N,(X-A).
(4) BeI(P(X)) isabase of 7 iff 7= (Theorem 4.1 [6), i.e.

1(A)= i AB(B,).

s

(5) @& I(P(X)) is asubbase of 7 if ¢ isabaseof r,ie,

t({A)= sup inf sup inf el ).
(4) U.E.i"'"‘ nnf.u‘-‘-'hwl J"}
A dgady

Definition 2.3 [4). (1) The family of fuzzifying y -open sets, denoted by T, &
(P(X)) . is defined as follows:

Aer, =Vr(reA—re A UAT) ie, 7,(A)=infmax(4 (z).A ().

(2) The family of fuzzifying  -closed sets, denoted by F, € 3(P(X)), is defined as
follows:

AeF,=(X-A)er,.
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(3) Let reX . The fuzzifying y -neighborhood system of x, denoted by N' e
E[F{X}} + is defined as follows;

AeN!=3B(reBcA- Ber,).
(4) The fuzzifying y -closure of A is denoted and defined as follows:
ClL (A)(x) =1~ N7 (X - A).

Theorem 2.1 [4]. Let (X, 1) be a fuzzifving topolagical space. Then, we have
(Dercr, () =FCF,.

Theorem 2.2 [4). The mapping N': X — 3% (P(X)), =+ NI, where 3" (P(X))
is the set of all normal fuzzy subset of P(X), has the following properties:
(DEAeN! szed;
@ r=AcB-(AeN 2 BeN!);
{3}|=AeN,’-aEH{HeNInH:AAW{yEH—rHEN:]}.
Theorem 2.3 [4].
T,{A]—-i'lll;Nf{zl].

Remark 2.1. For simplicity we use the following notations:
K(ry)=3A((AeN, ayeA)v(AeN, aze));
H[m.u]rlﬂﬂﬂﬂ'(fﬂEﬁ, AyiB}A[CEN,Amﬁﬂ}]:
M(z,y)=3B3C(BeN, ACeN, ABNC =¢);
V[I,BJWEAEH{AEN,AHEH\DCH&A(‘LH“#}; !
W(A,B)=3GIH(CeraHetAACGABC HAGNH =¢).

Definition 2.4 [5]. Let £ be the class of all fuzzifying topological spaces. The unary
fuzzy predicates T, € 3(Q), i=1,--,4, and R, € 3(X), i=0,1 are defined as follows,
respectively

(X.r)eT, =Vavy((re X ane X ar# )= K (z,0));
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(X,r)e T =Vavy((re X ape X azey)— H(v.y)):

(X,r)eT, =VaVy((re X nye X ax#y)— M(ryl

(X,1)eT, =VrvD((re XADeF nze D)V (x,D));
(X,r)eT, =VAVB((Ae FABe FAAND =)= W(A,B)).

(X, 7)€ Ry =VaVy((re X ave X axey) = (K(zy) - H(r.y)))i

(X, r) el -="n":r'#'y({.tex.nye Xare# :;}—r[h‘(m,yj—bM{r.y}]].

3. Fuzzilying y -separation axioms
Remark 3.1. For simplicity we use the following notations:
K,(z,u)= EH([AEN}' Aylﬁ]v{ﬂ eNIane .J.}};
H, (r,y)=3B3C((Be N} ay€ B)A(C e N} aze c)):
M, (2,y)=3B3C(B e N] AC € N] ABNC =) ;'
V,(z,D)=343B(Ae N} aBet,ADS BAANB =¢);
W, (A,B)=3G3H (Ger,AHET,AACGABC HAGAH = ).

Definition 3.1, Let £ be the class of all fuzzifying topological spaces. The unary
fuzzy predicates y—T, (T, for short) e J(Q), i=0,,4,, y—strong - T [T]"H for
short € X(Q), i=34 and y-R, ([ for short) e J(1), i=0,1, are defined as
follows, respectively

(X,r)eT) --‘n‘z‘n’u({:l! XayeXarzey)— Kr{:ﬁ.y]];
(X,r)eT I-‘d'm‘ﬂ'y([xe XAyeXaray)— H,{.r.u}:l; ;
(X, r)e1; rw‘#t'ﬂ’u[{:ﬂEXA:;EXA::H]AM,[:.'.:;]}:

(X,1)eTy --"E'IHDI:{.:HEXADﬁF‘hI!D}—H’,{r.D]}‘.

(X,r)e T} =VAVB((Ae FABeFaAnD =¢)—W,(AB)).

(X,r) ety =vavD((ze XaDeF, are D)= V(z.D));
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(X.7)e 1" =VAVB((Ae F,aB e F,aAn B =¢) - W(A,B)).
(X, r)e RS =YrYy [I::r eXapeXarny)—= [K, (2,0} = 1, I[:r.:.r:l}) ;

(X,r)efif = 'ﬂ'.r‘?'u([m eXAyeXarey)— {Kr (#,1) = M, (x, :.r}}} !

Lemma 3.1. For any fuzzifving topological space (X, 1)
() = K(xp)= K, (1)
(2) = H(z,y) = H, (z.0);
(3) = M(x,y)— M, (z,1);
@) EV(2,D)=V,(x,D);
(5) = W (A, B) =W, (A.B).

Proof. From Theorem 2.1 (1), = r< 7, and so one can deduce that N, (A) < N/ (A)
for any A e P(X), the proof is immediate,

Theorem 3.2. For any fuzzifving topological space (X, 1)
() =(X,7)el, = (X, 1)eT’, where i =0,-,4.
(2) h{x.r}eff’-p{x.r}e?:. where i =34,
(3) = (X, 1) e T =2 (X, 1) e T, where i=3,4.
Proof. (1)1t is obtained from Lemma 3.1,
(2) It follows from Theorem 2.1 (2).
(3) It follows from (1) and (2).
Lemma 3.3. For any fuzifving topological space (X, 1)
() =M, (ry)=H, (z.0);
(2) = H, (1) = K, (x,4);
(3) =M, (ry) = K, (z.0);
Proof. (1) If N?(B)=0 or NJ(C)=0, then the result holds, Suppose that
N!(B)>0 and N](C)>0. By Theorem 2.2 (1) we have [r & B]=1 and [yeC]=1,
So, {B.CeP(X):BnC=¢}c{B.CeP(X):yeBazeC). Thus

[M, [:r._u]] = Hls‘:EFmin I:N,' (B).N] [{T]}S nlllru:p-r'mfn{N: (3), N7 [C':I}
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=[H, (x.)].
(2) We have that
[K, (x.0)]= mu[gfﬁffﬂl-igfﬂf M}] E'T.TN: ()
> "TL{N,'[A}ﬁ NI (B))=[H, (=.u)].
(3) It is obtained from (1) and (2).

Theorem 3.4. For any fuzzifying topological space (X, 1)
ME(X 1) el = (X,1)eT];
Q) kE(X,reTy (X 1)eT.

Proof. The proof of (1) and (2) are obtained from Lemma 3.3 (2) and (1), respectively.
Corollary 3.5. For any fuzzifying topological space (X, )

E(X,r)eT] = (X, r)eT.
Proaf. From Theorem 3.4 the proof is immediate,

Theorem 3.6. For any fuzzifving tapological space (X, r)

(X, el H['?’JFVJ'.'[I eXryeXarey— [—'{" el {{””}]
vﬁ[yEUIrl:{:r.}]}))

Proof: Applying Theorem 2.2 (2) we have
(0012 - ntms{ s (4) e 4)
=inf max (N7 (X = {u}), V) (X ~{=}))
= inf max (1 =1, ({u})(=).1- €4, ({=})(w)
=inf (=1, ({u1) (=) v =%, ({=}) w)

["n"r"u";,-[r EXAyEXArsy— {-—|{J' eCl, [{y}}})v—'{ye CI,I:{::}}})]] -
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Theorem 3.7. Let (X, 1) be a fuzzifying topological space. Then
(X )eT) e vr({a)e F)
Proaf. Forany =, WPy # 5, , we have from Theorems 2.3 and 2.2 (2) that

[ve({r}e )] =int , ({=)) =ing , (X ) = ing_int N7 (X ~{a))

X XyaX-{s}

yak =

S N (X={m ) s NT (X {2, }) = sup N7 (4).
ay AT
According to the same reason we can prove that

[Fz{{:r}e F ]}5 sup NI (A).

Therefore
['n';r{{r} € F,]] < inf min [:up NT(A),supNT [B]]
ey A wal '
=inf sup min(N7 (4),N7 (B))=[(x, r)e1y].
LA AR T
On the other hand

[{X. T)e T;"]m'illﬂ‘l min(fl:ﬂNfl [A]:t:pﬂ!‘u'; {B]]
= inf min(N7 (X ={,}), N7 (X {x,}))
<inf N (X~{n}) =inf inf NI(X-{z})

= inf 7, (X~{z,})=inf r, (X ~{z}) =[vz({z} e 5,)].

Thus [(X,7) e 7" ]=[vr({z} e ,)].

Definition 3.2. The fuzzifying ¥ -local base 3. of = is a function from P(X) into
I such that the following conditions are satisfied:

(N Ew CN;
()=AeN] +3B(Be)f nzeBgA).

Lemmal8. EAeN o 30(0eyf areBcA).




Fuzzy y -separation Axiomy in Fussifying Topology 775

Proof. From the condition (1) in Definition 3.2 and Theorem 2.2 (2) then
NI(A)zNI(B)2 0, (B) for each H< X such that re BeA. So, N'(A)2

SUP,enca ¥, (B) . From condition (2) in Definition 2.3, N7 (A) < sup,, e, 20, (B).
H:mm' N: [A]=sup4ﬁ]=.l }ﬁa {B]'

Theorem 3.9. If ¥, is a fuzzifving y -local basis of =, then
(X, 1) €T} o Vavy((re X aye Xarzy) - (3B(Besp, avect,(B))).
Proaf. Applying Lemma 3.8 we have

[Vava((e X nve X nzwy) > (3B(Besp, avec, @)]

=inf fup min (3, (B), N7 (X - 1))

*heX welle( X =N}

"l o e A () C)

=inf sup  sup  min(yf, (D)8, (E))

RV g salicH g Bt
=inf sup min( sup ¥, (D), sup yﬂ'{E}}
TRY el m ralbgH e R’

= inf ﬂlp’min fN,‘,' (B),N7 (C))

oY B

=[(x,n)e77].

= inf sup min[;a (B), sup {c;]

Theorem 3.10. Let (X, 1) be a fuzzifying topological space. Then
() =(X,r)eR’ =(X,r)eR].
(@) If T, (X, 1) =1, then
(@) =(X.r)eR, = (X, 7)eR].
(b) =(X,r)eR = (X,r)eR.
Proof. (1) From Lemma 3.3 (1) we have

[(x.r)e R} ]=inf min (1,1~ K, (x,0)+ H, (x.1))
2 inf min (L1=K, (r.0) + M, (2.0)) =[(x.7)e BT ].
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(2) Since 7 (X,7) =1, then for each 2,5 & X and z#y we have, K (z,y)=1 and
so, K, (r,y)=1.
(#) Applying Lemma 3.1 (2) we have
[(X.7) € Ry ] =inf min (1.1~ K (2, + 4 (x,y))
2inf min (1,1~ K (r,3) + H, (r,y))
=infmin (L1~ K, (z,y) + H, (ru)
=[(x.r)eR].
(b) Applying Lemma 3.1 (3) we have
[(X.7)e R,]:Efmin[l,l-—f‘.'['::.;.r}-!-ﬂrf[m,nr]}
Zinf min (1,1~ K (z,4) + M, (z,))
=[{x.r]eﬂ,’].

Theorem 3.11. Let (X, 1) be a fizifving topological space. Then
M E(X.1eT - (X, r)eR!
(2)=(X,1)eT" -i{['x,r}en.’n{'x.r}nsﬂ"}.

=inf min(1,1- K, (2,y) +M, (2,y))

(NI T (X,7)=1, then =(X, 1) T) H[{X.T]E.‘HA[XJ]ET;’).
Proof. (1) By some calculations we have

T (X, r}niﬂs[n, (x.)] = inf min(1,1-[ K, (e0)]+[H, (r.0)]) = B (x,7).
(2) Itis obtained from (1) and from Theorem 3.4 (1)

(3) Since 7.7 (X, 1) =1, then for every r,y € X such that r #y we have [ﬁ’, {:,y}]
=1. Therefore,

[(x,r)ers AX DT ]=[(X.7)e R = inf min (1,1 <[ K, (=, v)]+[ H, (z.v)))

=t ) =[(x. )
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Theorem 3,12, Let (X, 1) be a fuzzifying topological space. Then
() e((X. e a(X.7)eT) ) (X r)eq),
@) T (X, 1) =1, then &= (X, 1) B} A(X,r)e T ) (X, 1) e T}

Proof. (1)

[(X.7)e R a(X. 7)€ T ] = max(0. 48] (X, 7)+ 77 (X.7)-1)
= max 0,inf min (11~ K, (z.)] + [, ()]} +inf [ &, (2.)]-1)
< max 0,inf (min 1,1-[ &, ()] + [, (z.)]) +[ &, (r.)]-1))
= iﬂE[Hr (x.)]=[(X.7)eT"].

2)

[(X.7)e R (X, ) e Ty ]=[ 1 (X, 0)] =inf min(11=[ K, (z.0) | +[ #, (.0)])

= iﬂ{[H, [:t.t.r}]= [[X, r)e T;’] .

because T, (X,7)=1, we have for each =,y € X such that = # y we have [K, (=, y}]

Theorem 3.13. Let (X, 7) be a fuzzifving topological space. Then
(M) (X, 1) ey 5 ((X.r) e B > (X,r)eT));
@) = (X, 1)e R - ((X.0)eTy »(X,r)eT).

Proaf. (1) From Theorems 3.11 (1) and 3.12 (1) we have

() e = ((X.0) e - (X.0)eT)] |
= min(1,1=[(X,7) Ty J+min(L1-[(X,r) e &7 J+[(X.7) e 7 )
= min(1,1-[(X,7) e 77 | +1-[(X, 1) e B} |+ [(X.r) e 77 ])
=min(1l1-([(X. 1) e 7 J+[(X. ) e BT ]-1) +[(X. 7)€ 1;*]] =,

(2) From Theorems 3.4 (1) and 3.12 (1) the proof is similar to (1).

Theorem 3.14. Let (X, 1) be a fuzzifving topological space. Then
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() E(X.r)eT! 2 (X, r)en'.

@ E(X.7)eT) = ((X,r)e i) a(X,1)eTy).

BT (X.x)=1. then 1= (X, 7)€ I] & ((X.7) e RY A(X, 7)€ TY).
Proof. (1) We have

T (X, 1) =£|1§[Mr (z.0)] 51}11'[.&', (z.u) > M, (z.0)] = R (X, 7).

(2) It is obtained from (1) and from Corollary 3.5.
(3) Since TJ(X,r)=1, then for each z,ye X such that T#y we have

[I-.‘ ] y}]n 1. Therefore,
7 (X.r)= i'q[[M, (, ;,-}] =£|1E[ﬁ, (z.u) = M, {:.y]] =R (X.r)
=R (X,7) ATy (X.17).

Thearem 3.15. Let (X, r) be a fuzzifying topological space. Then
(M (X 1) e R A(X,7)e T7 )= (X, ) eT);
(2)1f 77 (X, t) =1, then h([x,r}a.'ﬁ’qx[x,r_}s?;’}ﬂ{x. fely.

Proof. (1) By some calculations we have

[(X,)e Ry A(X.7)e T ] = max(0, 7 (X, 1)+ 7} (X, 7)-1)
= max [-:1, inf min (L1-[&, (z.0)] +[ a1, (z.u)])+ ] .11.'[!-:, (z.0)]- 1]
< max(0,inf (min (1,1~ K, (r.0)] +[ M, (7.0)]) #[ K, (2.9)] 1)

- ‘.'lf[‘“r (n0)] =177 (X, 7).

(2) Since 7,7 (X,7) =1, then for each 7,1/ € X such that z #  we have [ K, (z.1)]
=]. Therefore,

[(X.7) e RY alx,r)ey ]=[(x, eR)]= inf min(11=[ K, (x,u)]+[ M, (.0)])

=inf[ M ()] =77 (X.1).

Theorem 3.16. Let (X, 1) be a fuzzifving topological space. Then
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() = (X, D) ety = ((X.7)e R - (X.r)eT));
@ =(X, e R > ((X.)el) (X, 1)eT)).
Proaf. (1) From Theorems 3.14 (1) and 3.15 (1) we have
[[A’.r]a 7 —1{{x.rjeﬂ,’ - (X, r]ET{}]
= min(11= 7 (X, 1)+ min(1,1 = &7 (X, 7)+ 77 (x,7)))
=min(L,1-[(X,7)e T J1-[(X.r) e B J+[(X\7) e 7Y )
= min (1.[—([{)&.’.1'}5 ﬂ’]+[[x.r}e i ]-l}+[{x,r]a 17 ]} =1,
(2) From Corollary 3.5 and Theorem 3.15 (1) the proof is similar to (1).
Theorem 3.17. Let (X, 1) be a fuzzifying topological. If [{X, r)e T},’] =1, then
I.h({x,rje'.'},’ nar{[xfr'jeﬂn’,’ﬂ[x.r]e:';’}) .
.«[{x.r] el = -1({):.'. reT] - —.([x. e Jﬁ'}}) :
2. F({X.r]eﬂ,{ +((X.1)eTy = (X.7)e T}’})
.«({X.r} el = —.[{x. ey —»~((X.r)e m{}}) ;
3 k(X r)eTy - ((X.r)e Ry = {x,rje*r,’}]
n[{X.f]ET}" —r-q[{x.r}efi; -3 -.{{X.f]r: T.’}})'.
4, r:({x. t)e ) —r{{x,r]e ‘ g —r[X.r]eT,’)]

.«({)r,r] G i —r—a({x.r}e R} = -((X.7)e 1;’}})'.

Proof. For simplicity we put [[x, r)efi'}’]: :;.-.[{x.r}e R,"] =L and [{X.I}ET."]
=E. Now, applying Theorem 3.12 (2), the proof is obtained with some relations in
fuzzy logic as follows.

(1 (n—=(€— E])A[E ] *-I::l}‘= (m==( ﬁ“ﬁ]}“{g = =(n= L))
= —(na=(~(€ 2 =€) A=(E 4 (n-> )
= =(naT A=E)A=(Ea=(n4L))
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=(nal = E)a(E=nal) =nal e 8=

Since A is commutative one can have the proof of statements (2)-(4) in a similar way
as (1)

Theorem 3.18. Let (X,7) be a fuzzifying topological space. If [(X,1)eTy =1,
then

Loe((X. ) ety = ((X.7)e R = (X,1)e 1))

ATy s (X em s (X1 e r7)))
2 B((X 1) e R > ((X.1)e Ty - (X,r)eTy))

M(X DTy 5 ~(( e T > =(X. ) e r7)));
3 e((Xr)emy (X, ) e R - (X.r)e 1Y)

A(X )€1y o =[x, 7 e R > (X D) eT?))):
. e((x ) eRr » (X, )eTy = (X,7)eT)))

Al(X ety - (X e r » (X, e))):

Proof. The proof is similar to that of Theorem 3.17.

Lemma 3.19. (1) If D& B, then

sup N7(A)= sup N7 (A)
Artied Aritieg Dl

(2) sup inf NI (X-A)= sup r1,(B).
Arfimguild Andl=d bigh '
Proof. (1) Since D¢ B, then we have
sup NT(A)= sup NT(A)a[DcB]= sp NI(A).
Arrting A

Arli=g U ET R[]

(2)Let yeD and AnB=¢. Then

sup rF{H}nmﬁup Hr,{ﬂ]a[ueﬂ]= sup  1,(B)

Arll=g g Hep. 10 peligligh-A

= sup 1,(B)=N](X=-A)

ylfich-d4
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= inf N (X=A)= sup inf NI (X - A).
('L

befimg VD

Definition 3.3, Let (X, 1) be a fuzzifying opological space.
I (X, 1) =¥2VD((re XaDe Faze D) - EJI{A eN? ‘“{mr {A}ﬂﬂ-;}}).

Theorem 3.20. =(X,r)eT) & (X, 7)e y1".
Proaf. Now,

(X,7)eT{" = inf min[l.l— r(X-D)+ ﬂ!ﬂ?] min{NI{.ﬂl},it.lL{l -Cl, [A}{y}]]

Anf
= Eﬂmin[l,l- r{X-D]+I‘:m}min (N: (A:I,:IH; NT(X HA}]].
and

[{x.r}ET;’]n En:!f_lmin[l.l -r(X-D)+ “_msi!:"wminl:n":[;ﬂ. rr[ﬂ}}].

So, the result holds if we prove that

Ael'(X)

su min[NE I:A}'i'}g NJ(X -A}J = e min {N,” (A),7,(B)). (1)

In fact, in the left site of (1) when A~ D # ¢ then there exists &€ X such that yel

and yeA. Namely, yeD and ye X-A. So, inf,, N/ (X~A)=0 and thus (1)
becomes

sup min(Nf[-‘l}.inFN:l:X—A]]—*- sup min (N7 (A), 7, (1)),
Aal{X) Arti=g b Anling Bgh '

which is obtained from Lemma 3.19,

Definition 3.4. Let (X, 1) be a fuzzifying topological space.
Y1 (X,7)= vevB((re BaBe 1) (34(Ae N ACL(A) e 8))).

Theorem 3.21. =(X,1)e T} (X, 7)e p1.

Proaf. From Theorem 3.20, we have
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[{X,f]e T;’] = i':.lff:mi“[l'l -r(X-D)+ f!'f-ﬂ-f"i" (Nf'{d]figﬂ NT(X- A])]
Now, ifwe put =X =1, then

[[x,r]e :r,‘"]: iﬂf}min[l,l - r[ﬁ}+ﬂﬂjmin[m (A). jnf Ny(X- A])]

a1 & = = . F § ¥ [

LI:LI'I‘IIH['J (X -D)+ A.::l.rnmm (N, [A}.EENH (X A]))
=[(x.7)e17].

Definition 3.5. Let (X, 7) be a fuzzifying topological space and @ be a subbase of

r then (X, 7)€ yT" =VaVD(re DaDep— 3B(BeN! ACL(B)c D).

Theorem 3.22. = (X, 1)e Ty (X, r)e y1}".

Proof Since [@< r]=1, and with regards to Theorem 3.20 and 3.21 we have
YT (X, 7)2 I (X, 0) =77 (X,7). So, it remains to prove that yT"(X,r)s
yT1" (X, t) and this is obtained if we prove forany x e A,

min[l.l - r{A]+H:m] min (N:{H],"ig[d N! [x-ﬁ}]]a[{x. r)e ﬂ;‘”]-

Set [{X.r}eﬂ;{":|=ﬁ. Then, for any 7€ X and any D, € P(X), A €I, (I,
denotes a finite index set), A€ A,

Ades dialy 1

we have

= i T rix— =
1-p(D, ]+n:|:&=mln[h', {ﬂ].ﬂ{ﬂ)‘ NI(X B]]a d>b-¢,
where £ is any positive number. Thus

sup min[N:[E]."!xnfu N:{X—H]]:p[u,,.]-—wd-a.
=By

mar(x}

Set A, ={B:BcD,}. Then
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inf sup mln[N’[B} m!‘ }N:{X-H“J]
L

Aly pap(X)

= sup 1nt‘mm[N"{f[i]]. inf N’{X f{‘”}}

funi, At J 4o

- g o N, 10

Junif, et}

= sup mln[mf N'{f[-‘l.] LJ?"" j (-‘f-fi&}]]
= sup min| inf N7(B), _jnf er'x ~8)

Har(X) L "H?x'“«] g

Hal'(X)

= sup miN[Nle}-wd?jmﬁ:{a‘-’-ﬂ]']-
bery

where B=f(4,).

Similarly, we can prove

inl‘ sup min

NT(B), d?f {X~E}J
nn::j&bmln[ﬁr:{ﬂ] UL?{ i H{). B]]

snf“ mln{N’[B}FDﬂf &) [X-H:I]

dsiy

S su J min(Nf[H}.igLNﬂX— E]). '

Bal{ X}

so we have

“E'l’.:px'min[Nf{H},jE[JN:{X-H])

2inf inf sup mm[N'[H} mf N'[-’f H}]]

dur daly parx)

ziﬂgﬂf‘ﬂ(ﬂ*]—HJ-r.
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Forany [, and A that satisfy
Unopn,=4

dnpd el

the above inequality is true. So,

sup min| N7 (B), inf NI (X-B ] z sup inf sup inf (D, |-1+d-¢.
mnpx; ( '{ } v:.'-\'—.-l *[ } UH.F-IA""' nnﬁ-u,hhw( -‘\)
Awig

b

=t1(A)-1+d-¢,

min[i.l- r(A)+ nflrfﬁﬂmi“ (N,’ (B), inf Ny (X -B:I)] 25-¢.

Because £ is any positive number, when £— 0 we have
[{x.r] . ﬂ',“"]z £=[{x. rje ,ﬁ;"}].

So, = (X, r)e I & (X, 1) ey,

Definition 3.6, Let (X, 1) beany fuzzifying topological space and let
I (X,7)e st = 'lf:'ﬂ’D([[n: . xja{u v F‘,]A[:r v D}]
~3A(AeN, A(CI{A) N D = ¢)));
2. (X, 7)€ ST = vrvB(((ze B)a(Ber)) - 3A(Ae N a(ClA)c B))):
3. (X, 1)yl =vavB(((Aet)a(BeF)a(AnB= ¢)):
~+36((G e )a(4cG)A(CL (G)nB=g));
4. (X, 1)ey1 =vavB(((Ae F)a(Ber)a(Ac B))
+36((C e 1) a(A=G)A(C1, (6) < B)))
5. (X,7)e yST! =vAYB(((Ae r)a(Be F)a(AnB=p))
—hEG'([GE r)a(AcG)alCL (G)nB= i)]) -
6. (X.r)e ST =vavB(((Ae F)a(Ber,)a(Ac B))
+36((G e 1)a(42G)A(ct, (6) < B))).
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By o similar proof of Theorems 3.20 and 3.21 we have the following theorem,

Theorem 3.23. Let (X, ) be any fuzzifving topological space. Then
Me(X.en o (X, e s,
@ (X, 1)t o (X, r)eysr?;
B3) = (X, 1)e T & (X, 1r)ey1l";
@) = (X, 1) eT (X, 1) ey,
(5) =(X,7)e Ty e (X, r)e ysT;
6) = (X, 1)eT & (X,1)eysT,

4. Relation among separation axioms
Theorem 4.1, &= (X, r)e T} A(X,7)e 7)) = (X, 1)e 1 ;

Proof. From Theorem 2.2 (5] we have, T (X, r) =inf,,, (X -{z}). So,
[(X.0)ery ]+[(X.1)eT;]

=1nfm1n[ll-—l‘{.1' - D)+ sup miﬂ{”’{f*]f[ﬂ}})‘““fﬂx {})

Ariil=g,

< ﬂi}ili:‘“iﬂimin[l.i-rfx —{u}:l+dﬂ2'min (N (a),NT [H]}]wri::; (X -{})

= inf [in};min[l.l—f(A’-{u}]HﬂL&min{N,’[A}.N:[ﬂ)}]ﬂgl;f(x'f‘}}]

ea X roy| pa

< inf mf[mm[l l= r[X -—{H}:‘"‘Aﬂl‘:‘_‘mm[”f{ﬂ]-”f{ﬁ}]]* f{x'{ﬁ}]]

e

Sinf(l+ o mm{ﬁu"{ﬂ] N’[B}:l

rey

< 1+inf wp mm{N"{A] N’[H]) =I+[{X.T]ET}’].

namely, [[X.r]ET,’]a[{.!’.r]&?‘,']+[{.‘f.r}e?}]—-l . Thus, [{X.I]ET{]E
mu[ﬂ.{{x,r]ET.”}+[{X,r]ET,]-I}.
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Theorem 4.2. = ((X,r)e T/ a(X,1)eT}) = (X, r)e Ty
Proof. It is equivalent to prove that [{X r)e ?‘,’]2 [{X r)e ']".”:|+|:{X, e T":[—I ;
In fact,

[(x.0)eT)]+[(X.7)eT;]= EL::L'mIn(lfl ~min(r(X - ), r(X - D))

*,.n,,.::g,‘,,,wminlf,ian.r,wn]ﬂ;f_,;f[x_{z”

< inf min (1,1 - min(r(X - {z}), 7(X - D))

+M;_I:I!:H;Rmin{N: (A).r, [Bj}ﬂ'lﬂf{x-{z}]

Sinf min (1, max (1 - (X _D}+4n:-“:: : min (N7 (4),, {H}}.

1-r(X (e} sp min (N7 (4), 7, (8)))) +inf (X - {})

= inf max (min (1,1 - r{X—D]+M::Eumin{Nf (A).r, (8)),

min[L‘:—- r(x -{z}]+wuﬂ!:mmin (N1 [A}.r,(ﬂ]}]]+ inf (X ~{z})

< inf max (min (1,1 - (X -D}+M:.ufmﬂmin{ﬂf (A).7, (B))+ (X ~{z}),

m{n[l,l— r(X-{z})+ sup min(N] [A},rr{B]]]]+ t(X -{z})

Anlieg DgH

S infmax (min(1,1-7(X -~ D)+ sup min(N! (A),1, (B))+r(X -{z}),

Arfteg, Dl

= AHHI'I:.FHE" e [N: {A} ¥ {H]]))

< irﬂ;[min[l.l— (X "D]+.4ﬁul-i:ﬁu;n min (N {A}.r,{u}}]n]

< m(| ~¢{X - ﬂ]+4,-.:"pn¢umi"[m (4),7, (B])]H = [[x. r)e I;r]q-l -

. By a similar procedures of Theorems 4.1-4.2 we have the following theorems
respectively,

Thearem 4.3, h([x.r]e 77 A(X,1)e '.';’] = (X, r)eT;;
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Theorem 4.4. ({‘1{ fe1s AlX,7)e 'T{’) S XD)eTr s

From the above discussion one can have the following diagram

T AT « T ATy

l
d i « T
1 1!
I, « 17 « 1 — T - T,
1 1 { i !
T L T:’ . T;’ - 'f;’
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