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Abstract

The concepts of a-continuity and co-continuity are considered and studied in fuzzifying topology and by making use
of these concepts, some decompositions of fuzzy continuity are introduced. It is proved that the family of all a-sets in
fuzzifying topology may not be a fuzzifying topology. (© 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction

In [4], Ying introduced the concept of fuzzifying topology with the semantic method of continuous-valued
logic. All the conventions in [4—6] are good in this paper. In general topology, Njastad [7] introduced the
concept of a-sets and in [3] the concept of o-continuity is studied. It is worth mentioning that these concepts
are introduced in fuzzy topology by Singal and Rajvanshi [9]. In [8], the concept of D(c,x)-continuity is
introduced which will be renamed also in the present paper as ca-continuity. In the present paper, we extend
and study the concepts of a-continuity and ca-continuity in fuzzifying topology and by making use of them
some decompositions of fuzzy continuity are introduced. A counterexample is given to prove that the family of
all a-open sets need not be a fuzzifying topology which contradicts a well-known result in crisp setting. Finally,
the concept of ca-neighborhood system is presented and a fuzzifying topology induced by it is introduced.

2. Preliminaries

For the fuzzy logical and the corresponding set theoretical notations we refer to [4,5]. We note that the set of
truth values is the unit interval and we do often not distinguish the connectives and their truth value functions
and state strictly our results on formalization as Ying does. For the definitions and results in fuzzifying
topology which are used in the sequel we refer to [4—6].

We now give some definitions and results are introduced in [2] which are useful in the rest of the present

paper.
* Corresponding author.

0165-0114/00/$ - see front matter (©) 2000 Elsevier Science B.V. All rights reserved.
PII: S0165-0114(98)00386-8



326 F.H. Khedr et al. | Fuzzy Sets and Systems 116 (2000) 325-337
Definition 2.1. For any 4 € 7(X),
EA)=X~X~A).

Lemma 2.1. If [A CB)=1, then
(1) FACB;
(2) EM) S (B).

Lemma 2.2. Let (X,1) be a fuzzifying topological space. For any A ,B,
() EX°=X;

Q) Edyrcd;

3) EdNBr =)y nd);

(4) =) 2(4).

One can add the following lemma

Lemma 2.3. Let (X,7) be a fuzzifying topological space. For any A e 7(X),
(1) EX~dyo=@~d)
(2) if [A CB]=1, then |=(4)°"° C(B)""°.

3. Fuzzifying «-open sets and fuzzifying co-open sets

Definition 3.1. Let (X,7) be a fuzzifying topological space.
(1) The family of fuzzifying a- (resp. ca-) open sets is denoted by ot (resp. cot) € Z(P(X)) and defined as
follows:

Acoat:=Vx(x€A4—x€A°"°) (resp. A€ cat:=Vx(x€ANA°"° —>x€A°)).

(2) The family of fuzzifying a- (resp. ca-) closed sets is denoted by o F (resp. caF') € #(P(X)) and defined
as follows:

Ae€aF (resp. coF):=X ~A€coat (resp. cot).
Lemma 3.1. For any o,f,7,0 €1,

A—oa+PHNA—-y+0)<1 —(aAY)+(BNO).
Lemma 3.2. For any A€ P(X),

EA°CA4°°.

Proof. From Theorem 5.3 [7] we have [4° C4°~]=1 and from Lemma 2.1(2), [4°° C4°~°]=1. Since from
Lemma 2.2 we have [4°° =A4°] =1, the result holds. [

Theorem 3.1. Let (X, ) be a fuzzifying topological space. Then
(1) (a) ax(X)=1, ax(®) = 1;

(b) for any {4;:2€ A}, an(U;c 1 4:) = N\jeq21(4,);
(2) (a) cor(X)=1, cat(¢p)=1;

(b) cat(ANB)=cat(A) A cat(B).
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Proof. The proof of (a) in (1) and (a) in (2) are straightforward.
(1) (b) From Lemma 2.3, = 477 ° C (U4 41)°°. So,

ot < U A,1> = xeLlJIgAA,; < U Ag) x)= /llrelf/‘l 161.[615‘/ (U Ag) (x)

rEA L€ A€A

> inf inf 4;7°(x) = N at(4;).

AEA XEA) ieA

(2) (b) Applying Lemmas 2.2 (3), 2.3 (2) and 3.1 we have

cot(A) A cot(B) = irelg(l —A°T°(x) + A°(x)) A irelg(l — B°7°(x) + B°(x))
< inf ((1 =A4"7°(x) +4°(x)) A (1 = B °(x) + B°(x)))
x€ANB

< inf (1 —(4°"°NB°°)(x) + (4° N B°)(x))
xEANB

< inf (1 —=UANB) °(x)+(4NB)°(x))
X€EANB
= cot(4A N B). O
From Theorem 3.1, we can have the following theorem

Theorem 3.2. Let (X,7) be a fuzzifying topological space. Then
(1) (@) aF(X)=1, aF(D)=1;

(b) aF(ﬂ,ﬁeA AJ)> /\26/1 OCF(AZ);
(2) (a) caF(X)=1, caF(D)=1;

(b) ca F(AUB)=caF(A) A caF(B).

Theorem 3.3. Let (X, ) be a fuzzifying topological space. Then
(1) (a) ECom;

(b) E tCcur;
(2) (@) FFCurF;

(b) EF CcoaF.

Proof. From Theorem 2.2(3) [8] and Lemma 3.2, we have
(1) (a) [det]=[4CA°]<[A CA° °]=[4 €art].
(b)) [Aet]=[ACA°]<[ANA°"° CA4°]=[A4 € cor].

(2) The proof is obtained from (1). [J

Remark 3.1. In crisp setting, i.e., if the underlying fuzzifying topology is the ordinary topology, one can
have

(1) FAd€atNd€ecar)—A€ET;

2) F4€eatABeat)—>ANBEur.

But these statements may not be true in general in fuzzifying topology as illustrated by the following
counterexample.
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Counterexample 3.1. Let X ={a,b,c} and let 7 be a fuzzifying topology on X defined as follows:
(X)) =ud)=1({a))=t({a,c})=1; 1({b})=1({a,b})=0 and =({c})=1({h,c}) = §.

One can have that
(1) ar({a,b}) = 3, car({a,b})= ¢ and hence, at({a,b}) Acar({a,b}) =% A g =3 % 0=1({a,b}) and
(2) at({a,b})= %, at({b,c})= % and ot({b})=0 and hence at({a,b})Aat({b,c})= % £ 0=at({b})
=oat({a,b} N{b,c}).

Theorem 3.4. Let (X,t) be a fuzzifying topological space.
(1) EAdet— (4 €at NAE car);
2) If [Acat]l=1 or [A€cat]=1, then E A€ 1 (A€ot ANA E car).

Proof. (1) Obtained from Theorem 3.3 (1).

(2) If [A€at]=1, then for each x €4, A° °(x)=1 and so for each x €4, 1 —A4°7°(x) + A°(x) =A4°(x).
Thus, from Lemma 3.2, = 4° C A°~° and so we have, [ € at] A[4d € cat] =[A €car]=[4 € 1]. If [4 € car] =1
then for each x €4, 1—A4°"°(x)+A4°(x)=1 and so for each x € 4, we have 4°~°(x) =A4°(x). Thus [4 € at] A
[Aecat]=[Acat]=[Ae1]. O

Theorem 3.5. Let (X,7) be a fuzzifying topological space. Then
Edcathndecar)—A€ET.
Proof.

at(A) Acat(A) = inf A°7°(x) A inf(1 — A°7°(x) + 4°(x))
x€A x€A

= max (o, inf A°7°(x) + inf(1 — 4°~°(x) 4+ A°(x)) — 1)
x€A x€A

< inf A°(x)=[4 €1]. O
x€A4

4. Fuzzifying o- (resp. cx-) neighborhood structure of a point

Definition 4.1. Let x € X. The a- (resp. ca-) neighborhood of x is denoted by aN, (resp. calN,) € F (P(X))
and defined as

aN,(4)= sup oat(B) (resp. caNy(4)= sup corc(B)) .
x€BC4 x€BCA4

Theorem 4.1. (1) EAcar—Vx(x€A—IB(BEat Ax € BCA));
Q) EAdcar—Vx(xeA—3IB(BEaN, ABCA)).

Proof. (1) Now,

[Vx(xeA—3IB(BcatAxeBCA))]=inf sup oat(B).
x€Axcp cA4

It is clear that inf,cqsup cpc 42t(B)=>0at(4). On the other hand, let fi, ={B:x€B CA}. Then, for any
f € Ilies Bx we have |, f(x)=4 and so at(4) =at(lU,c, f(x))= infreq at(f(x)). Thus,

oat(4)= sup inf ot(f(x))= inf sup at(B).
fEllesf ¥EA X€AyepC 4
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(2) From (1) we have
[Vx(x €A — 3AB(B € aN, ABC A))] = inf sup aN,(B)
XEA g c4

=inf sup sup az(C)
X€ApC AxeCCB

=inf sup oat(C)=[4€at]. O
x€4 ycC C4

Corollary 4.1. inf,c4 aN,(4) = at(4).

Theorem 4.2. The mapping oN : X — FV(P(X)), x + aN, where FN(P(X)) is the set of all normal fuzzy
subsets of P(X) has the following properties:

(1) for any x,4,}= A € aN, — x € 4;

(2) for any x,4,B,=AC B— (A4 € aN, — B € aN,);

(3) for any x,A,=A€aN,—3IH(H € aN, N\H CANVYy(y € H— H € aN,)).

Proof. One can easily have that for each x € X, aN,(X)=1, i.e. each oV, is normal.

(1) If aNy(4)=0, the result holds. Suppose oNy(4)>0, then sup ., , %t(H)>0 and so there exists H,
such that x € H, C 4. Thus [x € A]=1=aN,(4).

(2) Immediate.

(3) [BH(H € aN, AH CANYy(y € H — H € aN,))]

= sup (och(H YA inf oN,(H ))
yeEH

HCA

= sup (aNy(H)Aoat(H))
HCA

= sup at(H)= sup ot(H)=[4€aN,]. |
HCA x€H C4

Theorem 4.3. The mapping caN : X — FY(P(X)), x — caN,, where FV(P(X)), is the set of all normal fuzzy
subsets of P(X) has the following properties:
(1) for any x,A,)= A € caN, —x € 4;
(2) for any x,A,B,|= A C B— (A4 € caN, — B € caN,);
(3) for any x,A,B,|= A € caN; A B € caNy — AN B € caNy.

Conversely, if a mapping caN satisfies (2) and (3), then caN assigns a fuzzifying topology on X, denoted
by Ty € F(P(X)) and defined as

AE Ty :=Vx(x €4 — A € caN,).
Proof. It is clear that each caN, is normal.

The proof of (1) and (2) are similar to the corresponding results in Theorem 4.2.
(3) From Theorem 3.1(2)(b) we have

[ANBecaN,] = sup cat(H)= sup cot(Hy N Hy)
x€H C ANB xEH; CAxEH, CB
> sup (cot(Hy) Ncat(Hy)) = sup cot(H)A sup cat(H;)
x€H; CAxeH, CB x€H, C A x€H, CB

= calNy(A) N caN,(B).
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Conversely, we need to prove that 7.,y =inf,cy caN,(4) is a fuzzifying topology. From Theorem 3.2 [7]
and since 7.,y satisfies properties (2) and (3), T, is a fuzzifying topology. [

Theorem 4.4. Let (X,t) be a fuzzifying topological space. Then = cat C Ty .

Proof. Let B€ P(X); tean(B)=infrep caNy(B)=infiepsup,, c 5 cot(d)=cor(B). U

5. o~ (resp. co-) closure and o- (resp. co-) interior

Definition 5.1. (1) The o- (resp. ca-) closure of A is denoted by a—c/ (resp. ca—cl) € # (P(X)) and defined
as follows:

%= cl(A)o)= inf (1—oF(B) (resp. cx—cl(A)x)= inf (1= caF(B)).

(2) The a- (resp. ca-) interior of A is denoted by o — int(4) (resp. co — int(4)) € #(P(X)) and defined
as follows:

o — int(A)(x)=aN,(4) (resp. co — int(A)(x)=coNy(4)).

Theorem 5.1.
(1) (@) a —cl(A)(x)=1— aNx(X ~A4);
(b) | o — cl($) = 0;
(¢) EACa—cl(4);
(d) Ex€a—cl(4)—VB(BeaN, - ANB#D);
(e) FA=oa—cl(A)— A€ aF;
(f) EB=o—cl(4)— BE€oF.
(2) (a) co — cl(A)x) =1 — caN (X ~A);
(b) = ca—cl(D)y=0;
(c) |= A Cex— cl(A);
(d) Ex€ca—cl(4)«< VB(B € coN, — AN B#();
() FA=ca—cl(4d) A € Ftouy;
(f) EB=ca—cl(4) —B€ Fry.

Proof. (1) (a)

o —cl(4)(x) :xelzralgA(l — ocF(B)):XGXN%ngNA(l — at(X ~ B))
=1- sup at(X ~B)=1—aN,(X ~4);
XEX~BC XA

(b) o —cl(@)x)=1— aN (X ~0)=0;

(c) It is clear that for any 4 € P(X) and any x € X, if x € 4, then aN,(4)=0. If x € 4, then o — cl(4)(x) =
1 —aN(X~A)=1—-0=1. Then [ACa —cl(4)]=1.

(d) [VB(BeaN, —ANB#D)]=infgc xyou(l — oNy(B)) =1 — aNy(X ~A) =[x € o — cl(4)].

(e) From Corollary 4.1 and from (a), (c) above we have

[A=o—cl(A)]= inf (1 — (x—cl(4))(x))
xXEX~A

= inf aN; (X ~A)=ot(X ~A)=[4€aF].
xeX~A
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(f) If [AC B]=0, then [B=o — cl(4)]=0. Now, we suppose [4 CB]=1, and have, [BCa—cl(4)]=1—
SUp,cpy N (X ~4), [a—cl(A)CB]=inficxpaN(X ~4). So, [B=o—-cl(4)]=max(0,inf,cx~p oN,
(X~A)— sup,cpy WN(X ~A4)). If [B=a—cl(4)]>t, then inf,cx~p aN (X ~A)>t+sup,.cp.  tN(X ~A).
For any x €X ~ B, sup,cc c yy ¥0(C)>t+sup, ., tN (X ~A4), i.e., there exists C, such that x € C, CX ~ 4
and at(Cy)>t + sup,cp. @N:(X ~A4). Now we want to prove that Cy CX ~B. If not, then there exists
x'€B~A with x"€C,. Hence, we obtain sup.p ,aN(X ~A)=oaNy(X ~A4)=>a1(C)>1t + sup,cp.,
oalNy(X ~A), a contradiction. Therefore, aF(B)=oat(X ~B)=inf cxpoaNy(X ~B)>= inf cxpot(Cy)=t +
SUp,cpy WV (X ~A)>t. Since ¢ is arbitrary, it holds that [B=o — cl(4)]<[B € oaF].

(2) The proof is similar to (1). [

Theorem 5.2. For any x,A, B,

(1) (a) |= o — int(A) =X ~ o — cl(X ~A);
(b) Eo—in(X)=X;
(¢) = o — ini(4) C 4;
(d) EB=a—int(4)— B €z,
(e) EBEwtABCA—BCa—int(4);
f) EA=a—int(d)— A €,

(2) (a) Eco—int(A)=X ~co — cl(X ~A);
b)) Eco—intl(X)=X;
(¢) = co—int(4)C 4,
(d) E B=ca—int(A) — B E€ Teuy;
(e) EB€t,uy ABCA— BCcu— int(4);
(f) EAd=co—int(A) — A Etopy.

Proof. (1) (a) From Theorem 5.1(a) o« —cl(X ~A)(x)=1—aN(4)=1—(a—int(4))(x). Then, [a—int(4)=
X~o—clX~A)]=1.
(b) and (c) are obtained from (a) above and from Theorem 5.1(1)(b) and (1)(c).
(d) From (a) above and from Theorem 5.1(1)(f) we have
[B=a—int(A)]=[X ~B=a— cl(X ~A)|<[X ~B€aF]=[B € at].
(e) If [BC A]=0, then the result holds. If [BC A]=1, then we have that [BC o — int(4)] = infycp(a —

int(4))(x) =infyecp aNy(A) = inf,cp aN(B) =at(B)=[B€at AB C A].
(f) From Corollary 4.1, we have

[4 = o — int(4)] = min(inf (¢ — int(4))(x), inf (1 — (o — int(4))(x))
x€A4 xeX~A

= inf(a — int(A))(x) =1inf aN,(4) = at(4) =[4 € a1].
xX€EA xeAd

(2) The proof is similar to (1). [J

6. «-Continuous functions and co-continuous functions

Definition 6.1. Let (X,7),(Y,U) be two fuzzifying topological spaces.
(1) A unary fuzzy predicate aC € Z(Y¥) called fuzzy a-continuity, is given as

aC(f):=Vuuc U — = (u) € ar).
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(2) A unary fuzzy predicate caC € Z(Y¥) called fuzzy co-continuity, is given as

coC(f):=Vu(ue U — f~\(u)ecar). [

Definition 6.2. Let (X,1),(Y,U) be two fuzzifying topological spaces. For any f € Y¥, we define the unary
fuzzy predicates aH;, cot; € 7 (Y Xy where j=12,...,5 as follows:

(1) (a) aH (f):=VB(BE Fy — f~!(B) € aFx); (b) coaH\(f):=VB(B€Fy — f~!(B) € caFy),

where Fy is the family of closed subsets of Y; and aFy and caFy are the families of a-closed and ca-closed
subsets of X, respectively.

(2) (a) aH(f) :=VxVu(u GN}’(X) — N u) € aNX); (b) coHa(f) :=VxVu(u € N/Y-(x) — f~Nu) € caNY),
where N! is the neighborhood system of Y; and aN¥ and caN¥ are the a-neighborhood and ca-neighborhood
systems of X, respectively.

(3) (@) af3(f):=VaVu(u e N}, — I(f(v) Cu—veaN)); (b) caHs(f):=YxVu(u e N — I(f(v)C
u—v € caNX));

(4) () aHy(f):=VA(f (2= clx(4)) S cly(f(4))); (b) caHy(f):=VA(f (ca — clx(4)) Ccly(f(4)));

(5) (a) aHs(f):=YB(a—clx(f1(B)) C £~ (cly(B))); (b) cats(f):=VB(ca—clx(f~(B)) C [~ (cly(B))).

Theorem 6.1. (1) = fecaC— feaH;, j=1,2,3,4,5;
2) E fecaC« f€caH,.

Proof. We will prove (1) only since the proof of (2) is similar to the corresponding result in (1)(a). We
prove that = f €aC — f €aH,:

[/ €] = inf min(1.1 ~Fy(B) +aFx(/~"(8)))

:Beir}(fy)min(l, 1 - U(Y ~B)+at(X ~ f71(B)))

:Beig(fY)min(l, 1 —U(Y ~B)+at(f~ (Y ~B)))

. . _ —1
= uen;(fy)mm(l, 1 —U)+at( f~(u)))
=[fe€aC].

(b) We want to prove that = f € aC < f € aH,.
First, we prove that aHy(f)=aC(f). If NJ, (u)<aN}(f~'(u)) the result holds. Suppose N/ (u)>

aNX(f~'(u)). It is clear that, if f(x) € A Cu, then x€ f~'(4)C f~'(u). Then,

Ni@) —aNS(f~'(w) = sup UMA)— sup ox(B)
f(x)EACuU xEBC f~(u)

< sup UA)— sup oar(f1(A4))
f(x)EACu f(x)EACu

< sup (UA4) — ax(f~(A))).
f(x)EACu
So,

L= N () + VX (/7 @)= | inf (1= U) +an(f ' (4)))
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and, thus,
min(L, 1 = Njo() + 2N (f7'@)) = inf - min(1, 1= U) + ax(f 7' (4))
> Inf min(l,1 = U(v) +ax(f~ (1) =2C(f)
Hence,
inf inf min(L,1 = Ny () + oV (/7 @) =1/ €aCl.

Secondly, we prove that aC( f')=aH,( ). From Corollary 4.1, we have
«C(f) = inf min(1,1— U(u)+ at( f~"(u)))
u€P(Y)

> inf min( 1,1 — 1anv u)+ inf  aNY(fNu >
weP(r) < e et + nf oM ()

= inf min( 11— inf N.Y D+ inf VXN (u )
ueP(Y) ( xEf Y f(x)( ) xef—1(u) X (f ( ))

> inf inf min(l,1 — Nﬂx)(u)ﬂczvj‘( 7N w))) = aHs( f).

xX€EX ueP(Y)
(c) We prove that |= f € aH, < f € aH3. From Theorem 4.2(2) we have

aH3( f) = inf 1nf mm L1-Ny@+  sup  aNK()
xeX uePp veP(X),f(v) Cu

Y X —1 —
= inf inf min(1. 1~ V() + oV (7 @) =aHa( ).

(d) We prove that = f € aHy < f € aHs.

First, for any B€P(Y) one can deduce that [f~'(f(a — clx(f~'(B)) Do — clx( f~'(B)]=1,
ely(f(f7'B)))Ccly(B)]=1 and [~ '(cly(f(f~'(B))))C f~(cly(B))]=1. Then from Lemma 1.2(2)
[9] we have

[ —cle(f 7' BNC /™ elyBN] = [~ (f (e — el (ST (BN C [~ (cly(B))]
>[N (S =clx (ST BN C T Hely(f(S71(B))))]
> [f(e—cle(fT' BN Cely (ST BN
Therefore,

aHy(f) = inf. [~ elx(f 7 (B) S S ety (B))]
> inf [f 7N el (f T BN ely(B)]

BeP(Y)
> inf 117 (= el BN S e (T B
>, inf [f(x—cle(f7'(B)) Cely(f(f 7 (B))]

=z inf [f(a—clx(4))CScly(f(4))] = oaHi(f).

A€EP(X)
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Secondly, for each 4 € P(X), there exists B € P(Y) such that f(4) = B and f~!(B) D A. Hence,

[ — cle(f 71 (B) C ™ (ely(B)] < [ — el (4)) € [~ (ely(f(A)))]
[f (% = elx(4) € f(f~ (ely(f()))]
[f (a0 = clx(4) S cly(f(4))].

NCOINN

Thus,

dHi(f) = |inf [x—cly()C [ el (FAN]Z | inf (o —cly(f~'(B)C f (ely(B))

> inf [~ ele(f 7 (B) S S (ely (BY] = ots(f).

(¢) We want to prove that = f € aHs < f € af,.

aHs( /) =[VB(x — clx(f~'(B)) C f~(cly(B)))]
= inf inf min(1,1 — (1 — aNy(X ~ f~'(B))) + 1 — Ny (¥ ~ B))

BeP(Y)xeX

. . . . N —1 N

=, inf_inf min(1,1 = Nyo(Y ~B)) + aNe(f 7 (Y ~ B)))

_ . . . o —1 _

= dnf_inf min(11 —Npo(u) +aNe(f~ @) =2t(f). L

Theorem 6.2. (1) = f €cul, — f €caH;, j=3,4,5;
(2) E f€caC— f €caH,.

Proof. (1) It is similiar to the proof of (¢)—(e) in the proof of Theorem 6.1.
(2) It is similiar to the proof of the first part in (b) in Theorem 6.1. [J

Remark 6.1. In the following theorem we indicate the fuzzifying topologies with respect to which we eval-
uate the degree to which f is continuous or caC-continuous. Thus, the symbols (t,U) — C(f),(tean, U) —
C(f),(tr,Ucy) — caC(f), etc., will be understood.

Applying Theorem 3.4(1) and Theorem 4.4 one can deduce the following theorem.

Theorem 6.3. (1) = f€(t,Uw) — C— f€(r,U) - C;
Q)E fe(,U)—caC— f €@y, U)—C;
B)ESfe(U)y—C—fe(r,U)—caC.

7. Decompositions of fuzzy continuity in fuzzifying topology

Theorem 7.1. Let (X,1),(Y,U) be two fuzzifying topological spaces. Then for each f€Y¥, = C(f)—
(@C(f)V cal(f)).

Proof. The proof is obtained from Theorem 3.3(1). [J

Remark 7.1. In crisp setting, i.e., if the underlying fuzzifying topology is the ordinary topology, one can
have = aC(f)AcaC(f)— C(f).

But this statement may not be true in general in fuzzifying topology as illustrated by the following
counterexample.
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Counterexample 7.1. Let (X, 1) be the fuzzifying topological space defined in Counterexample 3.1; consider
the identity function f from (X,7) onto (X,0) where ¢ is a fuzzifying topology on X defined as follows:

i { b Actrotan),

0, o.w.
Then % A % =aC(f)NcaC(f) £ C(f)=0.

Theorem 7.2. Let (X,t),(Y,U) be two fuzzifying topological spaces and let f € YX. Then |= C(f)— («C(f)
< caC(f)).

Proof. [0C(f)— caC(f)]= min(1,1 — aC(f) + caC(f))=aC(f)AcaC(f). Also, [caC(f)—aC(f)]=
min(1,1 — caC(f) + aC(f))=caC(f)ANaC(f). Then from Theorem 7.1 we have caC(f)AaC(f)=C(f)
and so the result holds. [

Theorem 7.3. Let (X,1),(Y,U) be two fuzzifying topological spaces and let € YX. If [at(f~ (u))]=1 or
[cat(f~ ()] =1 for each u€ P(Y), then |= C(f) < (aC(f) A caC(f)).

Proof. Now, we need to prove that C(f)=aC(f)AcaC(f). Applying Theorem 3.4(2) we have
aC(f)NcaC(f)= ueig(fy)min(l, 1 — Uu) + at(f~ u))) A ueig(fy)min(l, 1 — Uu) + car(f~ Y (u)))
= ueig(fy)min(l,(l — U(u) +ot(f~ @) A(1 = Uu) + coar(f ' (w))))
= inf min(1,1 — U(u) + (az(f~(u))) A cor(f~ (u)))
ueP(Y)

. . _ -1 —
=, dof min(L,1=UG@) +(/ ) =C(f). U

Theorem 7.4. Let (X,t),(Y,U) be two fuzzifying topological spaces and let f € Y*. Then,
(1) if [er(f~ ()] =1 for each uc P(Y), then

E aC(f)— (caC(f) < C(f)),
(2) if [cor(f~"(u))] = 1 for each u€ P(Y), then
E caC(f)— (aC(f) < C(f)).

Proof. (1) Since [at(f~'(u))]=1 and so [/~'u)C(f~'(w))°°]=1, then [f~'(u)N(f~'(u))°~°
S @)1=/ ) S(f " (u))°]. Thus,

caC(f)= ueir}}(fy)min(l,l — U(u) + car(f~ Y (u)))
= inf min(1,1 — U@) + [/~ ')N () ~° C(fHw))°])
ueP(Y)
= inf min(1,1 — Uu)+ [f ") C(f " (u))°])
ueP(Y)

=, dof jmin(l, 1 = Uu) + (S~ W) =C(f).
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(2) Since [cat(f~'(u))]=1 one can deduce that (f~!(u))°~°=(f""(u))°. So,

aC(f)= ueig(fy)min(l,l — U(u) + at( £~ (u)))
= inf min(1,1 — Uu) + [/~ () S/ @)°~°]
ueP(Y)
= inf min(1,1 — Uu)+[f~" () C(f " )))°])
ueP(Y)

:ueig(fY)min(l,l —Uw) +t(f'w)=C(f). O

Theorem 7.5. Let (X,1),(Y,U),(Z V) be three fuzzifying topological spaces. For any f€YX, geZ¥,
(1) EaC(f)—(C(g9)—aC(go f));

(2) E C(g)— (2C(f)—aC(go f));

(3) F caC(f)—(C(g) — caC(go f));

4) E C(g)— (caC(f)— caC(go f)).

Proof. (1) We need to prove that [aC(f)]<[C(g)— aC(go f)]. If [C(¢9)]<[aC(go f)], the result holds, if
[c(g)]>[aC(go f)], then

[C(9)] = [2C(go /)] = veigfz)min(lal — V(M +UG'(1)

— inf )min(l,l — V() +at((go )7 (v)))

veP(Z
< sup (U(g™'(n) —ax((go )~ (V)
vEP(Z)
< sup (U(u) — ox(f~ (w))).
ueP(Y)

Therefore,

[C(9)—aC(go f)] = min(1,1 —[C(g)] + [«C(g° /)])
> eillg(fy)min(l,l — U(u) + oax(f = w)))=aC(f).

(2)

[C(g) = (2C(f) = aC(g o fN] = [TACHAT(2C(f) = aC(g 0 f)))]
= [ACOATH2C(NHAT(2C(g o f)))]
= [TA(C(@raC(f)AT(xC(g e f)))]
=[T(eC(HNC(g)AT2C(g o )]
= [(aC(HATAC(AT(2C(g o /)]
= [(aC(fHA(C(g) = aC(go f)))]
=[aC(f) = (C(9) = aC(go fN]=1.

The proofs of (3) and (4) are similar to (1) and (2), respectively. [
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