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1. Introduction and preliminaries

Generalized open sets play a very important role in General
Topology, and they are now the research topics of many to-
pologies worldwide. Indeed a significant theme in General
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Topology and Real Analysis is the study of variously modified
forms of continuity, separation axioms, etc. by utilizing gen-
eralized open sets. One of the most well-known notions and
also inspiration source are the notion of a-open [1] sets intro-
duced by Njastad in 1965 and generalized closed (g-closed)
subset of a topological space [2] introduced by Levine in 1970.
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Since then, many mathematicians turned their attention to the
generalization of various concepts in General Topology by con-
sidering a-open sets [3-10] and generalized closed sets [11-13].
In 1982 Dunham [14] used the generalized closed sets to define
a new closure operator, and thus a new topology 7%, on the
space, and examined some of the properties of this new to-
pology. Throughout the present paper (X, 7),(Y, o) and (Z, v)
denote topological spaces (briefly X, Y and Z) and no separa-
tion axioms are assumed on the spaces unless explicitly stated.
For a subset A of a space (X, 1), Cl(A) and Int(A) denote the
closure and the interior of A, respectively. Since we require the
following known definitions, notations, and some properties,
we recall in this section.

Definition 1.1. Let (X, 7) be a topological space and A c X. Then

(i) A is a-open [1] if A cInt(Cl(Int(A)) and a-closed [1] if
Cl(Int(CI(A)) c A.
(ii) A is generalized closed (briefly g-closed) [2] if CI(A) c U
whenever A c U and U is open in X.
(iii) A is generalized open(briefly g-open) [2] if X\A is g-closed.

The o-closure of a subset A of X [3] is the intersection of
all o-closed sets containing A and is denoted by Cl,(A). The
a-interior of a subset A of X [3] is the union of all a-open sets
contained in A and is denoted by Int,(A). The intersection of
all g-closed sets containing A [14] is called the g-closure of A
and denoted by CI*(A), and the g-interior of A [15] is the union
of all g-open sets contained in A and is denoted by Int*(A).

We need the following notations:

¢ 00(X) (resp. aC(X)) denotes the family of all a-open sets (resp.
a-closed sets) in (X, 7).

* GO(X) (resp. GC(X)) denotes the family of all generalized open
sets (resp. generalized closed sets) in (X, 7).

e 00X, x)={UlxeUeaO(X,7)}, OX,x)={UlxeUert} and
oC(X,x)={UlxeUealCX,1)}.

Definition 1.2. A function f: X — Y is said to be:

(i) o-continuous [16] (resp. g-continuous [17]) if the inverse
image of each open set in Y is a-open (resp. g-open) in
X.
(ii) a-open [16] (resp. a-closed [16]) if the image of each open
(resp. closed ) set in X is a-open (resp. o-closed) in Y.
(iii) g-open [18] (resp. g-closed [18]) if the image of each open
(resp. closed) set in X is g-open (resp. g-closed) in Y.

Definition 1.3. Let f : X — Y be a function:

(i) The subset {(x,f(x))|x € X} of the product space X x Y is
called the graph of f [19] and is usually denoted by G(f).
(ii) a closed graph [19] if its graph G(f) is closed sets in the
product space X x Y.
(iii) a strongly closed graph [20] if for each point (x, y) ¢ G(f),
there exist open sets U c X and V c Y containing x and
y, respectively, such that (UxClV))NG(f) = ¢.
(iv) a strongly a-closed graph [21] if for each (x, y) e (X xY)\
G(f), there exist Ue aO(X, x) and Ve O(Y, y) such that
(UxCAV))NG(f)=9¢.

Definition 1.4. A topological space (X, 7) is said to be:

(i) @-Tq [9] (resp. g-T: [22]) if for any distinct pair of points
x and y in X, there exist a-open (resp. g-open) set U in
X containing x but not y and an o-open (resp. g-open)
set V in X containing y but not x.

(ii) o-T, [8] (resp. g-T, [22]) if for any distinct pair of points
x and y in X, there exist o-open (resp. g-open) sets U and
Vin X containing x and y, respectively, such that Un 'V = ¢.

Lemma 1.5. Let A c X, then

(@) X \CI(A) = Int"(X \ A).
(i) X \Int"(A) = CI(X \ A).

Lemma 1.6. A function f:(X, 7) - (Y, o) has a closed graph [19]
if for each (x,y)e(XxY)\G(f), there exist Ue O(X, x) and
Ve O(Y, y) such that f(U) n V= ¢.

Lemma 1.7. The graph G(f) is strongly closed [23] if and only
if for each point (x, y) ¢ G(f), there exist open sets U c X and
V Y containing x and y, respectively, such that f(U) ~Cl(V) = ¢.

2. Do-closed sets

In this section we introduce De-closed sets and investigate some
of their basic properties.

Definition 2.1. A subset A of a space X is called Da-closed if
Cl(Int(CIA))) c A.

The collection of all Da-closed sets in X is denoted by DaC(X).

Lemma 2.2. If there exists an g-closed set F such that
CI*(Int(F)) c A c F, then A is Do-closed.

Proof. Since F is g-closed, CI*(F) =F. Therefore, CI*(Int(Cl*(A)))
CI*(Int(CT*(F))) = CI*(Int(F)) < A . Hence A is Da-closed.

Remark 2.3. The converse of above lemma is not true as shown
in the following example.

Example 2.4. Let (X, 7) be a topological space, where X ={a, b,
c} and 7={¢,{a},{a, b}, X}. Then Fx ={9,{c}, {b,c}, X}, GC(X)=
{(bv {C}’ {a» C}1 {b’ C}, X} ’ GO(X) = {¢» {a}’ {b}v {a’ b}v X}v DO(C(X) = {d),
{b}r {C}v {a’ C}r {br C}! X} ) D(XO(X) = {4), {a}, {b}, {a, b}, {a, C}, X}~ There-
fore {c}eDoaC(X) and {a,c}eGC(X) but Cl*(Int{a, c})={a, c} ¢
{c}={a,c}.

Theorem 2.5. Let (X, 1) be a topological space. Then

(i) Every a-closed subset of (X, 7) is Do-closed.
(ii) Every g-closed subset of (X, 1) is Da-closed.

Proof. (i) Since closed set is g-closed, CI*(A) c Cl(A) [14]. Now,
suppose A is a-closed in X, then Cl(Int(Cl(A))) c A. There-
fore, CI*(Int(CI*(A))) c Cl(Int(Cl(A))) < A. Hence A is Do-closed in
X.
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(ii) Suppose A is g-closed. Then CI*(A) = A [14]. There-
fore, Int(CI(A)) cCI*(A). Then CI*(Int(Cl*(A))) < CI*(CI*(A)) <
CI*(A)= A [14]. Hence A is Do-closed.

Remark 2.6. The converse of above theorem is not true as
shown in the following example.

(i) Da-closed set need not be a-closed.
(see Example 2.7 below)

(i) Do-closed set need not be g-closed.
(see Example 2.7 below)

Example 2.7. Let (X, 17) be a topological space, where X ={a, b, c}
and 7={¢,{a, b}, X}. Then Fy = aC(X) = {9, {c}, X}, ¢O(X)= {9, {a
b}, X}, GC(X) ={9,{c} {a, c}, {b, c}, X}, GO(X) ={¢, {a}, {b}, {a, b}, X},
DaC(X) = {9, {a}, {b}, {c}, {a, c}, {b, ¢}, X}, DaO(X) = {9, {a}, {b}, {a, b},

{a,c}, {b,c}, X} .
{a} ¢ GC(X).

Therefore {a}e DaC(X), but {a} ¢ aC(X) and

From the above discussions we have the following diagram
in which the converses of implications need not be true.

a-closed set — Doa-closed set « g-closed set

Theorem 2.8. Arbitrary intersection of Da-closed sets is
Da-closed.

Proof. Let {F; : i € A} be a collection of Da-closed sets in X.
Then CI*(Int(CI*(F))) c F for each i. Since n F; c F; for each i,
CI*(nE) c CI*(E) for each i. Hence CI*(nFE)c nCl*(E),ieA.

Therefore CI*(Int(Cl*(nF))) < CI*(Int(nCI*(E))) < CI*(nInt(CI*(F)))
NCI(Int(CI*(E))) € NE . Hence NF; is Da-closed.

Remark 2.9. The union of two Da-closed sets need not
to be Da-closed as shown in Example 2.7, where both
{a} and {b} are Da-closed sets but {a}u{b}={a, b} is not
Do-closed.

Corollary 2.10. If a subset A is Da-closed and B is a-closed, then
A N B is Da-closed.

Proof. Follows from Theorem 2.5 (i) and Theorem 2.8.

Corollary 2.11. If a subset A is Do-closed and F is g-closed, then
A NFis Do-closed.

Proof. Follows from Theorem 2.5 (ii) and Theorem 2.8.

Definition 2.12. Let A be a subset of a space X. The Da-
closure of A, denoted by CIZ(A), is the intersection of all
Do-closed sets in X containing A. That is CIJ(A)=n{F:AcF
and F e DaC(X)} .

Theorem 2.13. Let A be a subset of X. Then A is Da-closed set
in X if and only if CIZ(A)=A.

Proof. Suppose A is Da-closed set in X. By Definition 2.12,
CI2(A) = A. Conversely, suppose CIZ(A)=A. By Theorem 2.8 A
is Da-closed.

Theorem 2.14. Let A and B be subsets of X. Then the follow-
ing results hold.

() AcC(A)c Cl(A), C(A) c CI(A)
(i) Cl2(¢)=¢ and CI2(X)=X.

(iii) If A B, Then CIZ(A) c CIZ(B).
(iv) CIZ(CIZ(A)) =CIZ(A).

(v) CI2(A)UCIE(B)c CIZ(AUB).

(vi) CI2(AnB)cCI2(A)NCIX(B).

Proof. (i) Follows From Theorem 2.5 (i) and (ii), respectively.
(ii) and (iii) are obvious.

(iv) If A cF, F e DaC(X), then from (iii) and Theorem 2.13,
(A)cCI2(F)=F. Again CI}(CI2(A)) c CI2(F)=F. Therefore
(CI2(A)) c n{F: A c F,F e DaC(X)} = CI2(A).

(v) and (vi) follows from (iii).

Cl
Cl

D
o
D
o

Remark 2.15. The equality in the statements (v) of the above
theorem need not be true as seen from Example 2.7, where
A ={a}, B={b}, and AuB={a,b}. Then one can have that,
CI2(A)={a}; CI2(B)={b}; CI2(AuUB)=X; CIZ(A)UCI>(B)={a, b}.
Further more the equality in the statements (iv) of the
above theorem need not be true as shown in the following
example.

Example 2.16. Let (X, 7) be a topological space, where X ={a,
b, ¢} and 7={¢,{b},{c}, {b,c}, X}. Then Fx =GC(X)=DaC(X)
{0, {a},{a, b}, {a,c}, X}, GO(X)={¢,{b},{c},{b,c}, X} Let A={a
B={b}, and A n B=¢. Then one can have that, CI2(A)={
CI2(B) ={a, b}; CI2(AnB)=¢; CI2(A)nCIZ(B)={a}.

a};

3. Da-open sets

In this section we introduce Do-open sets and investigate some
of their basic properties.

Definition 3.1. A subset A of a space X is called an Da-open if
X\ A is Da-closed. Let DoO(X) denote the collection of all an
Do-open sets in X.

Lemma 3.2. Let A c X, then

(i) X\CI"(X\ A)=Int*(A).
() X \Int* (X \ A) = CI*(A).

Proof. Obvious.

Theorem 3.3. A subset A of a space X is Da-open if and only
if A cInt*(Cl(Int*(A))).

Proof. Let A be Da-open set. Then X \ A is Da-closed and
Cl*(Int(CI*(X \ A))) c X\ A. By Lemma 3.2 A c Int*(Cl(Int*(A))).
Conversely, suppose A c Int*(Cl(Int*(A))). Then X \ Int*(Cl(Int*
(A)c X\ A . Hence (Int*(Cl(Int*(X \ A)))) c X\ A. This shows
that X \ A is Da-closed. Thus A is Da-open.

Lemma 3.4. If there exists g-open set V such that V ¢ A c Int*
(Cl(V)), then A is Da-open.
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Proof. Since V is g-open, X \V is g-closed and X\ Int*(CI(V))
cX\AcX\V. Therefore From Lemma 3.2 CI¥Int(X\V))
cX\AcX\V.From Lemma 2.2 we have X\ A is Da-closed.
Hence A is Da-open.

Remark 3.5. The converse of Lemma 3.4 need not to be
true as seen from Example 2.4, where {a,b}e DaO(X) and
{b} e GO(X) but {b} < {a, b} & {b}.

Theorem 3.6. Let (X, 1) be a topological space. Then

(i) Every a-open subset of (X,
(i) Every g-open subset of (X,

1) is Da-open.
7) is Da-open.

Proof. From Theorem 2.5, the proof is obvious.
Remark 3.7. The converse of the above theorem is not true as
seen from Example 2.7, where {b, c} € DaO(X) but {b, c} ¢ aO(X)

and {b, c} ¢ GO(X).

From the above discussions we have the following diagram
in which the converses of implications need not be true.

o-open set — Da-open set « g-open set

Theorem 3.8. Arbitrary union of Da-open set is Da-open.
Proof. Follows from Theorem 2.8.

Remark 3.9. The intersection of two Da-open sets need
not be Da-open as seen from Example 2.7, where both {b, c}
and {a, c} are Da-open sets but {b,c}n{a,c}={c} is not

Do-open.

Corollary 3.10. If a subset A is Da-open and B is a-open, then
A U B is Da-open.

Proof. Follows from Theorem 3.6 (i) and Theorem 3.8.

Corollary 3.11. If a subset A is Da-open and U is g-open, then
A U U is Do-open.

Proof. Follows from Theorem 3.6 (ii) and Theorem 3.8.
Definition 3.12. Let A be a subset of a space X. The Da-
interior of A is denoted by Int2(A), is the union of all an
Da-open sets in X contained in A. Thatis Int)(A)=u{U:U c A,
U e DaO(X)} .

Lemma 3.13. If A is a subset of X, then

(i) X\CIE(A) = Int2(X \ A).
(i) X \Int2(A)=CI2(X \ A).

Proof. Obvious.

Theorem 3.14. Let A be a subset of X. Then A is Do-open if and
only if Int2(A)=A.

Proof. Follows from Theorem 2.13 and Lemma 3.13.

Theorem 3.15. Let A and B be subsets of X. Then the follow-
ing results hold.

(i) Inte(A)cInt2(A)c A, Int*(A) c IntD(A).
(i) Int(¢)=¢ and Int2(X)=X.
(iii) If A B, then Int2(A) c Int2(B).
(iv) Int)(Int2(A)) = Int2(A).

(v) Int)(A)UInt2(B) c Int)(A UB).

(vi) Int2(A nB)c Int2(A) N Int2(B).

Proof. Obvious.

Remark 3.16. The equality in the statements (v) of Theorem
3.15 need not be true as seen from Example 2.7, where A = {b, c},
B={a,c},and A U B =X.Then one can have that, IntJ(A)={b, c};
Int?(B) = {c} ; Int2(A) v Int2(B) = {b, c¢}; Int}(A uB)=X. Further-
more the equality in the statements (iv) of the above theorem
need not be true as seen from Example 2.7, where A = {b, c},
B={a, c}, and A n B={c}. Then one can have that,
IntY(A)={b,c}; Int(B)={a,c}; Int}(ANB)=¢; Int2(A)nInt]

)
(B)=1c}.

Theorem 3.17. Let x € X.Then x e Cl2(A)ifand onlyif Un A # ¢
for every Da-open set U containing x.

Proof. Let x e CIZ(A) and there exists Da-open set U contain-
ing x such that U n A=¢. Then AcX\U and X\U is Do-
closed. Therefore CIJ(A)cCI2(X\U)=X\U. This implies
x ¢ CI2(A), which is a contradiction. Conversely, assume that
U n A # ¢ for every Da-open set U containing x and x ¢ CIZ(A).
Then there exists Da-closed subset F containing A such that
x¢F. Hence xe X \F and X \F is Do-open. Therefore A c F,
(X\F)n A=¢ This is a contradiction to our assumption.

Lemma 3.18. Let A be any subset of (X, 7). Then

(i) AnInt*(Cl(Int*(A))) is Da-open;
(ii) AuUCI*(Int(CI*(A))) is Do-closed.

Proof.

(i) Int*(Cl(Int*(A N Int*(Cl(Int*(A)))))) = Int*(Cl(Int*(A) N Int*(Cl
(Int*(A))))) = Int*(Cl(Int*(A))) . This  implies  that
A N Int*(Cl(Int*(A))) = A N Int*(Cl(Int*(A N Int*(Cl(Int*(A))))))
c Int*(Cl(Int*(A N Int*(Cl(Int*(A)))))) . Therefore A nInt*(Cl
(Int*(A))) is Do-open.

(ii) From (i) we have X\(AuUC(nt(Cl*"(A))=(X\A)
N Int*(Cl(Int*(X \ A))) is Da-open that further implies
A U CI*(Int(CI*(A))) is Da-closed.

Theorem 3.19. If A is a subset of a topological space X,

() Int2(A)=A A Int*(Cl(Int*(A))).
(ii) CI2(A)=A U CI(Int(CI"(A)).

Proof.
(i) Let B=Int2(A). Clearly B is Da-open and B c A. Since B

is Doa-open, B c Int*(Cl(Int*(B))) c Int*(Cl(Int*(A))). This
proves that Bc A nInt*Cl(Int*(A)))- By Lemma 3.18,
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A N Int*(Cl(Int*(A))) is Da-open. By the definition of
Int2(A), A nInt*(Cl(Int*(A))) c B- Then it follows that
B = AnInt*(Cl(Int*(A))). Therefore Intl(A)=AnInt*(Cl
(Int*(A))) -

(ii) By Lemma 3.13 we have CI2(A)=X \Int2(X\ A),
=X\ ((X\ A) nInt*(Cl(Int*(X \ A)))), using (i)
=X\ (X\A)u(X\ Int*(Cl(Int*(X \ A)))
= A U CIH(Int(CI*(A)).

4, Doa-continuous functions

In this section we introduce Da-continuous functions and in-
vestigate some of their basic properties.

Definition 4.1. A function f: X — Y is called Da-continuous if
the inverse image of each open set in Y is Do-open in X.

Theorem 4.2.

(i) Every a-continuous function is Da-continuous.
(ii) Every g-continuous function is Da-continuous.

Proof. It is obvious from Theorem 3.6.
Remark 4.3.

(i) Da-continuous function need not be a-continuous.
(see Example 4.4 (i) below)
(ii) Dea-continuous function need not be g-continuous.
(see Example 4.4 (ii) below)

Example 4.4. (i) Let X ={a, b, c} associated with the topology
={¢,{a}, X} and Y ={x, y, z} associated with the topology
={9,{x, y},{z}, Y}. Let f : X > Y be a function defined by

f(a) = f(b) = x, f(c) =z. One can have that Fx ={¢,{b,c}, X},

GC(X) = {9, {b}, {c}, {a, b}, {a, ¢}, {b, ¢}, X}, GO(X) = {9, {a}, {b}, {c}, {a,

b}, {a,c}, X}, @O(X)={¢,{a},{a, b} {a, c}, X}, DaC(X) = DaO(X) =

P(X). Since {z}is openin Y, f™({z})={c} e DaO(X), but {c} ¢ 2O(X).

Therefore f is Da-continuous but not a-continuous.

(ii) Let (X,7) and (Y,o) be the topological spaces in (i) and f :

X — Y be a function defined by f(a) = x, f(b) = f(c) = z. Since {z}

isopeninY, f?({z})={b, c}e DaO(X), but {b, c} ¢ GO(X). There-

fore f is Do-continuous but not g-continuous.

From the above discussions we have the following diagram
in which the converses of implications need not be true.

a-continuity — Da-continuity « g-continuity

Theorem 4.5. Let f : X — Y be a function. Then the following
are equivalent:

(i) fis Do~continuous.

(ii) For each x € X and each open set V c Y containing f(x),
there exists Da-open set W c X containing x such that
f(W)cVv.

(iii) The inverse image of each closed set in Y is Do-closed
in X.

(iv) f(CI2(A)) cCl(f(A)) for every subset A of X.
(v) CI2(f*(B)) c f*(CI(B)) for every subset B of Y.
(vi) f(Int(B)) < Int2(f*(B)) for every subset B of Y.

Proof. (i)=(ii) Since V c Y containing f(x) is open, then
f(V)e DaO(X). Set W = f(V) which contains x, therefore
fiw)cVv.

(ii)=(i) Let V c Y be open, and let x € f(V), then f(x) € V and
thus there exists W, € DaO(X) such that x e Wy and f(W,) c V.
Then xe W, c f7(V),and so f-( U W, but W, €

xef(v) xef1(v)
DoO(X) by Theorem 3.8. Hence f™(V)e DaO(X), and there-
fore f is Do-continuous.

(i)=(ii) Let Fc Y be closed. Then Y\F is open and
fYY\F)eDaO(X),ie. X-f*(F)eDaO(X). Then f(F)is Do-
closed of X.

(iii)=(iv) Let A = X and F be a closed set in Y containing f(A).
Then by (iii), f'(F) is Da-closed set containing A. It follows that
CI2(A) cCI2(f*(F)) = f*(F) and hence f(CI?(A)) c F. Therefore
F(CI2(A) < CI(f(A)

(iv)=(v) Let B€Y and A= f?(B). Then by assumption,
f(CI2(A)) = Cl(f(A)) = CI(B). This implies that CI2(A)c f*
(CI(B)) . Hence CI2(f7(B)) < f™(CI(B)).

(v)=(vi) Let BcY. By assumption, CI2(f*(Y\B))c f™
(CI(Y \ B)) . This implies that, CIZ(X \ f(B)) < f (Y \Int(B)) and
hence X\Int2(f*(B)) c X\ f(Int(B)). By taking complement on
both sides we get f*(Int(B)) < Int2(f*(B)).

(vi)=(i) Let U be any open set in Y. Then Int(U) = U. By as-
sumption, f™(Int(U)) c Intd(f*(U)) and hence f7(U)c nt2(f™
(U)) . Then f™(U)=Int2(f*(U)). Therefore by Theorem 3.14,
f7(U) is Do-open in X. Thus f is Da-continuous.

Theorem 4.6. Letf: X — Y be Do-continuous and letg: Y — Z
be continuous. Then gof : X — Z is Da-continuous.

Proof. Obvious.

Remark 4.7. Composition of two Da-continuous functions need
not be Da-continuous as seen from the following example.

Example 4.8. Let X ={a, b, c} associated with the topology 7=
{9, {b}, {a, b}, X}, Y={x,vy,2} associated with the topology
o={¢,{x}, Y} and Z={p,q,r} associated with the topology
v={9,{r}, 2} and f:(X,7)—>(Y,0) by fla) =y, f(b) = %, flc) =

Define g:(Y,0) = (Z, v) by g(x)=9(y) = p, g(z) =7. One can have
that B ={p,{c}{a, ¢}, X}, GC(X)={0,{c}{a,c},{b,c}, X}, GO(X)
= {9, {a}, {b}, {a, b}, X}, DaC(X)={9,{a},{c},{a, c}, {b, c}, X}, DaO(X)
={¢.{a}, {b}, {a, b}, {b, c}, X},

and FY = {¢v {y; Z}, Y}r GC(Y) = {¢1 {y};
{Zh{x v {x2h {y, 2L Y}, GO(Y)={g {x}, {y}. {2}, {x, ¥} {x, 2}, Y},
DoC(Y)=DaO(Y) = P(X). Clearly, f and g are Da-continuous. {r}

is open in Z. But (gof) (1) = £ (g™ (") = £ ({2 = {c}, which is
not Da-open in X. Therefore gof is not Da-continuous.

5. Da-open functions and Do-closed functions

In this section we introduce Do-open functions and
Da-closed functions and investigate some of their basic
properties.
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Definition 5.1. A function f: X — Y is said to be Da-open (resp.
Da-closed) if the image of each open (resp. closed) set in X is
Do-open (resp. Da-closed) in Y.

Theorem 5.2.

(i) Every a-open function is Da-open.
(ii) Every g-open function is Da-open.

Proof. It is obvious from Theorem 3.6.
Remark 5.3.

(i) Da-open function need not be a-open.
(see Example 5.4 below)

(i) Da-open function set need not be g-open.
(see Example 5.5 below)

Example 5.4. (i) Let X ={x,y,z} associated with the topology
7={¢,{x},X} and Y ={a,b,c} associated with the topology
o={¢,{a,b},{c}, Y}. Let f:(X,7)—(Y,0o)be a function defined
by f(x) = a, f(y) =b and f(z) = c. One can have that F, =aO(Y) =
{9, {a, b}, {c}, Y}, GC(Y) = GO(Y) = DaC(Y) = DaO(Y) = P(X). Since
{x} is open in X, f({x})={a}e DaO(Y), but {a} ¢ ¢O(Y). There-
fore f is Da-open function but not a-open.

Example 5.5. (ii) Let X ={x,y,z} associated with the topology
7={0,{y}, {x, ¥}, X} and Y ={a, b, c} associated with the topol-
ogy o ={¢,{a}, Y}.Let f:(X,7)— (Y, o) be a function defined by
f(x) =b, fly) =cand f(z) =a. One can have that F, ={¢, {b, c}, Y},
GC(Y) = {(P, {b}! {C}’ {a» b}’ {ar C}v {b! C}’ Y} ) GO(Y) = {¢’ {(Z}, {b}v {C}, {ar
b}, {a,c}, Y}, DaC(Y)=DaO(Y)=P(X). Since {x,y} is open in X,
f({x, y}) ={b, c} e DaO(Y), but {b, c} & GO(Y). Therefore f is Do-
open function but not g-open.

From the above discussions we have the following diagram
in which the converses of implications need not be true.

o-open function — Da-open function « g-open function

Theorem 5.6. Let f : X — Y be a function. The following state-
ments are equivalent.

(i) fis Do-open.
(ii) For each x € X and each neighborhood U of x, there exists
Da-open set W ¢ Y containing f(x) such that W c f(U).

Proof. (i)=(ii) Let x € X and U is a neighborhood of x, then there

exists an open set V ¢ X such that x e V c U. Set W = f(V). Since

fis Da-open, f(V)=W eDaO(Y) and so f(x)e W c f(U).
(ii)=(i) Obvious.

Theorem 5.7. Letf: X — Y be Do-open (resp. Da-closed) func-
tion and W c Y. If A ¢ X is a closed (resp. open) set containing
f (W), then there exists Da-closed (resp. Da-open) set HC Y
containing W such that f*(H)c A.

Proof. Let H=Y\f(X\A). Since f(W)cA, we have
f(X\A)c Y\ W. Since f is Da-open (resp. Do-closed), then H
is Do-closed (resp. Da-open) set and f(H)=X\ f*(f(X\ A)) c
X\(X\A)=A.

Corollary 5.8. If f: X — Y is Do-open, then f(CI?(B)) < Cl(f(B))
for each set Bc Y.

Proof. Since CI(f(B)) is closed in X containing f(B) for a set
B c Y. By Theorem 5.7, there exists Da-closed set Hc Y,Bc H
such that f*(H)cCl(f*(B)). Thus, f*(CI2(B))c f*(CI2(H)) <
fH(H) = CU(f(B)) -

Theorem 5.9. A function f : X — Y is Da-open if and only if
f(Int(A)) c Int2(f(A)) for every subset A of X.

Proof. Suppose f: X — Y is Da-open function and A c X. Then
Int(A) is open set in X and f(Int(A)) is Da-open set contained
in f(A). Therefore f(Int(A)) < Int2(f(A)). Conversely, let be
f(Int(A)) c Int2(f(A)) for every subset A of X and U is open set
in X. Then Int(U) = U, f(U)c Int2(f(U)). Hence f(U) = Int2(f(U)).
By Theorem 3.14 f(U) is Da-open.

Theorem 5.10. For any bijective function f: (X, 7) - (Y, o) the
following statements are equivalent.

(i) f* is Da-continuous function.
(ii) fis Da-open function.
(iii) fis De-closed function.

Proof. (i)=(ii) Let U be an open set in X. Then X\ U is closed
in X. Since f™ is Da-continuous, (f™)™(X \U) is Do-closed in
Y.Thatis f(X\U)=Y\ f(U) is Do-closed in Y. This implies f(U)
is Da-open in Y. Hence f is Da-open function.

(ii)= (iii) Let F be a closed set in X. Then X \ F is open in X.
Since f is Da-open, f(X\F) is Do-open in Y. That is
f(X\F)=Y\ f(F) is Da-open in Y. This implies f(F) is Do-
closed in Y. Hence f is Doa-closed function.

(iif)= (i) Let F be closed set in X. Since f is Do~closed func-
tion, f(F) is Do-closed in Y. That is (f*)™(F) is Do-closed in Y.
Hence f™ is Da-continuous function.

Remark 5.11. Composition of two Da-open functions need not
be Do-open as seen from the following example.

Example 5.12. Let X ={x, y, z} associated with the topology
t={9,{x, y}, {z}, X}, Y={p, q, r} associated with the topology
o={¢,{p}, Y} and Z={a,b,c} associated with the topology, v=
{6, (b),{a,1}, 2} . Define f:(X,7)—(Y,0) by f(x) = p, f(y) = ,
flz)=rand g:(Y,0)—(Z,v) by g(p) =), g(q) = a, g(r) =c. One
can have that; F, ={9,{q,7}, Y}, GC(Y)= {9, {a}, ], {p, a}, {p, ),
{a, 7}, Y}, GO(Y) = {9, {p}, {a}, {r}, {p, a}, {p, 7}, Y}, DaC(Y)=DaO(Y)
= P(X) and F; = {¢r {C}! {a’ C}r Z}v GC(Z) = {(D, {C}! {a’ C}, {br C}’ Z}’
GO(Z) = {¢v {a}r {b}’ {ar b}’ Z} ) DOCC(Z) = {(P, {a}v {C}r {av C}v {b’ C}r Z}:
DaO(Z) = {9, {a}, {b}, {a, b}, {b, c}, Z}. Clearly, f and g are Da-open
function. {z} is open in X. But gof({z}) = g(f({z})) = 9({r}) = {c}
which is not Da-open in Z. Therefore gof is not Da-open
function.

6. Da-closed graph and strongly Da-closed

In this section we introduce Do-closed graph and strongly
Da-closed and investigate some of their basic properties.
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Definition 6.1. A function f : X — Y has Dea-closed graph if
for each (x,y)e(XxY)\G(f), there exist Ue DaO(X, x) and
V e GO(Y, y) such that (UxCI*(V))nG(f)=¢.

Remark 6.2. Evidently every closed graph is Do-closed.
That the converse is not true is seen from the following
example.

Example 6.3. Let X ={a, b, c} associated with the topology
7={¢,{a, b}, X} and Y ={x, y, z} associated with the topology
o={¢,{x},{x, ¥}, Y}. Let f:(X,1)— (Y, o) be a function defined
by f(a) = f(c) = x, f(b) = y. One can have that Fx ={¢, {c}, X},
GC(X) = {9, {c} {a, ¢}, {b, ¢}, X}, GO(X) = {9, {a}, {b}, {a, b}, X}, DO
(X)={¢.{a}, (b}, {a, b}, {a, ¢}, {b, ¢}, X} and Fr ={¢,{z}{y,2}, Y},
GC(Y) = {9, {2}, (x, 2}, [y, 2}, Y}, GO(Y) = (4, {x}, ), {x, ¥}, Y}. Since
{a,c}e DaO(X,c) and {y}eGO(Y,y) but {a,c}e¢O(X) and
{y} 2 O(Y). Therefore G(f) is Da-closed but not closed.

Theorem 6.4. Let f:(X,7)— (Y, o) be a function and

(i) fis Do-closed graph;

(ii) For each (x,y)e(XxY)\G(f), there exist Ue DaO(X, x)
and V e GO(Y,y) such that f(U)nCI*(V)=¢.

(ili) For each (x,y)e(XxY)\G(f), there exist Ue DaO(X, x)
and V e DaO(Y, y) such that (UxCIE(V))nG(f) = ¢.

(iv) For each (x,y)e(XxY)\G(f), there exist Ue DaO(X, x)
and V e DaO(Y, y) such that f(U)nCIZ(V)=¢.Then
M O @)

(2) (@)= (i)

(3) (ii)= (iv)

(“) (

4) (i)= (iv)

Proof. (i)=(ii) Suppose f is Da-closed graph. Then for each
(%, ¥) e (XxY)\G(f), there exists Ue DaO(X, x) and V € GO(Y,
y) such that (U x CI*(V)) " G(f) = ¢. This implies that for each
f(x)e f(U) and y e CI*(V). Since y # f(x), f(U)nCI*(V)=¢.

(ii)=() Let (x,y)e(XxY)\G(f). Then there exists
UeDaO(X,x) and VeGO(Y,y) such that f(U)nCl=*(V)=¢.
This implies that f(x) # y for each x € U and y € CI*(V). There-
fore (UxCI*(V))nG(f)=¢.

(i)=(iii) Suppose f is Da-closed graph. Then for each
(x,¥) e (X xY)\G(f), there exists Ue DaO(X, x) and V e GO(Y,
y) such that (UxCI*(V))nG(f)=¢. Since g-open set is Da-
open, CIZ(V) c CI*(V). Therefore (U xCIZ(V))NG(f)= 9.

(ii)=(v) Let (x,¥)e(XxY)\G(f). Then there exists
UeDoaO(X,x) and VeGO(Y,y) such that f(U)NCIV)=¢.
Since CI2(V)cCI(V), f(U)NCI2(V)c f(U)NCIH V)= 9.

(i)=(iv) From (ii).

Definition 6.5. A topological space (X,7) is said to be Da-T; if
for any distinct pair of points x and y in X, there exist Do-
open U in X containing x but not y and an Da-open V in X
containing y but not x.

Theorem 6.6.

(i) Every a-T, space is Do-T;.
(ii) Every g-T: space is Da-Ti.

Proof. It is obvious from Theorem 3.6.

Remark 6.7. The converse of the above theorem is not true as
seen from Example 2.7.

Theorem 6.8. Let f : X — Y be any surjection with G(f)
Da-closed. Then Y is g-Ti.

Proof. Let yi, ya(y1 # y2) € Y. The subjectivity of f gives the ex-
istence of an element x, € X such that f(x,) = y,. Now
(X0, ¥1) € (XX Y)\G(f). The Da-closeness of G(f) provides
U, e DaO(X, x,), Vi eGO(Y,y:) such that f(U;)nCI*(Vy)=9¢.
Now x,eU; = f(X,)=V, € f(U1). This and the fact that
f(U1) NCI¥(V;) = ¢ guarantee that Y, € Vi. Again from the sub-
jectivity of f gives a x; e X such that f(x:) =y:. Now
(%1, ¥2) € (XX Y)\G(f) and the Da-closedness of G(f) provides
U, e DaO(X, x1), Vo, eGO(Y,y,) such that f(U,)nCI*(V,)=¢.
Now x; € U, = f(x1)=y: € f(U,) so that y: € Vo. Thus we obtain
sets V;, V, € GO(Y) such that y; e Vi but Y. ¢ Vi while y, e V, but
y1 € V,. Hence Y is g-Ti.

Corollary 6.9. Let f : X — Y be any surjection with G(f)
Do-closed. Then Y is Do-Th.

Proof. Follows From Theorems 6.6 (i) and 6.8.

Theorem 6.10. Let f : X — Y be any injective with G(f)
Do-closed. Then X is Do-Ti.

Proof. Let xi,X,(x; #X,)e X. The injectivity of f implies
f(x1) # f(x,) whence one obtains that (i, f(x;))e(XxY)\
G(f) . The Da-closedness of G(f) provides U, e DaO(X, x1),
Vi e GO(Y, f(x2)) such that f(U;)nCl*(Vi)=¢. Therefore
f(x2) e f(U1) and a fortiori X, € Us. Again (x,, f(x1)) e (X xY)\
G(f) and Do-closedness of G(f) as before gives U, e DaO(X,
X;), V, eGO(Y, f(x1)) with f(U,)nCI*V,)=¢, which guaran-
tees that f(x,) ¢ f(U,) and so X: € U,. Therefore, we obtain sets
U, and U, e DaO(X) such that x; € U; but X, € Us while x, € U,
but X1 € U,. Hence X is Do-Ti.

Corollary 6.11. Let f : X —» Y be any bijection with G(f)
Da-closed. Then both X and Y are Do-T;.

Proof. It readily follows from Corollary 6.9 and Theorem 6.10.
Definition 6.12. A topological space (X, 1) is said to be Do-T, if
for any distinct pair of points x and y in X, there exist Da-
open sets U and V in X containing x and y, respectively, such
that U n V=4¢.

Theorem 6.13.

(i) Every a-T, space is Do-T..
(ii) Every g-T, space is Da-T.

Proof. Obvious.

Remark 6.14. The converse of the above theorem is not true
as seen from Example 2.7.

Theorem 6.15. Let f : X — Y be any surjection with G(f)
Da-closed. Then Y is g-Ts.
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Proof. Let y, y2(y:1 # y2) € Y. The subjectivity of f gives a x; € X
such that f(x1) =y:. Now (x1,¥,)e(XxY)\G(f). The Do-
closedness of G(f) provides U e DaO(X,x:), V e GO(Y,y,) such
that f(U)NCI*(V)=¢. Now x, e U= f(x;)=y; € f(U). This and
the fact that f(U)nCI*(V)=¢ guarantee that y,  CI*(V). This
mean that there exists W € GO(Y, y,) such that W 0V = ¢. Hence
Y is g-To.

Corollary 6.16. Let f : X — Y be any surjection with G(f)
Do-closed. Then Y is Do-To.

Proof. Follows from Theorems 6.13 (ii) and 6.15.

Definition 6.17. A function f: X — Y has a strongly Da-closed
graph if for each (x,y) e (XxY)\G(f), there exist U e DaO(X, x)
and Ve O(Y, y) such that (UxCI(V))nG(f)=¢.

Corollary 6.18. A strongly Da-closed graph is Da-closed. That
the converse is not true is seen from Example 6.3, where
{y}eGO(Y,y) but {y}eO(Y). Therefore G(f) is Da-closed but
not strongly Da-closed.

Remark 6.19. Evidently every strongly a-closed graph
(resp. strongly closed graph) is strongly Da-closed graph.
That the converse is not true is seen from the following
example.

Example 6.20. Let X ={a, b, c} associated with the topology
7={¢,{a,b}, X} and Y ={x, y, z} associated with the topology
o={¢,{x,y}{z}, Y}. Let f:(X,7)—(Y,0) be a function defined
by f(a) = f(c) = x, f(b) =y. One can have that Fx ={¢,{c}, X},
GC(X)= {¢v {C}! {a! C}’ {b, C}, X} , GO(X)= {¢’ {a}v {b}’ {a’ b}v X}v a0 (X)
={¢,{a,b}, X}, DaO(X)=/{9¢,{a},{b},{a,b},{a,c},{b,c},X}. Since
{a,c}e DaO(X,c) and {z}eO(Y,z) but {a,c}eaO(X) (resp.
{a,c}20O(X)). Therefore G(f) is strongly Da-closed but not
strongly a-closed (resp. strongly closed).

Theorem 6.21. For a function f:(X,7)— (Y, o), the following
properties are equivalent:

(i) f has strongly Da-closed graph.
(ii) For each (x,y)e(XxY)\G(f), there exist UeDaO(X, x)
and Ve O(Y, y) such that f(U)nCI(V)=¢.
(iii) For each (x,y)e(XxY)\G(f), there exist Ue DaO(X, x)
and VeaO(Y,y) such that (UxCL/(V))NG(f)=4¢.
(iv) For each (x,y)e(XxY)\G(f), there exist Ue DaO(X, x)
and VeaO(Y,y) such that f(U)nCl,(V)=¢.

Proof. Similar to the proof of Theorem 6.4.

Theorem 6.22. If f : X — Y is a function with a strongly Do-
closed graph, then for each xe X, f(x)=n{ClL(f(U)):Ue
DoO(X, x)} .

Proof. Suppose the theorem is false. Then there exists a y # f(x)
such that yen{ClL(f(U)):UeDaO(X, x)}. This implies that
y e Cl,(f(U)) for every UeDaO(X,x). So V n f(U) # ¢ for every
VeaO(Y,y). This, in its turn, indicates that Cl,(V)n f(U)>
V o f(U) # ¢ , which contradicts the hypothesis that f is a func-
tion with Deo-closed graph. Hence the theorem holds.

Theorem 6.23. If f: X — Y is Da-continuous function and Y is
T,. Then G(f) is strongly Do-closed.

Proof. Let (x,y)e(XxY)\G(f). Since Y is T,, there exists a
set Ve O(Y, y) such that f(x)&Cl(V). But CI(V) is closed.
Now Y\CI(V)eO(Y, f(x)). By Theorem 4.5 there exists
UeDaO(X,x) such that f(U)cY\CI(V). Consequently,
f(U)NCl(V)=¢ and therefore G(f) is strongly Do-closed.

Theorem 6.24. Let f: X — Y be any surjection with G(f) strongly
Do-closed. Then Y is T; and a-Ti.

Proof. Similar to the proof of Theorem 6.8 and Ti-ness always
guarantees o-T;-ness. Hence Y is o-Ts.

Corollary 6.25. Let f: X — Y be any surjection with G(f) strongly
Do-closed. Then Y is Dor-Th.

Proof. Follows From Theorems 6.6 (i) and 6.24.

Theorem 6.26. Let f: X — Y be any injective with G(f) strongly
Do-closed. Then X is Da-Ti.

Proof. Similar to the proof of Theorem 6.10.

Corollary 6.27. Let f: X — Y be any bijection with G(f) strongly
Do-closed. Then both X and Y are Do-Ti.

Proof. It readily follows from Corollary 6.25 and Theorem 6.26.

Theorem 6.28. Let f: X — Y be any surjection with G(f) strongly
Do-closed. Then Y is T; and a-To.

Proof. Similar to the proof Theorem 6.15 and T,-ness always
guarantees o-T,-ness. Hence Y is o-T.

Corollary 6.29. Let f: X — Y be any surjection with G(f) strongly
Do-closed. Then Y is Dot-To.

Proof. Follows From Theorems 6.13 (i) and 6.28.
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