ISSN 1066-8050

THE JOURRAL
U A
THEMNATICS

REPRINTED FROM
THE JOURNAL OF FUZZY MATHEMATICS

INTERMNATIONAL FUZZY MATHEMATICS INSTITUTE

Los Angeles California U .S A




The Journal of Fuzzy Mathematics Vol. 7, Na. 3, 1999 547
Lo Angeles

f-continuity and D(c, f)-continuity in Fuzzifying Topology

K. M. Abd El-Hakeim, I, M. Zeyada and O, R, Sayed

Bapartwent of Mathematics, Faculty af Selencex
Asxiug University, Assint 71516, Egvpt

Absiract:

The concepts of f-continuity and Die, f) -continuity are considered and studied in
fuzzifying topology and by making use of these concepts, some decompositions of fuzzy
continuity are introduced.

Keywords:
Fuzzifying topology, fuzzy continuity, -continuity, «f-continuity.

1. Introduction

In [6], M. 5. Ying introduced the concept of fuzzifying topology with the semantic
method of continuous valued logic, All the conventions in [6, 7, 8] are good in this paper.
In classical topology, M. E. Abd El-Monsef et-al [1] introduced the concepts of f#-open
sets and [ -continuous functions which are studied in D. Andrijevie [2] under the name
semi-preopen sets and semi-preopen functions. In J. Dontchev and M. przemski [3] it 18
noted that a subset A is f-open iff Agcsemi-int(semi-cl(A)) and thus the term semi-
preopen is replaced by the term pre-semiopen. In fact we use the term J-open sets and
i -continuity in the present paper. In [3] the concept of the family of e, f)-open seid is
defined and D(e, fi)-continuous functions are introduced. In the present paper the term
f-open sets and ¢ff-continuity are used instead of the terms D{e. f)-open sets and
Die, f)-continuity respectively. In the present paper we extend and study the concepts of
A -continuity and «f-continuity in fuzifying topology and by making use of them some
decompositions of fuzzy continuity are introduced.

2. Preliminaries

For the fuzzy logical and corresponding set theoretical notations we refer to [6, 7). We
note that the set of truth values is the unit interval and we do often not distinguish the
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connectives and their truth value functions

wlization
a5 M. 8. Ying do. meﬁeﬁnimmmmmfmimngmmmmwm
the sequel we refer to [6, 7, §].

We give now some definitions and results are introduced in [5] which are useful in the
rest of the present paper,

Definition 2.1, Forany 1 e%(x)

k() =x - {x~7).

Lemma 2,1, y[ﬁ:ﬁ]-t.nm
(1) e Ach;

@) & (A) c(8),

Lemma 2.2, Ler (X, 1) be a ficzifving topological space. Forany A, i
(X=X,

@) k() c4;
3 = (AnB) = (A) (B
) = (4) 2(4),
One can add the following lemma,
Lemma 2.3, Let (X,7) be a fuzzifying topological space. For any A (X,
' Mk X~(A)" =(x~4);
) if[Ac B)=1. thens= ()" (B

3. Fuzzifying /i -open sets and «ff-open sets

Adﬁn-‘fa{mad—med"‘j (resp. A & fin=Va(re AnA—

v (3 The family of fuzzifying f-(resp. ofB-)closed sets is denoted by BE (resp.
| F)eFPX) and defined us follows: '

—reA’)),
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Ae fiF (resp ¢fF ) := X ~ A e fir (resp. fiF'),
Lemma 3.1. Forany &, f,y,d0¢el,
(l—a+Mall-y+di-(aar)+(fad).

Lemma 3.2, Forany Ae PIX),

EACA™.

Proof. From Theorem 5.3 [6] we have [A < A =1 and from Lemma 2.1 (2) we have
[4"cA7]=1. Also from Theorem 5.3 6] we have [A'c A~ ]=1.

Theorem 3.1. Let (X, 1) be a fuzzifving topological space. then

(1) () freX)=1, (@ =1;

(b) forany {4, : A€ A}, pllU A)2 [\ prlA);

2) @) PrXr=1,pr@)=1;
(b) ¢Br(A N B)2 (fr(A) e,

Proof. The proof of (a) in (1) and (a) in (2) are straightforward.
(1) (b) From Lemma 2.3,

kA c(Ua)
So,
A{YA)= i (U A) o=y a) @
2in{inf A7 = [} fir(4,).

(2) (b) Applying Lemmas 2.2(3), 2.3(2), 3.1 and 3.2 we have

frlAy A = inf(1 - A )+ AGe) ainf(1 - B )+ B'in))
< mf ((1=A" @+ Aw)a(l= B (04 Bw)))
S inf (1=(A7 A B )+ (A" A B )) |
< Inf (1=(ANBY () + (A BY ()
=¢fittAnB),
From Theorem 3.1, we can have the following thearem. y
Theorem 3.2. Let (X, 1) be a fuz=ifving topological space, then
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(1) (a) AFX) =1, F(@)=1;
(b) for any {A; 1 A€ A}, BF(0) 4,)2 [\ AF(A);
(2) (@) BFX)=1,68F(@)=1;
(b) BFACB 2 BFA) A BF I,
Theorem 3.3. Let (X, 1) be a fuzzifying topological space, then
(1) (@) Ergfr;
(b) = rcofr;
(2) (a) = Fgfr,
(b) & Fooir.
Proof. From Theorem 2.2(3) [§] and Lemma 3.2, we have
(1) @) [Aer]=[AcA)s[Ac A~ ]=[Aep);
B) [Aer]=[AcA)s[AcA™ cA)=[Adepr);
(2) The proofis obtained from (1).

Remark 3.1, In cnisp setting, i.c., if the underlying fuzzifying topologyis the ardinary
tapology, one con have

E(Aeffradefr) o Aer.

But this statement may not be true in general in fuzzifying topology as illustrated by
the following counterexample.

Counterexample 3.1, Let X = (u, b, o) and let T be a fuzzifying topology defined s
follows: tX)=1@)=1i{ah =r({a,c}) =1, b =r{{n, b =0 and ri{c)) = ri{l, o}
=t. One can have that fr({n, b)) =5, ofrt{a, b})=1} and hence Prifo, b} A cfirt{a, b))
=tat=1£0=r({a b}.

¥

Theorem 34, Let (X, 1) be a ficzifving topological space.,
() EAer—(Aefraden),
@) fAepr]=lor[Aedfr]=1 then k- Aeter(Aefiran e fir).

Proof (1) Itis obtained from Theorem 3.3 (1),
(2) If [Aefr]=1, then for each 7e A, A (2)=1 and o for each v e A, 14 A'(n)

sAT@=A"0). Thus from Lemma 32 E A'cA™ and so we have [A e pr]a

[Mecr]=[Aepr]=[Aer]. I [Aefit]=1 then for each e A1~ A "(x)+4°0r)
=l and s0 for each 2ed, we have At = A, Thus
[Aefir)a[Aedgfr]=[Ae fr]= [Aeq].

Theorem 3.5, Let (X, 1) be a fuzzifying topological space. then




-
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h{AEﬂrAAGq?r]ﬂAEt.

Proof
A acpriA) = inf A (A)ainf(1 =A™ (214 A't)
=max(0, inf A~ (x) +inf{l =A™ (214 A'(m) - )
SMA'th-[Aer].

4. Fuzzifying fi-(resp. «f}-) neighborhood structure of a point

Definition 4.1. Let € X. The f-(resp. f3-) neighborhood of 2 is denoted by AN,
(resp. ofiN, )e F(P(X ) and defined as

AN (A= sup pr(B) (resp. AN (A) = sup fecth).

Theorem 4.1,

() EAefroVelreA-3BBefrare BCA));

(D EAefroVe(reA3B(Be N, ABC A)).

Proof. (1) Now, [Va(re A—=3B(Be firave B A)]=inf, sup, . frd. Itis
clear that inf, sup . (fr(B)2 fr(A). In the other hand, let y, ={Bire B A}
Then, for any fell y, we have U, flry=A and so fr(A)=pgrlJ_ fim)2
inf,,, Ar(f(x)). Thus friA)2sup,,  inf,, Br(fiz)=inf, . sup, . A,

(2) From (1) we have [Va(re A — IB(Be AN, A B A)]=inf,,  sup,,_, AN,(B)
=inf,,  SUP .\ SUP, oo FTC) = inf,  sup . AF(C) =[A € fir).

Corollary 4.1, inf,,, AN (A) = fir(A).

Theorem 4.2, The mapping fIN : X =T (PX0, - AN, where T (PIX 0 is the
set of all normal fuzzy subsets of PUX) has the following properties:

[ij.ﬁﬂ'm ﬂ‘-.A.h AEﬁN,—.‘IEA;
(2) for any v, A, Bl= Ag B (AefiN, —» BefiN,);

o (3) forany x, A= Ae N, -»3H(He AN, aH c AnVilye H— HefiN,))

Proof. One can easily have that for each xe X, BN, (X)=1, ie, each AN, is
narmal,

(1) If AN (A)=0, the result holds. Suppose SN, (A)>0, then sup_,._, frtH) >0
and so there exists /1, such that ¥ € H,c A. Thus [x e A]=12 AN (A).

(2) Immediate.
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O)[AH(H e AN Al & A A Vilu e H — H e BN, ))]=sup,_ (BN, (H) A inf, . AN,
{H}]"’“Fm—.qm”ﬂﬁ}ﬂﬁﬂﬁl}'mum prithrzsup,,. frii =[AefN.].

Theorem 4.3, The mapping N ; X =STYPXN, AN, where TV (PX)) is
the set of all normal fuzzy subsets of PUX) has the following properties:

(1) forany v, A AefiN, s reA;

(2) forany 2, A, B, Ac B (A eqfiN, 5 BefN,):

(3) forany A, B, & AefiN aBefN, —“+AnBedN,.

Comversely. if a mapping ofN satisfies (2), (3), then N assigns a fuzzifiing
topalagy on X , denated by Ty €F(PIXY and defined as

Aer,i= Vi(red = AedfN).

Proof. It is clear that each N, isnormal. The proof of (1) and (2) are similar to the
corresponding results in Theorem 4.2,
(3)  From Theorem 3.1 (2) (b) we have [ANBeBN J=sup,,,_,.,cfrih) =

mpuff,l:.l. anli i "ﬂr(‘{fl | ‘Hij zmprlﬂ'.g.-l. rﬁf,:j:{'MHI}A'ﬁ’(H! }} = ’upniﬂni fﬂf
(H) Asup, ., cuefi(H,) = BN (A AN, (.

Conversely, we need to prove that Ty =6 BN (A) is o fuzzifying topology.
From Theorem 3.2 [4] and since Ty satisfies the properties (2) and (1), then Ty i50
fuzzifying topology.

Theorem 4.4, Ler (X, 1) be a Juzzifving topological space. Then k= ifrc Ty

Proaf. Let Be (LX), Tl = inf""qﬂﬁ;:mninfunmp"@ ofr(A) 2 ofr ).

S, fi-(resp. ofi-)closure and A-(resp. ofi-)interior \

Definition 5.1. (1) The f-(resp, off-)closure of A is denoted by fB-cliresp. -cl)
€ TWPX ) and defined as follows:

B-elAXx) = inf (1= BEB) (resp. ofi— cl(AYr) = dpf (1=epram),

(2) The fi-(resp. of -Jinterior of A is denoted by [ -int(resp. «f -int) eT(PX)
~and defined as follows:

= int(AXr) = BN (A) (resp. o~ int(AXar) = BN, (A) ),

Theorem 5.1,

(1) () ﬁ-cl[dlt-lﬂl-ﬁh",{x-ﬁ}:
(b) = f-cli@)=0;
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(€) B Ag f-clA);

(d) & ref-clA) > VBBe N, 5 AnB#@);
(€) k= A=f-cl(A) e A e BF;

() = B&f-cliA) e Be fF;

(2) (8) efl—cl(ANa) = =N (X ~ A):
(b) Ef-cli@)n@;
(€) B Agrfi-cl(A);
(d) Ereqfi-ci) - VBBe N, 5 AnB2 @)
(e} EAscfi-cliA)es Ade PP
(N = Baf-cl(A) = BefFr,,.

Proaf. (1) (a) ﬁ—clm}rﬂ=ninfr.,,;llljl—ﬂFIﬂ}}=inﬂ,,,_,t,,._r,il =X ~B)=1-
SUP ex-picx 1 AN ~ By =1 BN (X ~ A),

(b) f—cli@)x)=1-AN (X ~-@)=0.

(c) Itis clear that for any A e (LX) and any re X, if reA, then AN (A)=0. If
# €A, then f—cl(A)r)=1~BN (X ~A)=1-0=1. Then [Ag f-cl(A)]=1.

(d) [VB(BeAN, »AnB#@)=inf,_, (1-ANB)=1=pN (X ~A)=[ref
—cl{A)].

(e) From Corollary 4.1 and from (a), (c) above we have [A=f-cliA))=inf,
(B=clAN@)inf | AN (X ~ A)= fr(X - A) = [AepF).

(N W [ACB]=0, then [B# A=cliA)]=0. Now,suppose [Ac B]=1, we have
[BEB-cliA)]=1~sup,,, , AN,(X ~A), [A-cl(A)c BH]= infax-a BN (X ~A). So
[B&pf-cliA)= max(0,inf,, , AN, (X ~ A)=sup .y BNAX =AY If [B=p-
CUAN>1, then inf, ., AN,(X ~ A)> t4sup, ., AN(X ~A). For any reX~ B,
SUP,cex-4 ATIC) >t +sup, . BN (X ~ A), 1.0., there exists C', such that reC, c X
~A and fr(C,) >t +sup_, AN (X ~A). Now we want to provethat . c X ~ 8. If
not, then there exists s'ef~A4 with rel,. Hence we obtain
SUR, o AN (X ~ A)2 BN (X ~ A)> t+sup,,,  AN.(X ~A)a contradiction. There-
fore SF (B = frX ~B=inf ., AN (X ~ [ 2 inf . wAC)Y >0+ sup,,  AN(X
~A)>t. As t is arbitrary, it holds that [1# = A=l s[B e pr].

{2) The proof is similar to { | )

(-

Theorem 5.2. Forany 1, A, B3,

(1) (8) = f-int(A)= X ~ B=cl(X ~ A):
fb) = f-in(A)= X
(€) = f-int(d)c A;
(d) = B&g-in(A)— Be fir;
() EBefiraBcA— Bg f-int(A);
() = A= f-in(A) < A e fir;

(2) () B f-int{A)= X ~cB-cl(X ~A);
(b) EB-iniA)= X ;
(¢) E=ef-in D A:
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(d) I Bagfi-m(A)— Ber,,;
() kk Bery, ABcA— Boi-in(A);
(0 kA=f-mA) > Aer,.

Proof. (1) (a) From Theorem 5.1 (a), f-cllAXz)=1-AN (X ~A)=1-(8-
int(AN=), Then [A-int(A)= X ~ f-cl(X ~ A)]=1.

(b) and (c) are obtained from (a) above and from Theorem 5.1 (1) (b) and (1) ().

(d) From (a) above and from Theorem 5.1 (1) (f) we have [B& f—im(A)]=[X ~ B
& 3-cllX ~ A)S[X ~BefF]=[Befr]

(¢) If [Bg A]=0, then the result holds. If [Bg A]=1, then we have that [B ¢ f
—int(A)] =inf,, f-int(AXs) =inf,, AN.(A)2 inf, AN, (B =pfu B =[HefraB
c Al

(i From Corollary 4.1, we have [A=f-im(A)]=min(inf_, #-in(A)Nx),
inf,  (1=(f =int(A))))) = inf,_, f—int(ANr) = inf_, BN, (A) = fir(A) =[A € fir].

(2) The proofis ﬂr!!ﬂir to{l).

6. fi-continuous functions and J-continuous functions

Definition 6.1. Let (X, r), (Y,1/) be two fuzzifying topologicalspaces.
(1) A unary fuzzy predicate o3C eF(Y") is called fuzzy f-continuous if

U= Yuluell = [ e fr);
(2) A unary fuzzy predicate fC &F(Y") is called fuzzy of -continuous if
PO = Vuluell = [ efr).

Definition 6.2,  Let (X, 1) (Y, 017) be two fuzzifying topological spaces.For any
FeY™, we define the unary fuzzy predicates A, ofH, eF(Y") where j=1,2,--5 as
follows:

(1) () BHN:=VDB(eF, - ['(DefF,)

(b) fH()=VB(BeF, - (B efF,);

where F, 15 the family of closed subsets of Y'; and AF, and «fF, are the families of
- fleclosed and ff -closed subsets of X respectively.

(2) () BHM:=YaVulue N}, = [MwefNY);
(b) AH,(f):=YaVu{ue N| - [MuedfN});

where NV is the neighborhood system of Y, and AN, and N, are the §-
neighborhood and ¢ -neighborhood systems of X respectively.
(3) () BH,(N=VeVu(ue N, —I(fingu-—vefN}));
(b) BH,(f):=YrVulue N}L, = 3Iffincn—=vedfdN))
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(4) (a) BH(N)i= VA - el () @ el (fAN);
(b) BH (fh= VA= cl ((A) el (FAN);

(5) () BH([r=YB{(f-cl (fm) e f (el )
(b) Bl (f):=V B{(ef—cly(fuB)) < £ (el ().

Theorem 6.1,
(N =fefCe fefH,j=1,2345,
(2) & fedfiC e fedfH,.

Proof. We will prove (1) only since the proof of (2) is similar to the corresponding
result in (1),

(1) We prove that = feBC e fefill,. [fefH,]= Jnf min(l, 1= o3+
BESB) = in€ min(l, 1=UY ~ By 4+ fe(X ~ f'B)) = inf min(l, 1=U(Y ~ B)+
Br(r 'y -~ m)) = ing min(l, 1 =Utw) + fe(f o)) =[S € AC).

(b) We want to prove that k= fe AC e AH,.

First we prove that BH,(f)2 C(). If N}, i< AN (1 w)), then the result holds.
Suppose: N} (u)> ANS(f ). It is clear that, if faie Acu, then re f'(A)
© f'tu). Hence we have N, ()~ ANY(f ")) =sup,, ..., UA) =sup_,_ ., fridhs
SR g 0D =8UD g AT(STHAN) S 8Up i, (UCA) - B(S7(A))). S0 1= N )
BN ) 2 nf, (- U0A)+ B A) and thus min(l, - N ul+
AN ) 2 infy, g0, min(l 1 =UCA)+ Br(FA)) 2 inf ., min (1,1 -0+
Br(f @)= BCC). Hence,inf inf min(l.1- N} )+ AN (/) 2[f € C).

Secondly, we prove that SC(f)2 fH,(f). From Corollary 4.1, we have C(f)=
Jdnf min(l, 1= U6+ fe(f o)) 2 Anf min {L 1= inf Ny )+ Jnf ﬁﬁf{rliu}_])

=dnf min (L1~ inf N7+ inf ANN(f'w))  zinf inf. min, 1= N7, (w0 +
BN )= BH()

(e) We prove that = feffH, «> (e fiH,. From Theorem 4.2 (2) we have
BH(N1= Miﬁﬁlwﬂn[l.l—N},,,fu]wwgllf,wmﬁNf{ﬂ]= =I;IJ£HI.ILE] min(l, 1= N7 (n)
+AN ()= fHL(D.

(d) We prove that k= f e S, & [ e 8H,. First, for any Be P(Y) one can deduce
that  [FAB-el () 2 B-cl ()] =1, [ (/" B) ol B]=1 and
[t (A B2 el B)] =1, Then from Lemma 1.2 (2) [6) we have,
(-t am)e ez [ (1B-cdy(F@)e Feh ) 2[re-
(B b BN 2[AB-cl (1 @) eb (fum))).  Therefore,
BH(N =gl [l () e B2 i [ -l ( ) e el )]
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> g [P (B BN & 1 AU D)) 2 i B-c( B e U
()2 inf, LHB-elA) e cly (f(AN] = BH L)

Secondly, for each AeP(X), there exists He P(Y) such that f(A)=8 and
fBaA.  Hence, [f-ci (/B S ety ()] S[f-el el ey (FCAM]
< [f(B - elytA) & S ety (AN)] <[(B-cy(A) el (fAN].  Thus, fH(NzZ
Jnf [B-clde F el (JAN) 2,00 J8- clo(f e ) 2 b [P

-r'lx[j“'m]}:,f"(clr{m]]tﬁf{,m.
() We want to prove that = [ € ffl, & fe pH,. AHL =[VB(B-cly(/ (D) =

[y BN = g, inf min(l1=(1= BN, (X ~ [ @) +1= BN, = B)= ,inf,, inf
min(L1= AN, (¥ ~B)+ BN (0~ D)) = inf, inf min(l, 1 - BN, () + AN, ()
= fH, ().

Remark 6.1, In the following theorem we indicate the fuzzifying topologies with
respect 1o which we evaluate the degree to which [ is continuoys or peed ! -continuous,
Thus, the symbols (r,U7)=C(f), (T )= €N, (r. U, )—caC{f) ... et will be
understood, Applying Theorem 3.4 (1) and Theorem 4.4 ane can deduce the following
thearem.

Theorem 6.2,
(1) &= fefH, e fedfid, =345

(2) k& fedpl = [eddH;.

Proof. (1) Wis similiar to the proof of (c), (d) and (¢) in Theorem 6.1. (2) It is
similiar to the proof of the first part in (b} in Thearem 6.1.

Theorem 6.3,
(1) k= fe(rUqy)-C— el n-c;
@) k& fe(rU)-pC = fe(tyU)-Ci
(3) & felnU)-C->1 e(r,l)-fC.

7. Decompositions of fuzzy continuity in fuzzifying topology.
" meorem 7.1 Let (X.1), (Y1) be two fuszifying topological spaces. Then for each
feY’, k- (BOUNAACU).
Proof. The proof is obtainned from Theorem 3.3 (1)

Remark 7.1, In crisp setting i.e,, if the underlying fuzzifying topology is the ordinary
topology, one can have = (BN AcfCUN = OO
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~ But this statement may not true in general in fuzzifying topology as illustrated by the
following counterexample.

Counterexample 7.1, Let (X, 1) be the fuzzifying topological space defined in
Counterexample 3.1, consider the identity functions [ from (X,7) onto (X,0) where
@ 15 a fuzzifying topology on X defined us Tollows:

Ae{X,@, (n,bh)}

a0

1,
ﬁ‘-‘{}={n.

Then §at=BCNAPBCNLCU)I=0. Hence the statement k= (AC(f) A1) —
C1f) may not be true in fuzzifying serting.

Theorem 7.2. Ler (X,7), (Y, 1) be two fuzzifiing topological spaces and let
TeY™ then = C(f)— (BOUN & fO).

Proof. — [BOUN = O] = min(l, 1- BN+ BCUN) 2 BN AC) . Also,
[BCC) = O] = min(l, 1= CU) + BOC) 2 O A BCUf). Then from Thearem
7.1 we have offC( NaBCUN 2 ) and so the result holds,

Theorem 7.3. Let (X,1), (Y.\U) be two JSuzzifving topological spacex and let

TeY o if [Bl w)]=1 or [efr(f )] =1 for each weP(Y), then = C1f) e
(B e N).

Proof. Now, we need to prove that O = PO ABC(f). Applying Theorem 3.4
(2) we have, JO(f IArﬁGU}“_im,l min (1, 1= i+ fr( £ ) A Jdnf ming), |

Uty +ffe( 1~ o)) = Jnfmin (L1 =0t + fie(f ) MNLI=Utwv+efie( ) =
g, min (1, 1= U+ (Be(f~ o)) ofe(f )= inf min( 1=+ o () =C(f).

Theorem 7.4, Let (X, 1), (Y, U) be two fuzzifying topological spaces and let e ¥'*.
Then,

(0 i [/ )] =1 for each we PY), then
E BCU = (PO & C();

@) if [eBel " w)] =1 for cach w e PY), then k= BC(f) (BChH e ).

Proof. (1) Since [ﬂt{_f’“'m}]]nl und so [J""{'u}:{f"i'r.t}_]*lal. then [.f" tuim
(o)™ ;:{.f"(u‘:}'}a[f“'ru]::[J""tu}}']. Thus, AC(f)= Jdnf (1, 1= U +
(S w) = it nun(l.1-mu:+[r’mm{r":m}"‘-.-_(r'm:}'}] = in{ min(l 1~
i) +[f‘ "we(f 'Hﬂj]'B = um!: , min (L1 =Uan+e(f M) =D




558 K. M. Abd El-Hakeim, F. M. Zeyada and 0. R. Sayed

(2) Since [Mtﬂ}}]ﬂl one can deduce that (f” 'tu]}* =("m). So, fC(NH=
inf min(1, 1=Utw 4 fe(f~0)) = ing, min (L1-U+[f oo (M) ")) = inf,
min{l, 1= Utwy [0 & (o) ]) = Jnf min (1, 1=t + o)) = C(/).

Theorem 7.5, Ler (X, 1), (Y, U) (Z,V) be three fuzzifving topological spaces. For
any feY" geZ",

(1) & BCUN - (Clg) = fClye ),
(2) | Clg) = (BC(N) = BCgo )
(3) B BCUS) = (Clg) = cfClge N);
(4) k= Clg) = (BN = fiC (g0 )

Proof. (1) We need to prove that [aC(N] S [Cly) = AClgo N]. 1T e(g) S[BCLge [)],
the result holds, if e(g)>[AC(ge ). then cla)~[BC(gs N]= ipf min(l,1-Vin+

Ulg'w)) = ipf min(l, 1=Von+fr((ge /1)) < sup (U(g" )= (g )" )
s sup (Utw = fr(f™'w)). Therefore, [C(g) = fC(ge ] = min(l, 1 =[] {ACa= ]
2 inf, min(l, 1 =L+ fr(f () = BCUN.

@) [C@ - (BCf) = BClae M) =[ACDAABCUN - fCge M)] =[{C@n

—-—{ﬁc{n a=pCtas N)))]= [—(C{g}aﬁﬂm A={fC(ge n}}] =[Hpcthac@a-po

(e ]= [HBCha-~Hc@a—pos )] =[ BOUNIAAC(g) - ﬂofgam]]
=[O (C@ - BCge M) =1.
The proofs of (3) and (4) are similar to (1) and (2) respectively.
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Ae fiF (resp ¢fF ) := X ~ A e fir (resp. fiF'),
Lemma 3.1. Forany &, f,y,d0¢el,
(l—a+Mall-y+di-(aar)+(fad).

Lemma 3.2, Forany Ae PIX),

EACA™.

Proof. From Theorem 5.3 [6] we have [A < A =1 and from Lemma 2.1 (2) we have
[4"cA7]=1. Also from Theorem 5.3 6] we have [A'c A~ ]=1.

Theorem 3.1. Let (X, 1) be a fuzzifving topological space. then

(1) () freX)=1, (@ =1;

(b) forany {4, : A€ A}, pllU A)2 [\ prlA);

2) @) PrXr=1,pr@)=1;
(b) ¢Br(A N B)2 (fr(A) e,

Proof. The proof of (a) in (1) and (a) in (2) are straightforward.
(1) (b) From Lemma 2.3,

kA c(Ua)
So,
A{YA)= i (U A) o=y a) @
2in{inf A7 = [} fir(4,).

(2) (b) Applying Lemmas 2.2(3), 2.3(2), 3.1 and 3.2 we have

frlAy A = inf(1 - A )+ AGe) ainf(1 - B )+ B'in))
< mf ((1=A" @+ Aw)a(l= B (04 Bw)))
S inf (1=(A7 A B )+ (A" A B )) |
< Inf (1=(ANBY () + (A BY ()
=¢fittAnB),
From Theorem 3.1, we can have the following thearem. y
Theorem 3.2. Let (X, 1) be a fuz=ifving topological space, then
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(1) (a) AFX) =1, F(@)=1;
(b) for any {A; 1 A€ A}, BF(0) 4,)2 [\ AF(A);
(2) (@) BFX)=1,68F(@)=1;
(b) BFACB 2 BFA) A BF I,
Theorem 3.3. Let (X, 1) be a fuzzifying topological space, then
(1) (@) Ergfr;
(b) = rcofr;
(2) (a) = Fgfr,
(b) & Fooir.
Proof. From Theorem 2.2(3) [§] and Lemma 3.2, we have
(1) @) [Aer]=[AcA)s[Ac A~ ]=[Aep);
B) [Aer]=[AcA)s[AcA™ cA)=[Adepr);
(2) The proofis obtained from (1).

Remark 3.1, In cnisp setting, i.c., if the underlying fuzzifying topologyis the ardinary
tapology, one con have

E(Aeffradefr) o Aer.

But this statement may not be true in general in fuzzifying topology as illustrated by
the following counterexample.

Counterexample 3.1, Let X = (u, b, o) and let T be a fuzzifying topology defined s
follows: tX)=1@)=1i{ah =r({a,c}) =1, b =r{{n, b =0 and ri{c)) = ri{l, o}
=t. One can have that fr({n, b)) =5, ofrt{a, b})=1} and hence Prifo, b} A cfirt{a, b))
=tat=1£0=r({a b}.

¥

Theorem 34, Let (X, 1) be a ficzifving topological space.,
() EAer—(Aefraden),
@) fAepr]=lor[Aedfr]=1 then k- Aeter(Aefiran e fir).

Proof (1) Itis obtained from Theorem 3.3 (1),
(2) If [Aefr]=1, then for each 7e A, A (2)=1 and o for each v e A, 14 A'(n)

sAT@=A"0). Thus from Lemma 32 E A'cA™ and so we have [A e pr]a

[Mecr]=[Aepr]=[Aer]. I [Aefit]=1 then for each e A1~ A "(x)+4°0r)
=l and s0 for each 2ed, we have At = A, Thus
[Aefir)a[Aedgfr]=[Ae fr]= [Aeq].

Theorem 3.5, Let (X, 1) be a fuzzifying topological space. then
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(1) (a) AFX) =1, F(@)=1;
(b) for any {A; 1 A€ A}, BF(0) 4,)2 [\ AF(A);
(2) (@) BFX)=1,68F(@)=1;
(b) BFACB 2 BFA) A BF I,
Theorem 3.3. Let (X, 1) be a fuzzifying topological space, then
(1) (@) Ergfr;
(b) = rcofr;
(2) (a) = Fgfr,
(b) & Fooir.
Proof. From Theorem 2.2(3) [§] and Lemma 3.2, we have
(1) @) [Aer]=[AcA)s[Ac A~ ]=[Aep);
B) [Aer]=[AcA)s[AcA™ cA)=[Adepr);
(2) The proofis obtained from (1).

Remark 3.1, In cnisp setting, i.c., if the underlying fuzzifying topologyis the ardinary
tapology, one con have

E(Aeffradefr) o Aer.

But this statement may not be true in general in fuzzifying topology as illustrated by
the following counterexample.

Counterexample 3.1, Let X = (u, b, o) and let T be a fuzzifying topology defined s
follows: tX)=1@)=1i{ah =r({a,c}) =1, b =r{{n, b =0 and ri{c)) = ri{l, o}
=t. One can have that fr({n, b)) =5, ofrt{a, b})=1} and hence Prifo, b} A cfirt{a, b))
=tat=1£0=r({a b}.

¥

Theorem 34, Let (X, 1) be a ficzifving topological space.,
() EAer—(Aefraden),
@) fAepr]=lor[Aedfr]=1 then k- Aeter(Aefiran e fir).

Proof (1) Itis obtained from Theorem 3.3 (1),
(2) If [Aefr]=1, then for each 7e A, A (2)=1 and o for each v e A, 14 A'(n)

sAT@=A"0). Thus from Lemma 32 E A'cA™ and so we have [A e pr]a

[Mecr]=[Aepr]=[Aer]. I [Aefit]=1 then for each e A1~ A "(x)+4°0r)
=l and s0 for each 2ed, we have At = A, Thus
[Aefir)a[Aedgfr]=[Ae fr]= [Aeq].

Theorem 3.5, Let (X, 1) be a fuzzifying topological space. then
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h{AEﬂrAAGq?r]ﬂAEt.

Proof
A acpriA) = inf A (A)ainf(1 =A™ (214 A't)
=max(0, inf A~ (x) +inf{l =A™ (214 A'(m) - )
SMA'th-[Aer].

4. Fuzzifying fi-(resp. «f}-) neighborhood structure of a point

Definition 4.1. Let € X. The f-(resp. f3-) neighborhood of 2 is denoted by AN,
(resp. ofiN, )e F(P(X ) and defined as

AN (A= sup pr(B) (resp. AN (A) = sup fecth).

Theorem 4.1,

() EAefroVelreA-3BBefrare BCA));

(D EAefroVe(reA3B(Be N, ABC A)).

Proof. (1) Now, [Va(re A—=3B(Be firave B A)]=inf, sup, . frd. Itis
clear that inf, sup . (fr(B)2 fr(A). In the other hand, let y, ={Bire B A}
Then, for any fell y, we have U, flry=A and so fr(A)=pgrlJ_ fim)2
inf,,, Ar(f(x)). Thus friA)2sup,,  inf,, Br(fiz)=inf, . sup, . A,

(2) From (1) we have [Va(re A — IB(Be AN, A B A)]=inf,,  sup,,_, AN,(B)
=inf,,  SUP .\ SUP, oo FTC) = inf,  sup . AF(C) =[A € fir).

Corollary 4.1, inf,,, AN (A) = fir(A).

Theorem 4.2, The mapping fIN : X =T (PX0, - AN, where T (PIX 0 is the
set of all normal fuzzy subsets of PUX) has the following properties:

[ij.ﬁﬂ'm ﬂ‘-.A.h AEﬁN,—.‘IEA;
(2) for any v, A, Bl= Ag B (AefiN, —» BefiN,);

o (3) forany x, A= Ae N, -»3H(He AN, aH c AnVilye H— HefiN,))

Proof. One can easily have that for each xe X, BN, (X)=1, ie, each AN, is
narmal,

(1) If AN (A)=0, the result holds. Suppose SN, (A)>0, then sup_,._, frtH) >0
and so there exists /1, such that ¥ € H,c A. Thus [x e A]=12 AN (A).

(2) Immediate.
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O)[AH(H e AN Al & A A Vilu e H — H e BN, ))]=sup,_ (BN, (H) A inf, . AN,
{H}]"’“Fm—.qm”ﬂﬁ}ﬂﬁﬂﬁl}'mum prithrzsup,,. frii =[AefN.].

Theorem 4.3, The mapping N ; X =STYPXN, AN, where TV (PX)) is
the set of all normal fuzzy subsets of PUX) has the following properties:

(1) forany v, A AefiN, s reA;

(2) forany 2, A, B, Ac B (A eqfiN, 5 BefN,):

(3) forany A, B, & AefiN aBefN, —“+AnBedN,.

Comversely. if a mapping ofN satisfies (2), (3), then N assigns a fuzzifiing
topalagy on X , denated by Ty €F(PIXY and defined as

Aer,i= Vi(red = AedfN).

Proof. It is clear that each N, isnormal. The proof of (1) and (2) are similar to the
corresponding results in Theorem 4.2,
(3)  From Theorem 3.1 (2) (b) we have [ANBeBN J=sup,,,_,.,cfrih) =

mpuff,l:.l. anli i "ﬂr(‘{fl | ‘Hij zmprlﬂ'.g.-l. rﬁf,:j:{'MHI}A'ﬁ’(H! }} = ’upniﬂni fﬂf
(H) Asup, ., cuefi(H,) = BN (A AN, (.

Conversely, we need to prove that Ty =6 BN (A) is o fuzzifying topology.
From Theorem 3.2 [4] and since Ty satisfies the properties (2) and (1), then Ty i50
fuzzifying topology.

Theorem 4.4, Ler (X, 1) be a Juzzifving topological space. Then k= ifrc Ty

Proaf. Let Be (LX), Tl = inf""qﬂﬁ;:mninfunmp"@ ofr(A) 2 ofr ).

S, fi-(resp. ofi-)closure and A-(resp. ofi-)interior \

Definition 5.1. (1) The f-(resp, off-)closure of A is denoted by fB-cliresp. -cl)
€ TWPX ) and defined as follows:

B-elAXx) = inf (1= BEB) (resp. ofi— cl(AYr) = dpf (1=epram),

(2) The fi-(resp. of -Jinterior of A is denoted by [ -int(resp. «f -int) eT(PX)
~and defined as follows:

= int(AXr) = BN (A) (resp. o~ int(AXar) = BN, (A) ),

Theorem 5.1,

(1) () ﬁ-cl[dlt-lﬂl-ﬁh",{x-ﬁ}:
(b) = f-cli@)=0;
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(€) B Ag f-clA);

(d) & ref-clA) > VBBe N, 5 AnB#@);
(€) k= A=f-cl(A) e A e BF;

() = B&f-cliA) e Be fF;

(2) (8) efl—cl(ANa) = =N (X ~ A):
(b) Ef-cli@)n@;
(€) B Agrfi-cl(A);
(d) Ereqfi-ci) - VBBe N, 5 AnB2 @)
(e} EAscfi-cliA)es Ade PP
(N = Baf-cl(A) = BefFr,,.

Proaf. (1) (a) ﬁ—clm}rﬂ=ninfr.,,;llljl—ﬂFIﬂ}}=inﬂ,,,_,t,,._r,il =X ~B)=1-
SUP ex-picx 1 AN ~ By =1 BN (X ~ A),

(b) f—cli@)x)=1-AN (X ~-@)=0.

(c) Itis clear that for any A e (LX) and any re X, if reA, then AN (A)=0. If
# €A, then f—cl(A)r)=1~BN (X ~A)=1-0=1. Then [Ag f-cl(A)]=1.

(d) [VB(BeAN, »AnB#@)=inf,_, (1-ANB)=1=pN (X ~A)=[ref
—cl{A)].

(e) From Corollary 4.1 and from (a), (c) above we have [A=f-cliA))=inf,
(B=clAN@)inf | AN (X ~ A)= fr(X - A) = [AepF).

(N W [ACB]=0, then [B# A=cliA)]=0. Now,suppose [Ac B]=1, we have
[BEB-cliA)]=1~sup,,, , AN,(X ~A), [A-cl(A)c BH]= infax-a BN (X ~A). So
[B&pf-cliA)= max(0,inf,, , AN, (X ~ A)=sup .y BNAX =AY If [B=p-
CUAN>1, then inf, ., AN,(X ~ A)> t4sup, ., AN(X ~A). For any reX~ B,
SUP,cex-4 ATIC) >t +sup, . BN (X ~ A), 1.0., there exists C', such that reC, c X
~A and fr(C,) >t +sup_, AN (X ~A). Now we want to provethat . c X ~ 8. If
not, then there exists s'ef~A4 with rel,. Hence we obtain
SUR, o AN (X ~ A)2 BN (X ~ A)> t+sup,,,  AN.(X ~A)a contradiction. There-
fore SF (B = frX ~B=inf ., AN (X ~ [ 2 inf . wAC)Y >0+ sup,,  AN(X
~A)>t. As t is arbitrary, it holds that [1# = A=l s[B e pr].

{2) The proof is similar to { | )

(-

Theorem 5.2. Forany 1, A, B3,

(1) (8) = f-int(A)= X ~ B=cl(X ~ A):
fb) = f-in(A)= X
(€) = f-int(d)c A;
(d) = B&g-in(A)— Be fir;
() EBefiraBcA— Bg f-int(A);
() = A= f-in(A) < A e fir;

(2) () B f-int{A)= X ~cB-cl(X ~A);
(b) EB-iniA)= X ;
(¢) E=ef-in D A:




H

554 K. M. Abd El-Hakeim, F. M. Zeynda and 0, R. Sayed

(d) I Bagfi-m(A)— Ber,,;
() kk Bery, ABcA— Boi-in(A);
(0 kA=f-mA) > Aer,.

Proof. (1) (a) From Theorem 5.1 (a), f-cllAXz)=1-AN (X ~A)=1-(8-
int(AN=), Then [A-int(A)= X ~ f-cl(X ~ A)]=1.

(b) and (c) are obtained from (a) above and from Theorem 5.1 (1) (b) and (1) ().

(d) From (a) above and from Theorem 5.1 (1) (f) we have [B& f—im(A)]=[X ~ B
& 3-cllX ~ A)S[X ~BefF]=[Befr]

(¢) If [Bg A]=0, then the result holds. If [Bg A]=1, then we have that [B ¢ f
—int(A)] =inf,, f-int(AXs) =inf,, AN.(A)2 inf, AN, (B =pfu B =[HefraB
c Al

(i From Corollary 4.1, we have [A=f-im(A)]=min(inf_, #-in(A)Nx),
inf,  (1=(f =int(A))))) = inf,_, f—int(ANr) = inf_, BN, (A) = fir(A) =[A € fir].

(2) The proofis ﬂr!!ﬂir to{l).

6. fi-continuous functions and J-continuous functions

Definition 6.1. Let (X, r), (Y,1/) be two fuzzifying topologicalspaces.
(1) A unary fuzzy predicate o3C eF(Y") is called fuzzy f-continuous if

U= Yuluell = [ e fr);
(2) A unary fuzzy predicate fC &F(Y") is called fuzzy of -continuous if
PO = Vuluell = [ efr).

Definition 6.2,  Let (X, 1) (Y, 017) be two fuzzifying topological spaces.For any
FeY™, we define the unary fuzzy predicates A, ofH, eF(Y") where j=1,2,--5 as
follows:

(1) () BHN:=VDB(eF, - ['(DefF,)

(b) fH()=VB(BeF, - (B efF,);

where F, 15 the family of closed subsets of Y'; and AF, and «fF, are the families of
- fleclosed and ff -closed subsets of X respectively.

(2) () BHM:=YaVulue N}, = [MwefNY);
(b) AH,(f):=YaVu{ue N| - [MuedfN});

where NV is the neighborhood system of Y, and AN, and N, are the §-
neighborhood and ¢ -neighborhood systems of X respectively.
(3) () BH,(N=VeVu(ue N, —I(fingu-—vefN}));
(b) BH,(f):=YrVulue N}L, = 3Iffincn—=vedfdN))
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(4) (a) BH(N)i= VA - el () @ el (fAN);
(b) BH (fh= VA= cl ((A) el (FAN);

(5) () BH([r=YB{(f-cl (fm) e f (el )
(b) Bl (f):=V B{(ef—cly(fuB)) < £ (el ().

Theorem 6.1,
(N =fefCe fefH,j=1,2345,
(2) & fedfiC e fedfH,.

Proof. We will prove (1) only since the proof of (2) is similar to the corresponding
result in (1),

(1) We prove that = feBC e fefill,. [fefH,]= Jnf min(l, 1= o3+
BESB) = in€ min(l, 1=UY ~ By 4+ fe(X ~ f'B)) = inf min(l, 1=U(Y ~ B)+
Br(r 'y -~ m)) = ing min(l, 1 =Utw) + fe(f o)) =[S € AC).

(b) We want to prove that k= fe AC e AH,.

First we prove that BH,(f)2 C(). If N}, i< AN (1 w)), then the result holds.
Suppose: N} (u)> ANS(f ). It is clear that, if faie Acu, then re f'(A)
© f'tu). Hence we have N, ()~ ANY(f ")) =sup,, ..., UA) =sup_,_ ., fridhs
SR g 0D =8UD g AT(STHAN) S 8Up i, (UCA) - B(S7(A))). S0 1= N )
BN ) 2 nf, (- U0A)+ B A) and thus min(l, - N ul+
AN ) 2 infy, g0, min(l 1 =UCA)+ Br(FA)) 2 inf ., min (1,1 -0+
Br(f @)= BCC). Hence,inf inf min(l.1- N} )+ AN (/) 2[f € C).

Secondly, we prove that SC(f)2 fH,(f). From Corollary 4.1, we have C(f)=
Jdnf min(l, 1= U6+ fe(f o)) 2 Anf min {L 1= inf Ny )+ Jnf ﬁﬁf{rliu}_])

=dnf min (L1~ inf N7+ inf ANN(f'w))  zinf inf. min, 1= N7, (w0 +
BN )= BH()

(e) We prove that = feffH, «> (e fiH,. From Theorem 4.2 (2) we have
BH(N1= Miﬁﬁlwﬂn[l.l—N},,,fu]wwgllf,wmﬁNf{ﬂ]= =I;IJ£HI.ILE] min(l, 1= N7 (n)
+AN ()= fHL(D.

(d) We prove that k= f e S, & [ e 8H,. First, for any Be P(Y) one can deduce
that  [FAB-el () 2 B-cl ()] =1, [ (/" B) ol B]=1 and
[t (A B2 el B)] =1, Then from Lemma 1.2 (2) [6) we have,
(-t am)e ez [ (1B-cdy(F@)e Feh ) 2[re-
(B b BN 2[AB-cl (1 @) eb (fum))).  Therefore,
BH(N =gl [l () e B2 i [ -l ( ) e el )]
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> g [P (B BN & 1 AU D)) 2 i B-c( B e U
()2 inf, LHB-elA) e cly (f(AN] = BH L)

Secondly, for each AeP(X), there exists He P(Y) such that f(A)=8 and
fBaA.  Hence, [f-ci (/B S ety ()] S[f-el el ey (FCAM]
< [f(B - elytA) & S ety (AN)] <[(B-cy(A) el (fAN].  Thus, fH(NzZ
Jnf [B-clde F el (JAN) 2,00 J8- clo(f e ) 2 b [P

-r'lx[j“'m]}:,f"(clr{m]]tﬁf{,m.
() We want to prove that = [ € ffl, & fe pH,. AHL =[VB(B-cly(/ (D) =

[y BN = g, inf min(l1=(1= BN, (X ~ [ @) +1= BN, = B)= ,inf,, inf
min(L1= AN, (¥ ~B)+ BN (0~ D)) = inf, inf min(l, 1 - BN, () + AN, ()
= fH, ().

Remark 6.1, In the following theorem we indicate the fuzzifying topologies with
respect 1o which we evaluate the degree to which [ is continuoys or peed ! -continuous,
Thus, the symbols (r,U7)=C(f), (T )= €N, (r. U, )—caC{f) ... et will be
understood, Applying Theorem 3.4 (1) and Theorem 4.4 ane can deduce the following
thearem.

Theorem 6.2,
(1) &= fefH, e fedfid, =345

(2) k& fedpl = [eddH;.

Proof. (1) Wis similiar to the proof of (c), (d) and (¢) in Theorem 6.1. (2) It is
similiar to the proof of the first part in (b} in Thearem 6.1.

Theorem 6.3,
(1) k= fe(rUqy)-C— el n-c;
@) k& fe(rU)-pC = fe(tyU)-Ci
(3) & felnU)-C->1 e(r,l)-fC.

7. Decompositions of fuzzy continuity in fuzzifying topology.
" meorem 7.1 Let (X.1), (Y1) be two fuszifying topological spaces. Then for each
feY’, k- (BOUNAACU).
Proof. The proof is obtainned from Theorem 3.3 (1)

Remark 7.1, In crisp setting i.e,, if the underlying fuzzifying topology is the ordinary
topology, one can have = (BN AcfCUN = OO
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~ But this statement may not true in general in fuzzifying topology as illustrated by the
following counterexample.

Counterexample 7.1, Let (X, 1) be the fuzzifying topological space defined in
Counterexample 3.1, consider the identity functions [ from (X,7) onto (X,0) where
@ 15 a fuzzifying topology on X defined us Tollows:

Ae{X,@, (n,bh)}

a0

1,
ﬁ‘-‘{}={n.

Then §at=BCNAPBCNLCU)I=0. Hence the statement k= (AC(f) A1) —
C1f) may not be true in fuzzifying serting.

Theorem 7.2. Ler (X,7), (Y, 1) be two fuzzifiing topological spaces and let
TeY™ then = C(f)— (BOUN & fO).

Proof. — [BOUN = O] = min(l, 1- BN+ BCUN) 2 BN AC) . Also,
[BCC) = O] = min(l, 1= CU) + BOC) 2 O A BCUf). Then from Thearem
7.1 we have offC( NaBCUN 2 ) and so the result holds,

Theorem 7.3. Let (X,1), (Y.\U) be two JSuzzifving topological spacex and let

TeY o if [Bl w)]=1 or [efr(f )] =1 for each weP(Y), then = C1f) e
(B e N).

Proof. Now, we need to prove that O = PO ABC(f). Applying Theorem 3.4
(2) we have, JO(f IArﬁGU}“_im,l min (1, 1= i+ fr( £ ) A Jdnf ming), |

Uty +ffe( 1~ o)) = Jnfmin (L1 =0t + fie(f ) MNLI=Utwv+efie( ) =
g, min (1, 1= U+ (Be(f~ o)) ofe(f )= inf min( 1=+ o () =C(f).

Theorem 7.4, Let (X, 1), (Y, U) be two fuzzifying topological spaces and let e ¥'*.
Then,

(0 i [/ )] =1 for each we PY), then
E BCU = (PO & C();

@) if [eBel " w)] =1 for cach w e PY), then k= BC(f) (BChH e ).

Proof. (1) Since [ﬂt{_f’“'m}]]nl und so [J""{'u}:{f"i'r.t}_]*lal. then [.f" tuim
(o)™ ;:{.f"(u‘:}'}a[f“'ru]::[J""tu}}']. Thus, AC(f)= Jdnf (1, 1= U +
(S w) = it nun(l.1-mu:+[r’mm{r":m}"‘-.-_(r'm:}'}] = in{ min(l 1~
i) +[f‘ "we(f 'Hﬂj]'B = um!: , min (L1 =Uan+e(f M) =D
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(2) Since [Mtﬂ}}]ﬂl one can deduce that (f” 'tu]}* =("m). So, fC(NH=
inf min(1, 1=Utw 4 fe(f~0)) = ing, min (L1-U+[f oo (M) ")) = inf,
min{l, 1= Utwy [0 & (o) ]) = Jnf min (1, 1=t + o)) = C(/).

Theorem 7.5, Ler (X, 1), (Y, U) (Z,V) be three fuzzifving topological spaces. For
any feY" geZ",

(1) & BCUN - (Clg) = fClye ),
(2) | Clg) = (BC(N) = BCgo )
(3) B BCUS) = (Clg) = cfClge N);
(4) k= Clg) = (BN = fiC (g0 )

Proof. (1) We need to prove that [aC(N] S [Cly) = AClgo N]. 1T e(g) S[BCLge [)],
the result holds, if e(g)>[AC(ge ). then cla)~[BC(gs N]= ipf min(l,1-Vin+

Ulg'w)) = ipf min(l, 1=Von+fr((ge /1)) < sup (U(g" )= (g )" )
s sup (Utw = fr(f™'w)). Therefore, [C(g) = fC(ge ] = min(l, 1 =[] {ACa= ]
2 inf, min(l, 1 =L+ fr(f () = BCUN.

@) [C@ - (BCf) = BClae M) =[ACDAABCUN - fCge M)] =[{C@n

—-—{ﬁc{n a=pCtas N)))]= [—(C{g}aﬁﬂm A={fC(ge n}}] =[Hpcthac@a-po

(e ]= [HBCha-~Hc@a—pos )] =[ BOUNIAAC(g) - ﬂofgam]]
=[O (C@ - BCge M) =1.
The proofs of (3) and (4) are similar to (1) and (2) respectively.
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