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In this paper, the concepts of Ω∗-closed and Ω∗-continuous maps are introduced and
several properties of them are investigated. These concepts are used to obtain several
results concerning the preservation of Ω-closed sets. Moreover, we use Ω∗-closed and
Ω∗-continuous maps to obtain a characterization of semi-T 1

2
spaces.
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1. Introduction

Some types of sets play an important role in the study of properties in topological
spaces. Many authors introduced and studied various generalized properties and
conditions containing some forms of sets in topological spaces. In 2005, Noiri and
Sayed [14] introduced the class of Ω-closed sets. By the mean of these sets they
introduced and studied Ω-continuous and Ω-irresolute maps. In 2008, Sayed [15]
introduced Ω-open sets and studied some applications on them. In this paper, we
obtain some new decompositions of Ω-continuity. Also, new forms of continuity
(which we call Ω∗-closed and Ω∗-continuous) are introduced and several properties
of them are investigated. We use these concepts to obtain some results concerning
the preservation of Ω-closed sets. Furthermore, we characterize semi-T 1

2
spaces in

terms of Ω-closed sets.

†Corresponding author.
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2. Preliminaries

Throughout this paper, (X, τ), (Y, σ) and (Z, υ) (or simply, X , Y and Z) denote
topological spaces on which no separation axioms are assumed unless explicitly
stated. The family of all closed subsets of X (respectively, Y ) is denoted by FX

(respectively, FY ). All sets are assumed to be subsets of topological spaces. The
closure and the interior of a set A are denoted by Cl(A) and Int(A), respectively.
A subset A of a space X is said to be regular open (respectively, regular closed)
[17] if A = Int(Cl(A)) (respectively, A = Cl(Int(A))). A subset A of a space X is
said to be semiopen [10] (respectively, preopen [13]) if A ⊆ Cl(Int(A)) (respectively,
A ⊆ Int(Cl(A))). The complement of a semiopen set is said to be semiclosed [4].
The family of all semiopen (respectively, semiclosed) sets in a space X is denoted
by SO(X) (respectively, SC(X)). The semi-interior of A [6], denoted by sInt(A), is
the union of all semiopen subsets of A while the semiclosure of A [4, 6], denoted by
sCl(A), is the intersection of all semiclosed supersets of A. It is well known that
sInt(A) = A∩Cl(Int(A)) [1] and sCl(A) = A∪ Int(Cl(A)) [9]. A subset A of a space
X is said to be sg-closed [3] (respectively, Ω-closed [14]) if sCl(A) ⊆ U (respectively,
sCl(A) ⊆ Int(U)) whenever A ⊆ U and U is semiopen. The complement of an Ω-
closed set is said to be Ω-open [15] or equivalently, a subset A of a space X is said
to be Ω-open [15, Proposition 2.3(1)] if Cl(F ) ⊆ sInt(A) whenever F ⊆ A and F is
semiclosed. The family of all Ω-open (respectively, Ω-closed, sg-closed) sets in X will
be denoted by ΩO(X) (respectively, ΩC(X), SGC(X)). A map f : X → Y is said to
be RC-continuous [2] (respectively, contra-semicontinuous [8]) if f−1(V ) is regular
closed (respectively, semiclosed) subset of X for every open subset V of Y . A map f :
X → Y is said to be Ω-continuous [14] (respectively, sg-continuous [18]) if f−1(V )
is Ω-closed (respectively, sg-closed) subset of X for every closed subset V of Y . A
map f : X → Y is said to be irresolute [7] (respectively, Ω-irresolute [14]) if f−1(V )
is semiopen (respectively, Ω-closed) subset of X for every semiopen (respectively, Ω-
closed) subset V of Y . A map f : X → Y is said to be presemiopen [16] (respectively,
pre-semiclosed [16], pre-Ω-closed [15]) if f(F ) is semiopen (respectively, semiclosed
and Ω-closed) subset of Y whenever F is semiopen (respectively, semiclosed and
Ω-closed) subset of X . A space X is said to be semi-T 1

2
[5] if and only if every

sg-closed set is semiclosed.

3. Ω-Closed Sets and Ω-Continuity

Theorem 3.1. An Ω-closed set is sg-closed.

Proof. Let A be an Ω-closed set and A ⊆ U , where U is a semiopen set in X .
Then sCl(A) ⊆ Int(U) ⊆ U . Hence A is sg-closed.

Remark 3.1. (1) sg-closed need not be Ω-closed;
(2) Semiclosed and Ω-closed are independent;
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(3) Preopen and Ω-closed are independent;
(4) Open and Ω-closed are independent.

Example 3.1. Let X = {a, b, c} and τ = {X, φ, {a}, {b}, {a, b}}. The subset {b, c}
is semi-closed and hence sg-closed but it is not Ω-closed.

Example 3.2. Let X = {a, b, c, d} and τ = {X, φ, {c, d}}. The subset {a, b, d} of
X is Ω-closed but it is not semiclosed.

Example 3.3. Let X = {a, b} and τ = {X, φ, {a}}. The subset {b} of X is Ω-closed
but it is not open and hence not preopen.

Example 3.4. X = {a, b, c} and τ = {X, φ, {a, b}}. The subset {a, b} is open and
hence pre-open but it is not Ω-closed.

Theorem 3.2. A subset A of a space X is regular open if and only if A is semiopen
and Ω-closed.

Proof. Let A be a regular open subset of X . Then A is semiopen. To prove that
A is Ω-closed, let A ⊆ G, where G is a semiopen subset of X . Then sCl(A) =
A ∪ Int(Cl(A)) = A = Int(A) ⊆ Int(G). Therefore A is Ω-closed.

Conversely, let A be a semiopen and an Ω-closed set. Since A ⊆ A, then sCl(A) ⊆
Int(A). But sCl(A) = A ∪ Int(Cl(A)). Then Int(Cl(A)) ⊆ Int(A) and A ⊆ Int(A).
Hence Int(Cl(A)) = Int(A) = A. Therefore A is regular open.

Corollary 3.1. A subset A of a space X is regular closed if and only if A is
semiclosed and Ω-open.

Corollary 3.2. A subset A of a space X is clopen if and only if A is semiopen,
semiclosed, Ω-open and Ω-closed.

From the above discussion we have Fig. 1.

Theorem 3.3. If the map f : X → Y is Ω-continuous, then it is sg-continuous.

Proof. From Theorem 3.1, the proof is straightforward.

sg-closed
↑ ↖

semiclosed � Ω-closed � open
↑ ↗ ↑ ↓

Ω-closed and semiopen ↔ regular open → preopen

Fig. 1. (Where → means “tends to and not vice versa”, ↔ means “are equivalent” and � means
“are independent”).
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The converse of the above theorems is not true as shown by the following
example.

Example 3.5. X = Y = {a, b, c} and τ = {X, φ, {a}, {b}, {a, b}} and σ =
{Y, φ, {a}, {b, c}}. The identity map f : X → Y is sg-continuous but not Ω-
continuous.

Theorem 3.4. A map f : X → Y is RC-continuous if and only if f is both
Ω-continuous and contra-semicontinuous.

Proof. From Theorem 3.2 the proof is straightforward.

Proposition 3.1. In a semi-T 1
2

space X, the classes ΩC(X) and SC(X) are a
partition of SGC(X).

Proposition 3.2. Let X be a topological space. If τ = FX , then

(1) SO(X) = SC(X) = τ.

(2) ΩO(X) = ΩC(X) = P (X).

4. Ω∗-Closed and Ω∗-Continuous Maps

In this section, we introduce a new type of maps called Ω∗-closed and Ω∗-continuous
maps and obtain some of their properties and characterizations.

Definition 4.1. A map f : X → Y is said to be Ω∗-closed if f(Cl(H)) ⊆ sInt(O)
whenever H is a semiclosed subset of X , O is an Ω-open subset of Y and f(H) ⊆ O.

Definition 4.2. A map f : X → Y is said to be Ω∗-continuous if sCl(O) ⊆
f−1(Int(H)) whenever H is a semiopen subset of Y , O is an Ω-closed subset of X

and O ⊆ f−1(H).

Remark 4.1. The constant map f : X → Y defined by f(x) = y for every x ∈ X

and y /∈ D[V ] (the derived set of V ), where V is a semiclosed subset of Y, is
Ω∗-continuous.

The following example shows that Ω∗-continuous is not continuous, not Ω∗-
closed, and not Ω-irresolute.

Example 4.1. Let X = {a, b, c}, τ = {X, φ, {a}, {b}, {a, b}} be a topology on
X , Y = {x, y, z} and σ = {Y, φ, {x}, {y, z}} be a topology on Y . One can obtain
that: FX = {X, φ, {c}, {a, c}, {b, c}}, SO(X) = {X, φ, {a}, {b}, {a, b}, {a, c}, {b, c}},
SC(X) = {X, φ, {a}, {b}, {c}, {a, c}, {b, c}}, ΩC(X) = {X, φ, {a}, {b}}, and
ΩO(X) = {X, φ, {a, c}, {b, c}}. Furthermore, FY = SO(Y ) = SC(Y ) = σ and
ΩC(Y ) = ΩO(Y ) = P (Y ). Define the map f : X → Y by f (a) = x , f (b) = y
and f (c) = z . We have that f is Ω∗-continuous but not continuous, not Ω∗-closed,
not Ω-irresolute, and not Ω-continuous.
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The following example shows that Ω-continuous does not imply Ω∗-continuous.

Example 4.2. Let X = {a, b, c}, τ = {X, φ, {a}, {b, c}} be a topology on X , Y =
{p, q} and σ = {Y, φ, {p}} be a topology on Y . One can obtain that: FX = SO(X)
= SC(X) = τ , and ΩC(X) = ΩO(X) = P (X). Furthermore, FY = {Y, φ, {q}} =
SC(Y ) = ΩC(Y ) and SO(Y ) = ΩO(Y ) = σ. Define the map f : X → Y by
f (a) = f (c) = p and f (b) = q . We have that f is Ω-continuous. Now, we prove
that f is not Ω∗-continuous. Since {p} ∈ SO(Y ) and {a, c} ⊆ f−1({p}), where
{a, c} ∈ ΩC(X). But sCl({a, c}) = X and f−1(Int{p}) = f−1({p}) = {a, c}. Hence
sCl({a, c}) � f−1(Int{p}). Therefore f is not Ω∗-continuous.

From the above two examples we note that:

(1) Ω-continuity and Ω∗-continuity are independent.
(2) Continuity and Ω∗-continuity are independent.

Theorem 4.1. Let f : X → Y be a bijection. Then f is Ω∗-closed if and only if
sCl(O) ⊆ f(Int(H)) whenever H is a semiopen subset of X, O is an Ω-closed subset
of Y and O ⊆ f(H).

Proof. Necessity: Let O ⊆ f(H), where H is a semiopen subset of X and O is
an Ω-closed subset of Y. Since f is a bijection, then f(X − H) = f(X) − f(H) =
Y − f(H) ⊆ Y − O. Again since f is Ω∗-closed, f(Cl(X − H)) ⊆ sInt(Y − O).
Hence f(X − Int(H)) ⊆ Y − sCl(O) or Y − f(Int(H)) ⊆ Y − sCl(O). Therefore
sCl(O) ⊆ f(Int(H)).

Sufficiency: Let f(H) ⊆ O, where H is a semiclosed subset of X and O is an
Ω-open subset of Y. Then Y − O ⊆ Y − f(H) = f(X − H). Hence sCl(Y − O) ⊆
f(Int(X−H)) which implies Y −sInt(O) ⊆ f(X−Cl(H)) = Y −f(Cl(H)). Therefore
f(Cl(H)) ⊆ sInt(O) and f is Ω∗-closed map.

Theorem 4.2. Let f : X → Y be a map. Then f is Ω∗-continuous if and only if
f−1(Cl(H)) ⊆ sInt(O) whenever f−1(H) ⊆ O, where H is a semiclosed subset of
Y and O is an Ω-open subset of X.

Proof. Necessity: Suppose that f−1(H) ⊆ O, where H is a semiclosed subset of Y

and O is an Ω-open subset of X . Then X−O ⊆ X−f−1(H) = f−1(Y )−f−1(H) =
f−1(Y −H). Since f is Ω∗-continuous, then sCl(X −O) ⊆ f−1(Int(Y −H)). Hence
X − sInt(O) ⊆ f−1(Y − Cl(H)) = X − f−1(Cl(H)). Therefore f−1(Cl(H)) ⊆
sInt(O).

Sufficiency: Let O ⊆ f−1(H), where O is an Ω-closed subset of X and H is
a semiopen subset of Y . Then X − f−1(H) ⊆ X − O or f−1(Y − H) ⊆ X − O.
By hypothesis, f−1(Cl(Y − H)) ⊆ sInt(X − O). Hence f−1(Y − Int(H)) ⊆ X −
sCl(O) which implies X−f−1(Int(H)) ⊆ X− sCl(O). Thus sCl(O) ⊆ f−1(Int(H)).
Therefore f is Ω∗-continuous.
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Theorem 4.3. A map f : X → Y is Ω∗-closed if and only if Cl(H) ⊆ f−1(sInt(O))
whenever H is a semiclosed subset of X, O is an Ω-open subset of Y and H ⊆
f−1(O).

Proof. Necessity: Let H ⊆ f−1(O), where H is a semiclosed subset of X and O

is an Ω-open subset of Y. Then f(H) ⊆ f(f−1(O)) ⊆ O. Since f is Ω∗-closed,
f(Cl(H)) ⊆ sInt(O). Therefore Cl(H) ⊆ f−1(f(Cl(H))) ⊆ f−1(sInt(O)).

Sufficiency: Let f(H) ⊆ O, where H is a semiclosed subset of X and O is an
Ω-open subset of Y. Then H ⊆ f−1(f(H)) ⊆ f−1(O). By hypothesis, Cl(H) ⊆
f−1(sInt(O)). So f(Cl(H)) ⊆ sInt(O). Therefore f is Ω∗-closed map.

Theorem 4.4. A map f : X → Y is Ω∗-continuous if and only if f(sCl(O)) ⊆
Int(H) whenever f(O) ⊆ H, where O is an Ω-closed subset of X and H is a
semiopen subset of Y .

Proof. Necessity: Suppose that f(O) ⊆ H , where O is an Ω-closed subset of X

and H is a semiopen subset of Y . Then O ⊆ f−1(f(O)) ⊆ f−1(H). Since f is
Ω∗-continuous, then sCl(O) ⊆ f−1(Int(H)). Hence f(sCl(O)) ⊆ f(f−1(Int(H))) ⊆
Int(H).

Sufficiency: Let O ⊆ f−1(H), where O is an Ω-closed subset of X and H

is a semiopen subset of Y . Then f(O) ⊆ f(f−1(H)) ⊆ H . By hypothesis,
f(sCl(O)) ⊆ Int(H). Thus sCl(O) ⊆ f−1(f(sCl(O))) ⊆ f−1(Int(H)). Therefore
f is Ω∗-continuous.

Theorem 4.5. Let f : X → Y be a bijection. Then f is Ω∗-closed if and only if
f−1 is Ω∗-continuous.

Proof. Let f be Ω∗-closed map and O ⊆ (f−1)−1(H) = f(H), where O is an
Ω-closed subset of Y and H is a semiopen subset of X . From Theorem 4.1 we have
sCl(O) ⊆ f(Int(H)) = (f−1)−1(Int(H)). Hence f−1 is Ω∗-continuous.

Conversely, let f−1 is Ω∗-continuous and F ⊆ f(K) or F ⊆ (f−1)−1(K), where
F is an Ω-closed subset of Y and K is a semiopen subset of X. Then sCl(F ) ⊆
(f−1)−1(Int(K)) or sCl(F ) ⊆ f(Int(K)). Therefore, from Theorem 4.1 we have f

is Ω∗-closed.

Theorem 4.6. Let f : X → Y be a function for which f(H) is semiclosed subset
of Y and f(Cl(H)) ⊆ Cl(f(H)) for every semiclosed subset H of X. Then f is
Ω∗-closed.

Proof. Suppose that f(H) ⊆ O, where H is a semiclosed subset of X and O is
an Ω-open subset of Y . Since O is an Ω-open, then Cl(f(H)) ⊆ sInt(O). Hence
f(Cl(H)) ⊆ sInt(O). Therefore f is Ω∗-closed.

Remark 4.2. The converse of the above theorem is not true by the following
example.
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Example 4.3. Let X = {a, b, c}, τ = {X, φ, {a}, {a, b}} be a topology on X .
One can obtain that: FX = {X, φ, {c}, {b, c}}, SO(X) = {X, φ, {a}, {a, b}, {a, c}},
SC(X) = {X, φ, {b}, {c}, {b, c}}, ΩC(X) = {X, φ, {b, c}} and ΩO(X) =
{X, φ, {a}}. Define the map f : X → X by f (a) = a, f (b) = c and f (c) = b.
We have that f is Ω∗-closed. Now, f({b}) = {c}, where {b}, {c} ∈ SC(X). But
f(Cl({b})) � Cl(f({b})).
Theorem 4.7. Let f : X → Y be a function for which f−1(V ) is semiopen in
X and Int(f−1(V )) ⊆ f−1(Int(V )) for every semiopen subset V of Y . Then f is
Ω∗-continuous.

Proof. Suppose that O ⊆ f−1(V ), where O is an Ω-closed subset of X and V is a
semiopen subset of Y . Since O is an Ω-closed, then sCl(O) ⊆ Int(f−1(V )). Hence
sCl(O) ⊆ f−1(Int(V )). Therefore f is Ω∗-continuous.

Remark 4.3. The converse of the above theorem is not true by the following
example.

Example 4.4. In Example 4.3, f is Ω∗-continuous. But f−1({a, c}) = {a, b}, where
{a, c}, {a, b} ∈ SO(X), and Int(f−1({a, c})) � f−1(Int({a, c})).

5. Preserving Ω-Closed Sets

In this section, the concepts of Ω∗-closed and Ω∗-continuous maps are used to study
the preservation of Ω-closed set.

Theorem 5.1. If f : X → Y is irresolute and Ω∗-closed map, then f−1(B) is
Ω-closed (Ω-open) subset of X whenever B is Ω-closed (Ω-open) subset of Y .

Proof. Assume that B is an Ω-closed subset of Y and f−1(B) ⊆ U, where U is a
semiopen subset of X . Then X − U ⊆ X − f−1(B) = f−1(Y − B) or f(X − U) ⊆
Y − B. Since f is Ω∗-closed, then f(Cl(X − U)) ⊆ sInt(Y − B) = Y − sCl(B).
Hence Cl(X−U) ⊆ f−1(Y −sCl(B)) = X−f−1(sCl(B)). Thus f−1(sCl(B)) ⊆ X−
Cl(X −U) = Int(U). Since f is irresolute, then sCl(f−1(B)) ⊆ sCl(f−1(sCl(B))) =
f−1(sCl(B)) ⊆ Int(U). Therefore f−1(B) is an Ω-closed subset of X .

A similar argument shows that the inverse image of Ω-open sets is Ω-open.

Remark 5.1. From the above theorem we note that if f : X → Y is irresolute and
Ω∗-closed, then f is Ω-irresolute.

The converse of the above remark is not true as illustrated by the following
example.

Example 5.1. Let X = {a, b, c}, τ = {X, φ, {a}, {b, c}}, Y = {p, q} and σ =
{Y, φ, {p}}. Define f : X → Y as follows: f(a) = f(c) = p and f(b) = q. Then
f is Ω-irresolute but not irresolute.
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Theorem 5.2. If f : X → Y is Ω∗-continuous and pre-semiclosed, then f(A) is
an Ω-closed subset of Y whenever A is an Ω-closed subset of X.

Proof. Assume that A is an Ω-closed subset of X and f(A) ⊆ V, where V is a
semiopen subset of Y . Then A ⊆ f−1(V ). Since f is Ω∗-continuous, then sCl(A) ⊆
f−1(Int(V )). Hence f(sCl(A)) ⊆ Int(V ). Since f is pre-semiclosed, sCl(f(A)) ⊆
sCl(f(sCl(A))) = f(sCl(A)) ⊆ Int(V ). Therefore f(A) is an Ω-closed subset
of Y .

Remark 5.2. From the above theorem we note that if f : X → Y is Ω∗-continuous
and pre-semiclosed, then f is pre-Ω-closed.

The converse of the above remark is not true as illustrated by the following
example.

Example 5.2. Let X = {x, y}, τ = {X, φ, {x}}, Y = {p, q, r} and σ = {Y, φ, {p},
{q, r}}. Define f : X → Y as follows: f(x) = p and f(y) = r. Then f is pre-Ω-closed
but not pre-semiclosed. Also, if we redefine f : X → Y to be f(x) = f(y) = q, then
f is pre-Ω-closed but not Ω∗-continuous,

Theorem 5.3. A space X is semi-T 1
2

if and only if every singleton {x}, x ∈ X

which is Ω-open is semiopen.

Proof. (⇒) Since in any space X and x ∈ X, the singleton {x} is semiclosed
or Ω-open [14, Proposition 5.1], then suppose {x}, x ∈ X is Ω-open and it is not
semiclosed. Since X is semi-T 1

2
, then {x} is semiopen.

(⇐) From [14, Proposition 5.1], {x} is semiclosed or semiopen. Then X is semi-
T 1

2
[14, Theorem 5.1].

Theorem 5.4. For any space Y and f : X → Y is Ω∗-continuous, then the space
X is semi-T 1

2
.

Proof. Let A be an Ω-closed subset of X and Y be the set X with the topology
σ = {Y, A, φ}. Finally, let f : X → Y be the identity mapping. By assumption, f

is Ω∗-continuous. Since A is Ω-closed in X and open in Y , and A ⊆ f−1(A), then
sCl(A) ⊆ f−1(Int(A)) = f−1(A) = A. Hence A is semiclosed in X . Therefore the
space Y is semi-T 1

2
[14, Theorem 5.1].

Remark 5.3. The converse of the above theorem is not true as shown by the
following example.

Example 5.3. Let X = {a, b, c} and τ = {X, φ, {a}, {b}, {a, b}}. Now, ΩC(X) =
{X, φ, {a}, {b}}, SO(X) = P (X)−{c}, and SC(X) = P (X)−{a, b}. Therefore the
space X is semi-T 1

2
. Define f : X → X as: f(a) = b and f(b) = f(c) = c. Now

X ⊆ f−1({b, c}) but sCl(X) � f−1(Int({b, c})). Hence f is not Ω∗-continuous.
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Theorem 5.5. For any space X and f : X → Y is Ω∗-closed, then the space Y is
semi-T 1

2
.

Proof. Let B be an Ω-open subset of Y and X be the set Y with the topology
τ = {X, A, φ}, where A = X − B. Finally, let f : X → Y be the identity mapping.
By assumption, f is Ω∗ -closed. Since B is Ω-open in Y and closed in X , and
f(B) ⊆ B, it follows that B = f(B) ⊆ f(Cl(B)) ⊆ sInt(B). Hence B is semiopen
in Y . Therefore the space Y is semi-T 1

2
[14, Theorem 5.1].

Remark 5.4. The converse of the above theorem is not true as shown by the
following example.

Example 5.4. Let X = {a, b, c} and τ = {X, φ, {a}, {a, b}}. Now, FX = {X, φ,

{c}, {b, c}}, SO(X) = {X, φ, {a}, {a, b}, {a, c}}, SC(X) = {X, φ, {b}, {c}, {b, c}},
ΩC(X) = {X, φ, {b, c}}, and ΩO(X) = {X, φ, {a}}. Therefore the space X is semi-
T 1

2
. Define f : X → X as: f(a) = b, f(b) = a, and f(c) = c. Now, f({b}) ⊆ {a} but

f(Cl({b})) � sInt({a}). Hence f is not Ω∗-closed.

Theorem 5.6. If the open and closed subsets of Y coincide, then the map f : X →
Y is Ω∗-closed if and only if f(H) is semiclosed subset of Y and f(Cl(H)) = f(H)
for every semiclosed subset H of X.

Proof. Let f be Ω∗-closed map and H be a semiclosed subset of X . Then by
Proposition 3.2 f(H) is both Ω-open and Ω-closed subset of Y . Since f(H) ⊆ f(H),
then f(Cl(H)) ⊆ sInt(f(H)) ⊆ f(H). Hence f(Cl(H)) = sInt(f(H)) = f(H).
Therefore f(H) is semiopen and hence semiclosed.

The converse can easily be shown.

Corollary 5.1. If the open and closed sets of Y coincide, then the map f : X → Y

is Ω∗-closed if and only if f is pre-semiclosed and f(Cl(H)) = f(H) for every
semiclosed subset H of X.

Theorem 5.7. If the open and closed sets of X coincide, then the map f : X → Y

is Ω∗-continuous if and only if f−1(V ) is a semiopen subset of X and f−1(V ) =
f−1(Int(V )) for every semiopen subset V of Y .

Proof. Let f be Ω∗-continuous and V be a semiopen subset of Y . Then by Proposi-
tion 3.2 f−1(V ) is both Ω-open and Ω-closed subset of X . Since f−1(V ) ⊆ f−1(V ),
then sCl(f−1(V )) ⊆ f−1(Int(V )) ⊆ f−1(V ). Hence sCl(f−1(V )) = f−1(Int(V )) =
f−1(V ). Therefore f−1(V ) is semiclosed and so semiopen.

The converse can easily be shown.

Corollary 5.2. If the open and closed sets of Y coincide, then the map f : X → Y

is Ω∗-continuous if and only if f is irresolute and f−1(V ) = f−1(Int(V )) for every
semiopen subset V of Y .
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Theorem 5.8. Let f : X → Y be a map for which f(H) is semiclosed subset of
Y, f(Cl(H)) ⊆ Cl(f(H)) for every semiclosed subset H of X and g : Y → Z be
Ω∗-closed. Then g ◦ f : X → Z is Ω∗-closed.

Proof. Let H be a semiclosed subset of X and O be an Ω-open subset of Z

such that g(f(H)) ⊆ O. Then g(Cl(f(H))) ⊆ sInt(O). Therefore g(f(Cl(H))) ⊆
g(Cl(f(H))) ⊆ sInt(O). Hence g ◦ f is Ω∗-closed.

Theorem 5.9. If f : X → Y is Ω∗-closed and g : Y → Z is Ω-irresolute and
presemiopen, then g ◦ f : X → Z is Ω∗-closed.

Proof. Let H be a semiclosed subset of X and O be an Ω-open subset of Z such
that g(f(H)) ⊆ O. Then f(H) ⊆ g−1(O). Since g is Ω-irresolute, then g−1(O) is
Ω-open subset of Y. Since f is Ω∗-closed, then f(Cl(H)) ⊆ sInt(g−1(O)). Hence
g(f(Cl(H))) ⊆ g(sInt(g−1(O))) = sInt(g(sInt(g−1(O)))) ⊆ sInt(g(g−1(O))) ⊆
sInt(O). Therefore g ◦ f is Ω∗-closed.

Theorem 5.10. If f : X → Y is Ω∗-continuous and g : Y → Z is irresolute and
Int(g−1(H)) ⊆ g−1(Int(H)), then g ◦ f : X → Z is Ω∗-continuous.

Proof. Let H be a semiopen subset of Z and O be an Ω-closed subset of X such
that O ⊆ (g ◦ f)−1(H). Then O ⊆ f−1(g−1(H)) and g−1(H) is semiopen in Y .
Since f is Ω∗-continuous, then sCl(O) ⊆ f−1(Int(g−1(H))) ⊆ f−1(g−1Int((H))) =
(g ◦ f)−1(Int(H)). Therefore g ◦ f is Ω∗-continuous.

The following example shows that the restrictions of Ω∗-closed and Ω∗-
continuous maps can fail to be Ω∗-closed and Ω∗-continuous, respectively.

Example 5.5. Let X be an indiscrete space with a nonempty proper subset B.
The identity mapping f : X → X is Ω∗-closed and hence by Theorem 4.5 is Ω∗-
continuous.

First, we prove that f |B : B → X is not Ω∗-closed. Observe that f(B) = f |B(B)
is Ω-open in X (Proposition 3.2). Then f |B(B) ⊆ f(B), where f(B) is Ω-open in
X and B is a semi-closed in B. But f |B(ClB(B)) = f |B(B) = f(B) � sInt(f(B))
(where ClB(B) is the closure of B in B). Hence f |B is not Ω∗-closed.

Second, we prove that f |B : B → X is not Ω∗-continuous. Since B ⊆
(f |B)−1(B), where B is semiopen in X (Proposition 3.2) and Ω-closed in B. But
(f |B)−1(Int(B)) = f−1(Int(B)) ∩ B � sClB(B) = B (where sClB(B) is the semi-
closure of B in B). Hence f |B is not Ω∗-continuous.

Now, we have the following two theorems.

Theorem 5.11. If f : X → Y is Ω∗-closed and B is semiclosed subset of X, then
f |B : B → Y is Ω∗-closed.
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Proof. Suppose f |B(H) ⊆ O, where O is Ω-open in Y and H is semiclosed in B.
Then H is semiclosed in X (see [14, Theorem 2.6]) and f |B(H) = f(H). Therefore
f(H) ⊆ O. Since f is Ω∗-closed, then f(Cl(H)) ⊆ sInt(O). Hence f |B(ClB(H)) ⊆
f |B(Cl(H)) = f(Cl(H)) ⊆ sInt(O). Therefore f |B is Ω∗-closed.

Theorem 5.12. If f : X → Y is Ω∗-continuous and B is open and Ω-closed subset
of X, then f |B : B → Y is Ω∗-continuous.

Proof. Assume O ⊆ (f |B)−1(H), where O is Ω-closed in B and H is semiopen in Y.

Then O ⊆ f−1(H) and O is Ω-closed relative to X (see [15, Theorem 3.3]). Since f is
Ω∗-continuous, then sCl(O) ⊆ f−1(Int(H)). Hence sCl(O)∩B ⊆ f−1(Int(H))∩B =
(f |B)−1(Int(H)). Since B is open in X , then sCl(O)∩B = sClB(O) [11]. Therefore
sClB(O) ⊆ (f |B)−1(Int(H)) and f |B : B → Y is Ω∗-continuous.
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