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1. Introduction

In 1952, Rosser and Turquette [8] proposed the fol-
lowing unsolved problem: If there are many-valued
theories beyond the level of predicate calculus, then
what are the details of such theories ? As an at-
tempt to give a partial answer to this problem in the
case of point set topology, Ying in 1991-1993 [13-
15] used a semantical method of continuous-valued
logic to develop systematically fuzzifying topology.
Briefly speaking, a fuzzifying topology on a setX as-
signs each crisp subset ofX to a certain degree of be-
ing open, other than being definitely open or not. So
far, there has been significant research on fuzzifying
topologies [3, 9- 16]. For example, Ying [16] intro-
duced the concepts of compactness and established a
generalization of Tychonoff’s theorem in the frame-
work of fuzzifying topology. In [12] the concept of lo-
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cal compactness in fuzzifying topology is introduced
and some of its properties are established. The no-
tion of β-open sets [1] was introduced by Abd El-
Monsef, El-Deeb and Mahmoud in 1983 which was
studied in Andrijevic [5] under the name semi-preopen
sets. Dontchev and Przemiski [6] replaced the term
semi-preopen by the term pre-semiopen. The concept
of β-compact topological spaces was studied in [2,
4]. In [3] the concepts of fuzzifyingβ-open sets and
fuzzifying β-continuity were introduced and studied.
Also, Sayed in [10] introduced some concepts of fuzzi-
fying β-separation axioms and clarified the relations
of these axioms with each other as well as the re-
lations with other fuzzifying separation axioms. Fur-
thermore, Sayed and Abd-Allah [11] characterized the
concepts of fuzzifyingβ-irresolute functions and used
the finite intersection property to give a character-
ization of fuzzifying β-compact spaces. In this pa-
per, the concepts ofβ-base andβ-subbase of fuzzi-
fying β-topology are introduced. Other characteriza-
tions of fuzzifyingβ-compactness are given, includ-
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2 Localβ compactness as fuzzy predicates defined in Łukasiewicz logic

ing characterizations in terms of nets andβ-subbase.
Several characterizations of locallyβ-compactness in
the framework of fuzzifying topology are introduced
and the mapping theorems are obtained. Thus we fill
a gap in the existing literature on fuzzifying topology.
We use the terminologies and notations in [3, 9- 16]
without any explanation. We note that the set of truth
values is the unit interval and we do often not distin-
guish the connectives and their truth value functions
and state strictly our results on formalization as Ying
does. We will use the symbol⊗ instead of the second
"AND" operation∧

·
as dot is hardly visible. This mean

that[α] ≤ [ϕ → ψ] ⇔ [α]⊗ [ϕ] ≤ [ψ]. All of the con-
tributions in General Topology in this paper which are
not referenced may be original.

2. Preliminaries

We now give some definitions and results which are
useful in the rest of the present paper.

Definition 2.1 [13] Let X be a set andτ ∈ =(P (X))
is called a fuzzifying topology if it satisfies the follow-
ing conditions

(T1) |= X ∈ τ ;
(T2) for anyA,B ∈ P (X), |= (A ∈ τ) ∧ (A ∈

τ) → ((A ∩B ∈ τ);
(T3) for any{Aλ | λ ∈ Λ}, |= ∀λ(λ ∈ Λ → Aλ ∈

τ) → ⋃
λ∈Λ Aλ ∈ τ.

The pair (X, τ) is called a fuzzifying topological
space.

(1) The fuzzifying neighborhood system of a point
x ∈ X is defined asNx(A) =

∨
x∈B⊆A

τ(B).

(2) The fuzzifying closure of a setA ⊆ X is defined
asCl(A)(x) = 1−Nx(X −A).

(3) The fuzzifying interior of a setµ ∈ =(X) is
defined asInt(µ) =

⋃{U ∈ P (X) | 1U ≤ µ}, where
1U is a characteristic function.

Definition 2.2 [3] The family of all fuzzifyingβ-open
sets, denoted byτβ ∈ =(P (X)), is defined as

A ∈ τβ := ∀x(x ∈ A → x ∈ Cl(Int(Cl(A)))), i.
e.,τβ(A) =

∧
x∈A

Cl(Int(Cl(A)))(x)).

(1) The family of all fuzzifyingβ-closed sets, de-
noted byΓβ ∈ =(P (X)), is defined asA ∈ Γβ :=
X −A ∈ τβ .

(2) The fuzzifying β-neighborhood system of a
point x ∈ X is denoted byNβX

x (or Nβ
x ) ∈ =(P (X))

and defined asNβ
x (A) =

∨
x∈B⊆A

τβ(B).

(3) The fuzzifyingβ-closure of a setA ⊆ X, de-
noted byClβ ∈ =(X), is defined asClβ(A)(x) =
1−Nβ

x (X −A).
(4) ([9]) If N(X) is the class of all nets inX, then

the binary fuzzy predicates.β ,∝β∈ =(N(X) × X)
are defined asS .β x := ∀A(A ∈ Nβ

x → S⊂̃A),
S ∝β x := ∀A(A ∈ Nβ

x → S≺̃A), where "S .β x” ,
"S ∝β x” stand for "S β-converges tox" , "x is anβ-
accumulation point ofS", respectively; and "̃⊂", "≺̃"
are the binary crisp predicates "almost in ","often in",
respectively. The degree to whichx is anβ-adherence
point ofS is adhβS(x) = [S ∝β x].

(5) ([3, 11]) If (X, τ) and (Y, σ) are two fuzzify-
ing topological spaces andf ∈ Y X , the unary fuzzy
predicatesCβ , Iβ ∈ =(Y X), called fuzzifying β-
continuity , fuzzifyingβ-irresoluteness, are given as
Cβ(f) := ∀B(B ∈ σ → f−1(B) ∈ τβ), Iβ(f) :=
∀B(B ∈ σβ → f−1(B) ∈ τβ), respectively.

Definition 2.3 Let Ω be the class of all fuzzifying
topological spaces.

(1) ([10]) A unary fuzzy predicateT β
2 ∈ =(Ω),

called fuzzifyingβ-Hausdorffness, is given

T β
2 (X, τ) = ∀x∀y((x ∈ X ∧ y ∈ X ∧ x 6= y)
→ ∃B∃C(B ∈ Nβ

x ∧ C ∈ Nβ
y ∧B ∩ C ≡ φ)).

(2) ([16]) A unary fuzzy predicateΓ ∈ =(Ω),
called fuzzifying compactness , is given asΓ(X, τ) :=
(∀<)(K◦( <, X) −→ (∃℘)((℘ ≤ <) ∧ K( ℘,A) ⊗
FF (℘))) and ifA ⊆ X, thenΓ(A) := Γ(A, τ/A).

(3) ([16]) A unary fuzzy predicatefI ∈ =(=(P (X))),
called fuzzy finite intersection property, is given as
fI(<) := ∀℘((℘ ≤ <)∧ FF (℘) → ∃x∀B(B ∈ ℘ →
x ∈ B)).

(4) ([11]) A fuzzifying topological space(X, τ)
is said to be fuzzifyingβ-topological space [11] if
τβ(A ∩B) ≥ τβ(A) ∧ τβ(B).

(5) ([11]) A binary fuzzy predicateKβ ∈ =(=(P (X))×
P (X)), called fuzzifyingβ-open covering, is given as
Kβ( <, A) := K( <, A)⊗ (< ⊆ τβ).

(6) ([11]) A unary fuzzy predicateΓβ ∈ =(Ω),
called fuzzifyingβ−compactness, is given as(X, τ) ∈
Γβ := (∀<)(Kβ( <, X) −→ (∃℘)((℘ ≤ <) ∧
K( ℘, X) ⊗ FF (℘))) and if A ⊆ X, thenΓβ(A) :=
Γβ(A, τ/A).

(7) ([12]) A unary fuzzy predicateLC ∈ =(Ω),
called fuzzifying locally compactness, is given as
LC(X, τ) := (∀x)(∃B)((x ∈ Int(B)⊗Γ(B, τ/B)).



Localβ compactness as fuzzy predicates defined in Łukasiewicz logic 3

3. Fuzzifying β-base andβ-subbase

Definition 3.1 Let (X, τ) be a fuzzifying topological
space andßβ ⊂ τβ . Then ßβ is calledβ-base ofτβ

if ßβ fulfils the condition:|= U ∈ Nβ
x → ∃V ((V ∈

ßβ) ∧ (x ∈ V ⊆ U)).

Remark 3.2 In above definition, we can obtain that
τr = {U ∈ P (X) | τ(U) ≥ r} is a classical topology
for eachr ∈ [0, 1], similarly, (ßβ)r, (τβ)r. Then(ßβ)r

is a β-base of(τβ)r if for each U ∈ (Nβ
x )r , there

existsV ∈ (ßβ)r such thatx ∈ V ⊆ U .

Example 3.3 Let X = {x, y, z} and we define a
fuzzifying topologyτ ∈ =(P (X)) as follows:

τ(X) = τ(∅) = 1, τ({x}) = 0.8,
τ({y}) = 0.6, τ({z}) = 0.4,
τ({x, y}) = 0.6, τ({y, z}) = 0.6, τ({z, x}) = 0.4.

SinceNx(A) =
∨

x∈B⊆A

τ(B), we have

Nx(X) = 1, ∀x ∈ X,
Nx({x}) = Nx({x, y}) = Nx({x, z}) = 0.8,
Ny({y}) = Ny({y, z}) = 0.6, Ny({x, y}) = 0.8,
Nz({z}) = Nz({x, z}) = 0.4, Nz({y, z}) = 0.6.

SinceCl(A)(x) = 1−Nx(X −A),

Cl({x})(x) = 1−Nx({y, z}) = 1,
Cl({x})(y) = 1−Ny({y, z}) = 0.4,
Cl({x})(z) = 1−Nz({y, z}) = 0.4,
Cl({y}) = (0.2, 1, 0.6), Cl({z}) = (0.2, 0.2, 1),
Cl({x, y}) = (1, 1, 0.6), Cl({x, z}) = (1, 0.4, 1),
Cl({y, z}) = (0.2, 1, 1), Cl(X) = (1, 1, 1),
Cl(∅) = (0, 0, 0).

Then Int(Cl(A)) = A and Cl(Int(Cl(A))) =
Cl(A) for all A ∈ P (X). From Definition 2.2, we ob-
tain a fuzzifying topologyτβ ∈ =(P (X)) as follows:

τβ(X) = τβ(∅) = 1, τβ({x}) = 0.4,
τβ({y}) = 0.2, τβ({z}) = 0.2
τβ({x, y}) = 0.6, τβ({x, z}) = 0.4, τβ({y, z}) = 0.2.

(1) We defineßβ ∈ =(P (X)) as follows:

ßβ(X) = ßβ(∅) = 1, ßβ({x}) = 0.4,
ßβ({y}) = 0.2, ßβ({z}) = 0.2,
ßβ({x, y}) = 0.6, ßβ({x, z}) = ßβ({y, z}) = 0.

Sinceßβ ⊂ τβ andNβ
x (U) ≤ ∨

x∈V⊆U ßβ(V ) from
Definition 3.1, thenßβ is aβ-base ofτβ .

(2) We definecβ ∈ =(P (X)) as follows:

cβ(X) = cβ(∅) = 1, cβ({x}) = 0.2,
cβ({y}) = 0.2, cβ({z}) = 0.2
cβ({x, y}) = 0.6, cβ({x, z}) = cβ({y, z}) = 0.

We havecβ ⊂ τβ andNβ
x ({x, z}) = τβ({x, z}) =

0.4 6≤ ∨
x∈V⊆{x,z} cβ(V ) = 0.2. Hencecβ is not a

β-base ofτβ . Moreover,(cβ)0.3 = {X, ∅, {x, y}} is
not aβ-base of(τβ)0.3 = {X, ∅, {x}, {x, y}, {x, z}}
in Remark 3.2.

Theorem 3.4 ßβ is anβ-base ofτβ if and only ifτβ =
ß(∪)

β , where ß(∪)
β (U) =

∨
⋃

λ∈Λ
Vλ=U

∧
λ∈Λ

ßβ(Vλ).

Proof. Suppose thatßβ is an β-base of τβ . If⋃
λ∈Λ

Vλ = U , then from Theorem 3.1 (1) (b) in [3],

τβ(U) = τβ

( ⋃
λ∈Λ

Vλ

)
≥ ∧

λ∈Λ

τβ(Vλ) ≥ ∧
λ∈Λ

ßβ(Vλ).

Consequently,τβ(U) ≥ ∨
⋃

λ∈Λ
Vλ=U

∧
λ∈Λ

ßβ (Vλ) .

To prove thatτβ(U) ≤ ∨
⋃

λ∈Λ
Vλ=U

∧
λ∈Λ

ßβ (Vλ), we

first proveτβ(U) =
∧

x∈U

∨
x∈V⊆U

τβ(V ). (Indeed, as-

sumeδx = {V : x ∈ V ⊆ U}. Then for any
f ∈ ∏

x∈U

δx,
⋃

x∈U

f(x) = U, and furthermore

τβ(U) = τβ

( ⋃
x∈U

f(x)
)
≥ ∧

x∈U

τβ(f(x))

≥ ∨
f∈ ∏

x∈U

δx

∧
x∈U

τβ(f(x)) =
∧

x∈U

∨
x∈V⊆U

τβ(V ).

Also τβ(U) ≤ ∧
x∈U

∨
x∈V⊆U

τβ(V ). Therefore

τβ(U) =
∧

x∈U

∨
x∈V⊆U

τβ(V ).

Now, sinceNβ
x (U) ≤ ∨

x∈V⊆U

ßβ(V ),

τβ(U) =
∧

x∈U

∨
x∈V⊆U

τβ(V ) =
∧

x∈U

Nβ
x (U)

≤ ∧
x∈U

∨
x∈V⊆U

ßβ(V ) =
∨

f∈ ∏
x∈U

δx

∧
x∈Uβ

ßβ(f(x)).
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Then τβ(U) ≤ ∨
⋃

λ∈Λ
Vλ=U

∧
λ∈Λ

ßβ (Vλ) . Therefore

τβ(U) =
∨

⋃
λ∈Λ

Vλ=U

∧
λ∈Λ

ßβ (Vλ)

Conversely, we assumeτβ(U) =
∨

⋃
λ∈Λ

Vλ=U

∧
λ∈Λ

ßβ (Vλ)

and we will show thatßβ is anβ-base ofτβ , i.e., for
any U ⊆ X, Nβ

x (U) ≤ ∨
x∈V⊆U

ßβ(V ). Indeed, if

x ∈ V ⊆ U,
⋃

λ∈Λ

Vλ = V, then there existsλ◦ ∈ Λ

such thatx ∈ Vλ◦ and
∧

λ∈Λ

ßβ (Vλ) ≤ßβ (Vλ◦) ≤
∨

x∈V⊆U

ßβ(V ). Therefore

Nβ
x (U) =

∨
x∈V⊆U

τβ(V )

=
∨

x∈V⊆U

∨
⋃

λ∈Λ
Vλ=U

∧
λ∈Λ

ßβ (Vλ)

≤ ∨
x∈V⊆U

ßβ(V ).

Theorem 3.5 Let ßβ ∈ =(P (X)). Then ßβ is an β-
base for some fuzzifyingβ-topologyτβ if and only if it
has the following properties:
(1) ß(∪)

β (X) = 1;
(2) |= (U ∈ßβ) ∧ (V ∈ßβ) ∧ (x ∈ U ∩ V ) →
∃W ((W ∈ßβ) ∧ (x ∈ W ⊆ U ∩ V ).

Proof. If ßβ is an β-base for some fuzzifying

β-topology τβ , then τβ(X) = ß(∪)
β (X). Clearly,

ß(∪)
β (X) = 1. In addition, if x ∈ U ∩ V , then

ßβ(U) ∧ ßβ(V ) ≤ τβ(U) ∧ τβ(V ) ≤ τβ(U ∩ V )
≤ Nβ

x (U ∩ V ) ≤ ∨
x∈W⊆U∩V

ßβ(W ).

Conversely, ifßβ satisfies (1) and (2), then we haveτβ

is a fuzzifyingβ-topology. In fact,τβ(X) = 1. For any
{Uλ : λ ∈ Λ} ⊆ P (X), we set

δλ =

{
{VΦλ

: Φλ ∈ Λλ} :
⋃

Φλ∈Λλ

VΦλ
= Uλ

}
.

Then for anyf ∈ ∏
λ∈Λ

δλ,
⋃

λ∈Λ

⋃
VΦλ

∈f(λ)

VΦλ
=

⋃
λ∈Λ

Uλ.

Therefore

τβ

( ⋃
λ∈Λ

Uλ

)
=

∨
⋃

Φ∈Λ
VΦ=

⋃
λ∈Λ

Uλ

∧
Φ∈Λ

ßβ (VΦ)

≥ ∨
f∈ ∏

λ∈Λ
δλ

∧
λ∈Λ

∧
VΦλ

∈f(λ)

ßβ(VΦλ
)

≥ ∧
λ∈Λ

∨
{VΦλ

:Φλ∈Λλ}∈δλ

∧
Φλ∈Λλ

ßβ(VΦλ
) =

∧
λ∈Λ

τβ (Uλ) .

Finally, we need to prove thatτβ(U ∩ V ) ≥ τβ(U) ∧
τβ(V ). If τβ(U) > t, τβ(V ) > t, then there exists
{Vλ1 : λ1 ∈ Λ1} , {Vλ2 : λ2 ∈ Λ2} such that

⋃
λ1∈Λ1

Vλ1 =

U,
⋃

λ2∈Λ2

Vλ2 = V and for anyλ1 ∈ Λ1, ßβ(Vλ1) > t,

for any λ2 ∈ Λ2, ßβ(Vλ2) > t. Now, for any
x ∈ U ∩ V , there existsλ1x ∈ Λ1, λ2x ∈ Λ2 such that
x ∈ Vλ1x ∩ Vλ2x . From the assumption, we know that
t <ßβ(Vλ1x

)∧ßβ(Vλ2x
) ≤ ∨

x∈W⊆Vλ1x
∩Vλ2x

ßβ(W )

and furthermore, there existsWx such thatx ∈
Wx ⊆ Vλ1x ∩ Vλ2x ⊆ U ∩ V, ßβ(Wx) > t. Since⋃
x∈U∩V

Wx = U ∩ V, we havet ≤ ∧
x∈U∩V

ßβ(Wx) ≤
∨

⋃
λ∈Λ

Vλ=U∩V

∧
λ∈Λ

ßβ(Vλ) = τβ(U ∩ V ). Now, let

τβ(U) ∧ τβ(V ) = k. For any natural numbern, we
have τβ(U) > k − 1

n , τβ(V ) > k − 1
n and so

τβ(U ∩ V ) ≥ k − 1
n . Thereforeτβ(U ∩ V ) ≥ k =

τβ(U) ∧ τβ(V ).

Definition 3.6 ϕβ ∈ =(P (X)) is called anβ-subbase
of τβ if ϕ∩β is anβ-base ofτβ , whereϕ∩β (

⋂
λ∈Λ

Vλ) =
∨

⋂
λ∈Λ

Vλ=U

∧
λ∈Λ

ϕβ(Vλ), {Vλ : λ ∈ Λ} ⊂f P (X), with

” ⊂f ” standing for "a finite subset of".

Remark 3.7 From Remark 3.2 and Definition 3.6,
since(X, τr) is a classical topology for eachr ∈ [0, 1]
and(τβ)r is the collection of allβ-open sets in X, then
a β-subbase of(τβ)r is a collection(ϕβ)r of β-open
sets such that everyβ-open set of(τβ)r is the union
of sets that are finite intersections of{Vλ : λ ∈ Λ} ⊂
(ϕβ)r with a finite indexΛ.

Theorem 3.8ϕβ ∈ =(P (X)) is an β-subbase of

some fuzzifyingβ-topology if and only ifϕ(∪)
β (X) =

1.

Proof. We only demonstrate thatϕ∩β satisfies the
second condition of Theorem 3.5, and others are obvi-
ous. In fact
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ϕ∩β (U) ∧ ϕ∩β (V ) =


 ∨

⋂
λ1∈Λ1

Vλ1=U

∧
λ1∈Λ1

ϕβ(Vλ1)


∧


 ∨

⋂
λ2∈Λ2

Vλ2=V

∧
λ2∈Λ2

ϕβ(Vλ2)




=
∨

⋂
λ1∈Λ1

Vλ1=U

∨
⋂

λ2∈Λ2

Vλ2=V

(
∧

λ1∈Λ1

ϕβ(Vλ1)

)

∧
(

∧
λ2∈Λ2

ϕβ(Vλ2)

)

≤ ∨
⋂

λ∈Λ
Vλ=U∩V

( ∧
λ∈Λ

ϕβ(Vλ)
)

= ϕ∩β (U ∩ V ).

Therefore ifx ∈ U ∩ V, then ϕ∩β (U) ∧ ϕ∩β (V ) ≤
ϕ∩β (U ∩ V ) ≤ ∨

x∈W⊆U∩V

ϕ∩β (W ).

4. Fuzzifying β-compact spaces

Theorem 4.1 Let (X, τ) be a fuzzifying topological
space,ϕβ be anβ-subbase ofτβ , and

β1 := (∀<)(Kϕβ
(<, X) → ∃℘((℘ ≤ <) ∧

K(℘,X)⊗ FF (℘))),
whereKϕβ

(<, X) := K(<, X)⊗ (< ⊆ ϕβ);
β2 := (∀S)((S is a universal net inX) → ∃x((x ∈

X) ∧ (S .β x));
β3 := (∀S)((S ∈ N(X) → (∃T )(∃x)((T < S) ∧
(x ∈ X) ∧ (T .β x)),
where ”T < S” stands for "T is a subnet of S";
β4 := (∀S)((S ∈ N(X) → ¬(adhβS ≡ φ));
β5 := (∀<)(< ∈ =(P (X)) ∧ < ⊆ Γβ ⊗ fI(<) →
∃x∀A(A ∈ < → x ∈ A)).
Then|= (X, τ) ∈ Γβ ↔ βi , i = 1, 2, ..., 5.

Proof. (1) Sinceϕβ ⊆ τβ , [< ⊆ ϕβ ] ≤ [< ⊆
τβ ] for any < ∈ =(P (X)). Then [Kϕβ

(<, X)] ≤
[Kβ(<, X)]. ThereforeΓβ(X, τ) ≤ [β1].

(2) [β2] =
∧ { ∨

x∈X

[S .β x] : S is a universal net inX

}
.

(2.1) AssumeX is finite. We setX = {x1, ..., xm}.
For any universal netS in X, there existsi◦ ∈
{1, ..., m} with S⊂̃{xi◦}. In fact, if not, then for
any i ∈ {1, ...,m}, S ˜6⊂{xi◦}, S⊂̃X − {xi◦} and

S⊂̃
m⋂

i=1

(X − {xi}) = φ, a contradiction. Therefore

xi◦ /∈ A and Nβ
xi◦

(A) = 0 (see[3],Theorem 4.2

(1)) providedS ˜6⊂A, and furthermore[S .β xi◦ ] =∧
S ˜6⊂A

(
1−Nβ

xi◦
(A)

)
= 1. Therefore[β2] = 1 ≥ [β1].

(2.2) In general, to prove that[β1] ≤ [β2] we prove
that for anyλ ∈ [0, 1], if [β2] < λ, then[β1] < λ. As-
sume for anyλ ∈ [0, 1], [β2] < λ. Then there exists a
universal netS in X such that

∨
x∈X

[S.β x] < λ and for

anyx ∈ X, [S .β x] =
∧

S ˜6⊂A

(
1−Nβ

x (A)
)

< λ, i.e.,

there existsA ⊆ X with S ˜6⊂A andNβ
x (A) > 1 − λ.

Sinceϕβ is an β-subbase ofτβ , ϕ∩β is an β-base of
τβ and from Definition 3.1, we have

∨
x∈B⊆A

ϕ∩β (B) ≥
Nβ

x (A) > 1 − λ, i.e., there existsB ⊆ A such that
x ∈ B ⊆ A and

∨ {
min
λ∈Λ

ϕβ(Bλ) :
⋂

λ∈Λ

Bλ = B, Bλ ⊆ X,λ ∈ Λ
}

= ϕ∩β (B) > 1− λ,

whereΛ is finite. Therefore there exists a finite setΛ
and Bλ ⊆ X(λ ∈ Λ) such that

⋂
λ∈Λ

Bλ = B and for

any λ ∈ Λ, ϕβ(Bλ) > 1 − λ. SinceS ˜6⊂A andΛ is
finite, there existsλ(x) ∈ Λ such thatS ˜6⊂Bλ(x). We
set<◦(Bλ(x)) =

∨
x∈X

ϕβ(Bλ(x)).If ℘ ≤ <◦, then for

anyδ > 0, ℘δ ⊆ {Bλ(x) : x ∈ X}. Consequently, for

anyB ∈ ℘δ, S ˜6⊂B andS⊂̃Bc becauseS is a univer-
sal net. If [FF (℘)] = 1 − inf {δ ∈ [0, 1] : F (℘δ)} =
t, then for anyn ∈ w (the non-negative integer),
inf {δ ∈ [0, 1] : F (℘δ)} < 1 − t + 1

n , and there ex-
istsδ◦ < 1 − t + 1

n such thatF (℘δ◦). If δ◦ = 0,then
P (X) = ℘δ◦ is finite and it is proved in (2.1). Ifδ◦ >
0, then for anyB ∈ ℘δ◦, S⊂̃Bc. SinceF (℘δ◦), we
haveS⊂̃⋂{Bc : B ∈ ℘δ◦} 6= φ. i.e.,

⋃
℘δ◦ 6= X and

there existx◦ ∈ X such that for anyB ∈ ℘δ◦, x◦ /∈ B.
Therefore, ifx◦ ∈ B, thenB /∈ ℘δ◦, i.e.,℘(B) < δ◦,
K(℘,X) =

∧
x∈X

∨
x∈B

℘(B) ≤ ∨
x◦∈B

℘(B) ≤ δ◦ <

1 − t + 1
n . Let n → ∞. We obtainK(℘,X) ≤

1 − t and [K(℘,X) ⊗ FF (℘)] = 0. In addition,
[Kϕβ

(<◦, X)] ≥ 1 − λ. In fact, [<◦ ⊆ ϕβ ] = 1 and
[K(<◦, X)] =

∧
x∈X

∨
x∈B

<◦(B) ≥ ∧
x∈X

<◦(Bλ(x)) ≥
∧

x∈X

ϕβ(Bλ(x)) ≥ 1− λ becausex ∈ Bλ(x). Now, we

have
[β1] = (∀<)(Kϕβ

(<, X) → ∃℘((℘ ≤ <) ∧
K(℘,X)⊗ FF (℘)))

≤ Kϕβ
(<◦, X) → ∃℘((℘ ≤ <◦) ∧ K(℘,X) ⊗

FF (℘))
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= min(1, 1 − Kϕβ
(<◦, X) +

∨
℘≤<◦

[K(℘, X) ⊗
FF (℘))]≤ λ.
By noticing thatλ is arbitrary, we have[β1] ≤ [β2].
(3) It is immediate that[β2] ≤ [β3].
(4) To prove that[β3] ≤ [β4], first we prove that
[∃T ((T < S) ∧ (T .β x))] ≤ [S ∝β x], where
[∃T ((T < S) ∧ (T .β x))]=

∨
T<S

∧
T ˜6⊂A

(
1−Nβ

x (A)
)

and [S ∝β x] =
∧

S ˜6≺A

(
1−Nβ

x (A)
)
. Indeed, for any

T < S one can deduce{A : S ˜6≺A} ⊆ {A : T ˜6⊂A}
as follows. SupposeT = S ◦K . If S ˜6≺A, then there
existsm ∈ D such thatS(n) /∈ A when n ≥ m,
where≥ directs the domainD of S. Now, we will
show thatT ˜6⊂A. If not, then there existsp ∈ E such
thatT (q) ∈ A whenq ≥ p, where≥ directs the do-
main E of T . Moreover, there existsn1 ∈ E such
that K(n1) ≥ m becauseT < S, and there exists
n2 ∈ E such thatn2 ≥ n1, p because(E,≥) is di-
rected. So,K(n2) ≥ K(n1) ≥ m, S ◦ K(n2) /∈ A
and S ◦ K(n2) = T (n2) ∈ A. They are contrary.
Hence {A : S ˜6≺A} ⊆ {A : T ˜6⊂A}. Therefore
[∃T ((T < S)∧(T .β x))]=

∨
T<S

∧
T ˜6⊂A

(
1−Nβ

x (A)
)

=

∨
T<S

∧
{A:T ˜6⊂A}

(
1−Nβ

x (A)
) ≤ ∧

{A:S ˜6≺A}

(
1−Nβ

x (A)
)

=
∧

S ˜6≺A

(
1−Nβ

x (A)
)

= [S ∝β x]. Therefore for any

x ∈ X andS ∈ N(X) we have
[β3] =

∧
S∈N(X)

∨
x∈X

[∃T ((T < S) ∧ (T .β x))]

≤ ∧
S∈N(X)

∨
x∈X

[S ∝β x]

=
∧

S∈N(X)

¬
( ∧

x∈X

(
1− [S ∝β x]

))

=
∧

S∈N(X)

[¬(adhβS ≡ φ)] = [β4].

(5) We want to show that[β4] ≤ [β5]. For any
< ∈ =(P (X)), assume[fI(<)] = λ. Then for any
δ > 1−λ, if A1, ..., An ∈ <δ, A1∩A2∩ ...∩An 6= φ.
In fact, we set℘(Ai) =

∨n
i=1 <(Ai). Then℘ ≤ < and

FF (℘) = 1. By puttingε = λ + δ− 1 > 0, we obtain
λ − ε < λ ≤ [FF (℘) → (∃x)(∀B)(B ∈ ℘ →
x ∈ B)] =

∨
x∈X

∧
x/∈B

(1 − ℘(B)). There exists

x◦ ∈ X such thatλ − ε <
∧

x◦ /∈B

(1 − ℘(B)),

x◦ /∈ B implies ℘(B) < 1 − λ + ε = δ and
x◦ ∈ ∩℘δ = A1 ∩ A2 ∩ ... ∩ An. Now, we setϑδ =
{A1 ∩A2 ∩ ... ∩An : n ∈ N,A1, ..., An ∈ <δ} and
S : ϑδ → X, B 7→ xB ∈ B, B ∈ ϑδ and know

that (ϑδ,⊆) is a directed set andS is a net inX.
Therefore[β4] ≤ [¬(adhβS ≡ φ)] =

∨
x∈X

∧
S
∼
6≺A

(1 −

Nβ
x (A)). Assume [< ⊆ Γβ ] = µ. Then for any

B ∈ P (X),<(B) ≤ 1 + Γβ(B) − µ, and [< ⊆
Γβ ⊗ fI(<) → (∃x)(∀A)((A ∈ <) → x ∈ A)]
= min(1, 2 − µ − λ +

∨
x∈X

∧
x/∈A

(1 − <(A))). There-

fore it suffices to show that for anyx ∈ X,
∧

S
∼
6≺A

(1 −

Nβ
x (A)) ≤ 2−µ−λ+

∧
x/∈A

(1−<(A)),i.e.,
∨

x/∈A

<(A) ≤
2− µ− λ +

∨
S
∼
6≺A

Nβ
x (A) for someδ > 1− λ.For any

t ∈ [0, 1], if
∨

x/∈A

<(A) > t, then there existsA◦ such

thatx◦ /∈ A◦ and <(A◦) > t.
Case 1.t ≤ 1− λ, thent ≤ 2− µ− λ +

∨
S
∼
6≺A

Nβ
x (A).

Case 2.t > 1− λ. Here we setδ = 1
2 (t + 1− λ) and

haveA◦ ∈ <δ, A◦ ∈ ϑδ. In addition,t < <(A◦) ≤
1 + Γβ(A◦) − µ, t + µ − 1 ≤ Γβ(A◦) = τβ(Ac

◦).
Since A◦ ∈ ϑδ, we know thatSB ∈ A◦, i.e.,

SB /∈ Ac
◦ when B ⊆ A◦ and S

∼
6≺ Ac

◦. Therefore
2 − µ − λ +

∨
S
∼
6≺A

Nβ
x (A) ≥ 2 − µ − λ + Nβ

x (Ac
◦) ≥

2 − µ − λ + τβ(Ac
◦) ≥ t + (1 − λ) ≥ t. By noticing

that t is arbitrary, we have completed the proof.
(6) To prove that[β5] = [(X, τ) ∈ Γβ ] see [10, Theo-
rem 4.3].

As a sense in Remarks 3.2 and 3.7, the above theo-
rem is a generalization of the following corollary.

Corollary 4.2 The following are equivalent for a
topological space(X, τ).
(a) X is anβ-compact space.
(b) Every cover ofX by members of anβ-subbase of
τβ has a finite subcover.
(c) Every universal net in Xβ-converges to a point in
X.
(d) Each net in X has a subnet thatβ-converges to
some point in X.
(e) Each net in X has anβ-adherent point.
(f) Each family ofβ-closed sets in X that has the finite
intersection property has a non-void intersection.

Definition 4.3 Let {(Xs, τs) : s ∈ S} be a family of
fuzzifying topological spaces,

∏
s∈S

Xs be the cartesian

product of{Xs : s ∈ S} andϕ = {p−1
s (Us) : s ∈
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S, Us ∈ p(Xs)}, wherept :
∏

s∈S

Xs → Xt(t ∈ S) is

a projection. ForΦ ⊆ ϕ, S(Φ) stands for the set of
indices of elements inΦ. Theβ-base ßβ ∈ =(

∏
s∈S

Xs)

of
∏

s∈S

(τβ)s is defined as

V ∈ßβ := (∃Φ)(Φ ⊂f ϕ ∧ (
⋂

Φ = V )) → ∀s(s ∈
S(Φ) → Vs ∈ (τβ)s), i.e.,

ßβ(V ) =
∨

Φ⊂f ϕ,
⋂

Φ=V

∧
s∈S(Φ)

(τβ)s(Vs).

Definition 4.4 Let (X, τ), (Y, σ) be two fuzzifying
topological space. A unary fuzzy predicateOβ ∈
=(Y X), is called fuzzifyingβ-openness, is given as:
Oβ(f) := ∀U(U ∈ τβ → f(U) ∈ σβ). Intu-
itively, the degree to which f isβ-open is[Oβ(f)] =∧
B⊆X

min(1, 1− τβ(U) + σβ (f(U))).

Lemma 4.5 Let (X, τ) and (Y, σ) be two fuzzifying
topological space. For anyf ∈ Y X ,
Oβ(f) := ∀B(B ∈ßX

β → f(B) ∈ σβ), where ßXβ is
anβ-base ofτβ .

Proof. Clearly,[Oβ(f)] ≤ [∀U(U ∈ßX
β → f(U) ∈

σβ)]. Conversely, for anyU ⊆ X, we are go-
ing to prove min(1, 1 − τβ(U) + σβ (f(U))) ≥
[∀V (V ∈ßX

β → f(V ) ∈ σβ)]. If τβ(U) ≤ σβ(f(U)),
it is hold clearly. Now assumeτβ(U) > σβ(f(U)).

If C ⊆ P (X) with
⋃ C = U, then

⋃
V ∈C f(V ) =

f(
⋃ C) = f(U). Therefore

τβ(U)− σβ(f(U))
=

∨
C⊆P (X),

⋃ C=U

∧
V ∈C

ßX
β (V )

− ∨
K⊆P (Y ),

⋃K=f(U)

∧
W∈K

σβ(W )

≤ ∨
C⊆P (X),

⋃ C=U

∧
V ∈C

ßX
β (V )

− ∨
C⊆P (X),

⋃ C=U

∧
V ∈C

σβ(f(V ))

≤ ∨
C⊆P (X),

⋃ C=U

∧
V ∈C

(
ßX

β (V )− σβ(f(V ))
)

min(1, 1− τβ(U) + σβ (f(U)))
≥ ∨
C⊆P (X),

⋃ C=U

∧
V ∈C

min(1, 1− ßX
β (V ) + σβ (f(V )))

≥ [∀V (V ∈ ßX
β → f(V ) ∈ σβ)].

Lemma 4.6 For any family{(Xs, τs) : s ∈ S} of
fuzzifying topological spaces.

(1) |= (∀s)(s ∈ S → ps ∈ Oβ);
(2) |= (∀s)(s ∈ S → ps ∈ Cβ).

Proof. (1) For any t ∈ S, we haveOβ(pt) =
∧

U∈P (
∏

s∈S

Xs)

min(1, 1−
( ∏

s∈S

(τβ)s

)
(U)+(τβ)t (pt(U))).

Then it suffices to show that for anyU ∈ P (
∏

s∈S

Xs),

we have(τβ)t (pt(U)) ≥
( ∏

s∈S

(τβ)s

)
(U).

Assume( ∏
s∈S

(τβ)s

)
(U) =

∨
∪

λ∈Λ
Bλ=U

∧
λ∈Λ

∨
Φλ⊂f ϕ,∩Φλ=Bλ

∧
s∈S(Φλ)

(τβ)s(Vs) > µ,

whereΦλ = {p−1
s (Vs) : s ∈ S(Φλ)}(λ ∈ Λ).

Hence there exists{Bλ : λ ∈ Λ} ⊆ P (
∏

s∈S

Xs)

such that
⋃

λ∈Λ

Bλ = U and furthermore, for any

λ ∈ Λ, there existsΦλ ⊂f ϕ such that∩Φλ = Bλ

and
⋂

s∈S(Φλ)

p−1
s (Vs) = Bλ, where for anys ∈

S(Φλ) we have (τβ)s(Vs) > µ. Thus pt(U) =
pt(

⋃
λ∈Λ

⋂
s∈S(Φλ)

p−1
s (Vs)).

(1) If for any λ ∈ Λ,
⋂

s∈S(Φλ)

p−1
s (Vs) = φ, then

U = φ, pt(U) = φ and(τβ)t (pt(U)) = 1. Therefore

(τβ)t (pt(U)) ≥
( ∏

s∈S

(τβ)s

)
(U).

(2) If there existsλ◦ ∈ Λ, such thatφ 6= ⋂
s∈S(Φλ)

p−1
s (Vs) =

Bλ◦ ,

(i) If t /∈ S(Φλ◦), i.e.,t ∈ S−S(Φλ◦), pt(Bλ◦) = Xt.

Therefore(τβ)t(pt(Bλ◦)) = (τβ)t(Xt) = 1.

(ii) If t ∈ S(Φλ◦), thenpt(Bλ◦) = Vt ⊆ Xt. Thus
pt(U) = pt((

⋃
t∈S(Φλ◦ )

Bλ◦) ∪ (
⋃

t/∈S(Φλ◦ )

Bλ◦)) =

(
⋃

t∈S(Φλ◦ )

pt(Bλ◦))∪ (
⋃

t/∈S(Φλ◦ )

pt(Bλ◦)) = Vt ∪Xt =

Xt.
Hence(τβ)t(pt(U)) = (τβ)t(Xt) = 1 or (τβ)t(pt(U)) =
(τβ)t(Vt) > λ.

Therefore(τβ)t (pt(U)) ≥
( ∏

s∈S

(τβ)s

)
(U). Thus

Oβ(pt) = 1.

(2) From Lemma 3.1 in [15] we have|= (∀s)(s ∈
S → ps ∈ C). Furthermore, for any two fuzzifying
topological spaces(X, τ) and(Y, σ) andf ∈ Y X , we
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haveC(f) ≤ Cβ(f) (Theorem 3.3 in [3]). Therefore
|= (∀s)(s ∈ S → ps ∈ Cβ).

Theorem 4.7 Let {(Xs, τs) : s ∈ S} be the family of
fuzzifying topological spaces, then
|= ∃U(U ⊆ ∏

s∈S

Xs∧Γβ(U, τ/U)∧∃x(x ∈ Intβ(U)) →
∃T (T ⊂f S ∧ ∀t(t ∈ S − T ∧ Γβ(Xt, τt))).

Proof. It suffices to show that

∨
U∈P (

∏
s∈S

Xs)


Γβ(U, τ/U) ∧ ∨

x∈ ∏
s∈S

Xs

Nβ
x (U)




≤ ∨
T⊂f S

∧
t∈S−T

Γβ(Xt, τt).

Indeed, if

∨
U∈P (

∏
s∈S

Xs)


Γβ(U, τ/U) ∧ ∨

x∈ ∏
s∈S

Xs

Nβ
x (U)




> µ > 0, then there existsU ∈ P (
∏

s∈S

Xs) such

that Γβ(U, τ/U) > µ and
∨

x∈ ∏
s∈S

Xs

Nβ
x (U) > µ,

whereNβ
x (U) =

∨
x∈V⊆U

( ∏
s∈S

(τβ)s

)
(V ). Further-

more, there existsV such thatx ∈ V ⊆ U and( ∏
s∈S

(τβ)s

)
(V ) > µ. Since ßβ is an β-base of

∏
s∈S

(τβ)s,
( ∏

s∈S

(τβ)s

)
(V ) =

∨
∪

λ∈Λ
Bλ=V

∧
λ∈Λ

ßβ(Bλ)

=
∨

∪
λ∈Λ

Bλ=V

∧
λ∈Λ

∨
Φλ⊂f ϕ,∩Φλ=Bλ

∧
s∈S(Φλ)

(τβ)s(Vs) >

µ,
whereΦλ = {p−1

s (Vs) : s ∈ S(Φλ)}(λ ∈ Λ).
Hence there exists{Bλ : λ ∈ Λ} ⊆ P (

∏
s∈S

Xs)

such that ∪
λ∈Λ

Bλ = V. Furthermore, for anyλ ∈ Λ,

there existsΦλ ⊂f ϕ such that∩Φλ = Bλ and
for any s ∈ S(Φλ), we have(τβ)s(Vs) > µ. Since
x ∈ V, there existsBλx such thatx ∈ Bλx ⊆
V ⊆ U. Hence there existsΦλx ⊂f ϕ such that
∩Φλx = Bλx and

⋂
s∈S(Φλ)

p−1
s (Vs) = Bλx ⊆

∏
s∈S

Xs

and for anys ∈ S(Φλ), we have(τβ)s(Vs) > 1 − µ.
By

⋂
s∈S(Φλ)

p−1
s (Vs) = Bλx , we havepδ(Bλx) =

Vδ ⊆ Xδ,if δ ∈ S(Φλx); pδ(Bλx) = Xδ,if δ ∈
S − S(Φλx). Since Bλx ⊆ U, for any δ ∈ S −

S(Φλx
), we havepδ(U) ⊇ pδ(Bλx

) = Xδ and
pδ(U) = Xδ. On the other hand, since for any

s ∈ S andUs ∈ P (Xs),
( ∏

t∈S

(τβ)t

) (
p−1

s (Us)
) ≥

(τβ)s(Us), we have , for anys ∈ S, Iβ(ps) =
∧

Us∈P (Xs)

min
(

1, 1− (τβ)s(Us) +
∏
t∈S

(τβ)t

(
p−1

s (Us)
))

=

1. Furthermore, since by Theorem 5.3 in [11], we
have |= Γβ(X, τ) ⊗ Iβ(f) → Γβ(f(X)), then
Γβ(U, τ/U) = Γβ(U, τ/U)⊗Iβ(ps) ≤ Γβ(pδ(U), τδ) =
Γβ(Xδ, τδ). Therefore

∨
T⊂f S

∧
t∈S−T

Γβ(Xt, τt) ≥
∧

δ∈S−S(Φλ)

Γβ(Xδ, τδ) ≥ Γβ(U, τ/U) > µ.

The above theorem is a generalization of the follow-
ing corollary.

Corollary 4.8 If there exists a coordinateβ-neighborhood
β-compact subsetU of some pointx ∈ X of the prod-
uct space, then all except a finite number of coordinate
spaces areβ-compact.

Lemma 4.9 For any fuzzifying topological space(X, τ), A ⊆
X,
|= T β

2 (X, τ) → T β
2 (A, τ/A).

Proof.
[T β

2 (X, τ)]
=

∧
x,y∈X,x 6=y

∨
U,V ∈P (X),U∩V =φ

(Nβ
x (U), Nβ

y (V ))

≤ ∧
x,y∈X,x 6=y

∨
(U∩A)∩(V ∩A)=φ

(NβA

x (U∩A), NβA

y (V ∩
A))
≤ ∧

x,y∈A,x 6=y

∨
U ′∩V ′=φ,U ′,V ′∈P (A)

(NβA

x (U ′), NβA

y (V ′))

= T β
2 (A, τ/A),

whereNβA

x (U) =
∨

x∈C⊆U

τβ/A(C) andτβ/A(B) =
∨

B=V ∩A

τβ(V ).

Lemma 4.10 For any fuzzifyingβ−topological space
(X, τ),
|= T β

2 (X, τ)⊗ Γβ(X, τ) → T β
4 (X, τ).

For the definition ofT β
4 (X, τ) see [10, Definition 2.1

].

Proof. If [T β
2 (X, τ)⊗Γβ(X, τ)] = 0, then the result

holds. Now, suppose that[T β
2 (X, τ) ⊗ Γβ(X, τ)] >
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λ > 0. ThenT β
2 (X, τ) + Γβ(X, τ) − 1 > λ > 0.

Therefore from Theorem 5.4 in [11]
T β

2 (X, τ) ⊗ (Γβ(A) ∧ Γβ(B)) ∧ (A ∩ B = φ) |=ws

T β
2 (X, τ) → (∃U)(∃V )((U ∈ τβ)∧ (V ∈ τβ)∧ (A ⊆

U) ∧ (B ⊆ V ) ∧ (A ∩ B = φ)). Then for any
A,B ⊆ X, A ∩B = φ,
T β

2 (X, τ)⊗ (Γβ(A) ∧ Γβ(B))
≤ ∨

U∩V =φ,A⊆U,B⊆V

min(τβ(U), τβ(V ))

or equivalentlyT β
2 (X, τ) ≤ Γβ(A) ∧ Γβ(B) →∨

U∩V =φ,A⊆U,B⊆V

min(τβ(U), τβ(V ))

Hence for anyA,B ⊆ X,A ∩B = φ,
1− [Γβ(A) ∧ Γβ(B)] +∨

U∩V =φ,A⊆U,B⊆V

min(τβ(U), τβ(V ))

+Γβ(X, τ)− 1 > λ.
From Theorem 5.1 in [11] we have|= Γβ(X, τ) ⊗

A ∈ Γβ → Γβ(A). Then Γβ(X, τ) + [τβ(Ac) ∧
τβ(Bc)]−1 = (Γβ(X, τ)+τβ(Ac)−1)∧ (Γβ(X, τ)+
τβ(Bc) − 1) ≤ (Γβ(X, τ) ⊗ τβ(Ac))∧ (Γβ(X, τ) ⊗
τβ(Bc)) ≤ [Γβ(A) ∧ Γβ(B)]. Thus Γβ(X, τ) −
[Γβ(A) ∧ Γβ(B)] − 1 ≤ −[τβ(Ac) ∧ τβ(Bc)]. So,
1− [τβ(Ac) ∧ τβ(Bc)] +∨
U∩V =φ,A⊆U,B⊆V

min(τβ(U), τβ(V )) > λ, i.e.,

T β
4 (X, τ) =

∧
A∩B=φ

min(1, 1−[τβ(Ac)∧τβ(Bc)]+
∨

U∩V =φ,A⊆U,B⊆V

min(τβ(U), τβ(V ))) > λ.

The above lemma is a generalization of the follow-
ing corollary.

Corollary 4.11 Every β-compactβ-Hausdorff topo-
logical space isβ-normal.

Lemma 4.12 For any fuzzifyingβ−topological space
(X, τ),
|= T β

2 (X, τ)⊗ Γβ(X, τ) → T β
3 (X, τ). For the defini-

tion of
T β

3 (X, τ) see [10, Definition 2.1 ].

Proof. Immediate, setA = {x} in the above lemma.

The above lemma is a generalization of the follow-
ing corollary.

Corollary 4.13 Every β-compactβ-Hausdorff topo-
logical space isβ-regular.

Theorem 4.14For any fuzzifying topological space
(X, τ) andA ⊆ X,

|= T β
2 (X, τ)⊗ Γβ(A) → A ∈ Γβ .

Proof. For any{x} ⊂ Ac, we have{x}∩A = φ and
Γβ({x}) = 1. By Theorem 5.4 in [11]
[T β

2 (X, τ)⊗ (Γβ(A) ∧ Γβ({x}))]
≤ ∨

G∩Hx=φ,A⊆G,x∈Hx

min(τβ(G), τβ(Hx))). Assume

γx = {Hx : A ∩Hx = φ, x ∈ Hx},
⋃

x∈Ac

f(x) ⊇ Ac

and
⋃

x∈Ac

f(x) ∩ A =
⋃

x∈Ac

(f(x) ∩ A) = φ. So,
⋃

x∈Ac

f(x) = Ac.

Therefore[T β
2 (X, τ)⊗Γβ(A)] ≤ ∨

G∩Hx=φ,A⊆G,x∈Hx

τβ(Hx)

≤ ∧
x∈Ac

∨
A∩Hx=φ,x∈Hx

τβ(Hx)

=
∨

f∈ ∏
x∈Ac

γx

∧
x∈Ac

τβ(f(x))≤ ∨
f∈ ∏

x∈Ac
γx

τβ(
⋃

x∈Ac

f(x))=

∨
f∈ ∏

x∈Ac
γx

τβ(Ac) =Γβ(A).

The above theorem is a generalization of the follow-
ing corollary.

Corollary 4.15 β-compact subspace ofβ-Hausdorff
topological space isβ-closed.

5. Fuzzifying locally β-compactness

Definition 5.1 Let Ω be a class of fuzzifying topolog-
ical spaces. A unary fuzzy predicateLβC ∈ =(Ω),
called fuzzifying locallyβ-compactness, is given as
follows:
(X, τ) ∈ LβC := (∀x)(∃B)((x ∈ Intβ(B) ⊗
Γβ(B, τ/B)). Since[x ∈ Intβ(X)] = Nβ

x (X) = 1,

thenLβC(X, τ) ≥ Γβ(X, τ). Therefore,|= (X, τ) ∈
Γβ → (X, τ) ∈ LβC.

Also, since|= (X, τ) ∈ Γ → (X, τ) ∈ LC [12]and
|= (X, τ) ∈ Γβ → (X, τ) ∈ Γ [11], |= (X, τ) ∈
Γβ → (X, τ) ∈ LC.

Theorem 5.2 For any fuzzifying topological space
(X, τ) andA ⊆ X,

|= (X, τ) ∈ LβC ⊗A ∈ Γβ → (A, τ/A) ∈ LβC.
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Proof. We have

LβC(X, τ)
=

∧
x∈X

∨
B⊆X

max(0, NβX

x (B) + Γβ(B, τ/B)− 1)

LβC(A, τ/A)
=

∧
x∈A

∨
G⊆A

max(0, NβA

x (G) + Γβ(G, (τ/A)/G)− 1).

Now, suppose that[(X, τ) ∈ LβC ⊗ A ∈ Γβ ] > λ >
0. Then for anyx ∈ A, there existsB ⊆ X such that
NβX

x (B) + Γβ(B, τ/B) + τβ(X − A) − 2 > λ.
(*)
Set E = A ∩ B ∈ P (A). Then NβA

x (E) =∨
E=C∩B

NβX

x (C) ≥ NβX

x (B) and for anyU ∈ P (E),

we have

(τβ/A)β/E(U) =
∨

U=C∩E

τβ/A(C)

=
∨

U=C∩E

∨
C=D∩A

τβ(D)

=
∨

U=D∩A∩E

τβ(D) =
∨

U=D∩E

τβ(D).

Similarly, (τβ/B)β/E(U) =
∨

U=D∩E

τβ(D). Thus,

(τβ/B)β/E = (τβ/A)β/E andΓβ(E, (τ/A)/E) =
Γβ(E, (τ/B)/E). Furthermore,[E ∈ Γβ/B] =
τβ/B(B−E) = τβ/B(B∩Ec) =

∨
B∩Ec=B∩D

τβ(D) ≥
τβ(X − A) = Γβ(A). Since|= (X, τ) ∈ Γβ ⊗ A ∈
Γβ → (A, τ/A) ∈ Γβ , from (*) we have for any
x ∈ A that∨
G⊆A

max(0, NβA

x (G) + Γβ(G, (τ/A)/G)− 1)

≥ NβA

x (E) + Γβ(E, (τ/A)/E)− 1
= NβA

x (E) + Γβ(E, (τ/B)/E)− 1
≥ NβX

x (B) + [Γβ(B, τ/B)⊗ E ∈ Γβ/B]− 1
≥ NβX

x (B) + Γβ(B, τ/B) + [E ∈ Γβ/B]− 2
≥ NβX

x (B) + Γβ(B, τ/B) + [A ∈ Γβ ]− 2 > λ.

ThereforeLβC(A, τ/A) =
∧

x∈A

∨
G⊆A

max(0, NβA

x (G)+

Γβ(G, (τ/A)/G)− 1) > λ.
Hence[(X, τ) ∈ LβC ⊗A ∈ Γβ ] ≤ LβC(A, τ/A).

As a crisp result of the above theorem we have the
following corollary.

Corollary 5.3 Let A be anβ-closed subset of locally
β-compact space(X, τ). Then A with the relative
topologyτ/A is locallyβ-compact.

The following theorem is a generalization of the
statement "IfX is anβ-Hausdorff topological space
andA is anβ-dense locallyβ-compact subspace, then
A is β-open", whereA is anβ-dense in a topological
spaceX if and only if theβ-closure ofA is X.

Theorem 5.4 For any fuzzifyingβ-topological space
(X, τ) andA ⊆ X,

|= T β
2 (X, τ) ⊗ LβC(A, τ/A) ⊗ (Clβ(A) ≡ X) →

A ∈ τβ .

Proof. Assume[T β
2 (X, τ)⊗LβC(A, τ/A)⊗(Clβ(A) ≡

X)] > λ > 0. Then
LβC(A, τ/A) > λ− [T β

2 (X, τ)⊗ (Clβ(A) ≡ X)] +
1 = λ′ > λ ,i. e.,∧
x∈A

∨
B⊆A

max(0, NβA

x (B)+Γβ(B, (τ/A)/B)−1) >

λ′. Thus for anyx ∈ A, there existsBx ⊆ A such
that NβA

x (Bx) + Γβ(Bx, (τ/A)/Bx) − 1 > λ′. i.e.,∨
H∩A=Bx

∨
x∈K⊆H

τβ(K) +Γβ(Bx, (τ/A)/Bx) − 1 >

λ′. Hence there existsKx such thatKx ∩ A = Bx,
τβ(Kx) +Γβ(Bx, (τ/A)/Bx) − 1 > λ′. Therefore
τβ(Kx) > λ′.
(1) If for any x ∈ A there existsKx such that
x ∈ Kx ⊆ Bx ⊆ A, then

⋃
x∈A

Kx = A and

τβ(A) = τβ(
⋃

x∈A

Kx) ≥ ∧
x∈A

τβ(Kx) ≥ λ′ > λ.

(2) If there existsx◦ ∈ A such thatKx◦ ∩ (Bc
x◦) 6= φ,

τβ(Kx◦) +Γβ(Bx◦ , (τ/A)/Bx◦) − 1 > λ′. From the
hypothesis[T β

2 (X, τ) ⊗ LβC(A, τ/A) ⊗ (Clβ(A) ≡
X)] > λ > 0, we have[T β

2 (X, τ) ⊗ (Clβ(A) ≡
X)] 6= 0. So τβ(Kx◦) +Γβ(Bx◦ , (τ/A)/Bx◦) − 1
+[T β

2 (X, τ) ⊗ (Clβ(A) ≡ X)] − 1 > 0. Therefore
τβ(Kx◦) +Γβ(Bx◦ , (τ/A)/Bx◦) − 1 + T β

2 (X, τ) +
[(Clβ(A) ≡ X)]−1−1 > λ. Since(τβ/A)β/Bx◦(U) =∨
U=C∩Bx◦

τβ/A(C) =
∨

U=C∩Bx◦

∨
C=D∩A

τβ(D) =
∨

U=D∩Bx◦

τβ(D)

= τβ/Bx◦(U), Γβ(Bx◦ , (τ/A)/Bx◦) = Γβ(Bx◦ , τ/Bx◦).
From Theorem 4.3 we haveτβ(Bc

x◦) ≥ T β
2 (X, τ) ⊗

Γβ(Bx◦ , τ/Bx◦) ≥ T β
2 (X, τ)+Γβ(Bx◦ , τ/Bx◦)−1.

Henceτβ(Kx◦)+ τβ(Bc
x◦)+ [Clβ(A) ≡ X]− 2 > λ.

Now, for any y ∈ Ac we have[Clβ(A) ≡ X] =∧
x∈X

(1−NβX

x (Ac)) ≤ 1−NβX

y (Ac). Since(X, τ) is a

fuzzifying β-topological space,τβ(Kx◦)+ τβ(Bc
x◦)−

1 ≤ τβ(Kx◦) ⊗ τβ(Bc
x◦) ≤ τβ(Kx◦) ∧ τβ(Bc

x◦) ≤
τβ(Kx◦ ∩ Bc

x◦) ≤ NβX

y (Kx◦ ∩ Bc
x◦) ≤ NβX

y (Ac),
where y ∈ Kx◦ ∩ Bc

x◦ ⊆ Hx◦ ∩ (Hx◦ ∩ A)c =
Hx◦ ∩ (Hc

x◦ ∪ Ac) = Hx◦ ∩ Ac ⊆ Ac. Therefore
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0 < λ < τβ(Kx◦) + τβ(Bc
x◦) + [Clβ(A) ≡ X]− 2 =

τβ(Kx◦) + τβ(Bc
x◦) − 1+ [Clβ(A) ≡ X] − 1 ≤

NβX

y (Ac) + 1 − NβX

y (Ac) − 1 = 0, a contradiction.
So, case (2) does not hold. We complete the proof.

Theorem 5.5 For any fuzzifyingβ-topological space
(X, τ),
|= T β

2 (X, τ)⊗(LβC(X, τ))2 → ∀x∀U(U ∈ NβX

x →
∃V (V ∈ NβX

x ∧ Clβ(V ) ⊆ U ∧ Γβ(V ))),
where(LβC(X, τ))2 := LβC(X, τ)⊗ LβC(X, τ).

Proof. We need to show that for anyx and U ,
x ∈ U ,
T β

2 (X, τ)⊗(LβC(X, τ))2⊗NβX

x (U) ≤ ∨
V⊆X

(NβX

x (V )∧
∧

y∈Uc

NβX

x (V c)∧Γβ(V, τ/V )). Assume thatT β
2 (X, τ)⊗

(LβC(X, τ))2 ⊗ NβX

x (U) > λ > 0. Then for any
x ∈ X there existsC such that
T β

2 (X, τ) + NβX

x (C) + (LβC(X, τ))2 + NβX

x (U)−
3 > λ. (*)
Since(X, τ) is fuzzifyingβ-topological space,NβX

x (C)+
NβX

x (U) − 1 ≤ NβX

x (C) ⊗ NβX

x (U) ≤ NβX

x (C) ∧
NβX

x (U) ≤NβX

x (C∩U) =
∨

x∈W⊆C∩U

τβ(W ). There-

fore there existsW such thatx ∈ W ⊆ C ∩ U,
and T β

2 (X, τ) + (LβC(X, τ))2 + τβ(W ) − 2 >

λ. By Lemmas 4.3 and 4.5 we haveT β
2 (X, τ) ≤

T β
2 (C, τ/C) andT β

2 (C, τ/C) + Γβ(C, τ/C) − 1 ≤
T β

2 (C, τ/C) ⊗ Γβ(C, τ/C) ≤ T β
3 (C, τ/C).Thus

T β
3 (X, τ) + Γβ(C, τ/C) + τβ(W ) − 2 > λ. Since

for any x ∈ W ⊆ U, we haveT β
3 (C, τ/C) ≤ 1 −

τβ/C(W )+
∨

G⊆C

(
(NβC

x (G) ∧ ∧
y∈C−W

NβC

y (C −G))

)
,

so there existsG, x ∈ G ⊆ W such that

(
(NβC

x (G) ∧ ∧
y∈C−W

NβC

y (C −G))

)

≥ T β
3 (C, τ/C) + τβ/C(W )− 1

≥ T β
3 (C, τ/C) + τβ(W )− 1,(

(NβC

x (G) ∧ ∧
y∈C−W

NβC

y (C −G))

)

+Γβ(C, τ/C)− 1 > λ.

Thus NβC

x (G) =
∨

D∩C=G

NβX

x (D) = NβX

x (G ∪
Cc) > λ′ = λ + 1 − Γβ(C, τ/C) ≥ λ. Fur-

thermore, for anyy ∈ C − W, NβC

y (C − G) =∨
D∩C=C∩Gc

NβX

y (Gc ∪ Cc) = NβX

y (Gc) > λ′ and

NβX

x (G) = NβX

x ((G ∪Cc) ∩C) ≥ NβX

x (G ∪Cc) ∧
NβX

x (C) > λ′. SinceNβX

y (Gc) =
∨

x∈Bc⊆Gc

τβ(Bc) >

λ′, for any y ∈ C − W, there existsBc
y such that

y ∈ Bc
y ⊆ Gc and τβ(Bc

y) > λ′. Set Bc =⋃
y∈C−W

Bc
y . ThenC −W ⊆ Bc ⊆ Gc andτβ(Bc) ≥

∧
y∈C−W

τβ(Bc
y) ≥ λ′. Again, setV = B ∩ C, then

V ⊆ (C −W )c ∩ C = (Cc ∪W ) ∩ C = C ∩W =
W ⊆ U ∩ C and V c = Bc ∪ Cc. Since(X, τ) is
fuzzifying β-topological space,

NβX

x (V ) = NβX

x (B ∩ C) ≥ NβX

x (B) ∧NβX

x (C)
≥ NβX

x (G) ∧NβX

x (C) > λ. (1)

By (*) and Theorem 4.3,τβ(Cc) ≥ T β
2 (X, τ) ⊗

Γβ(C, τ/C) ≥ T β
2 (X, τ) + Γβ(C, τ/C)− 1 ≥ λ′. So

τβ(V c) = τβ(Bc∪Cc) ≥ τβ(Bc)∧ τβ(Cc) ≥ λ′, i.e.,
τβ(V c) + Γβ(C, τ/C)− 1 ≥ λ and

Γβ(V, τ/V ) = Γβ(V, (τ/C)/V )
≥ τβ/C(C − V ) + Γβ(C, τ/C)− 1
≥ τβ(V c) + Γβ(C, τ/C)− 1 ≥ λ. (2)

∧

y∈Uc

NβX

y (V c) ≥
∧

y∈V c

NβX

y (V c) = τβ(V c) ≥ λ. (3)

Thus by (1), (2) and (3), for anyx ∈ U , there exists
V ⊆ U such thatNβX

x (V ) > λ,
∧

y∈Uc

NβX

y (V c) ≥ λ

andΓβ(V, τ/V ) ≥ λ. So

∨

V⊆X

(NβX

x (V ) ∧
∧

y∈Uc

NβX

y (V c) ∧ Γβ(V, τ/V )) ≥ λ.

Theorem 5.6 For any fuzzifyingβ-topological space
(X, τ),
|= T β

2 (X, τ)⊗ (LβC(X, τ))2 → T β
3 (X, τ)

Proof. By Theorem 5.5, for anyx ∈ U, we have∨
x∈V⊆U

(NβX

x (V ) ∧ ∧
y∈Uc

NβX

y (V c) ≥ [T β
2 (X, τ) ⊗

(Γβ(C, τ/C))2 ⊗NβX

x (U)].
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Thus1−NβX

x (U)+
∨

x∈V⊆U

(NβX

x (V )∧ ∧
y∈Uc

NβX

y (V c) ≥

[T β
2 (X, τ)⊗ (Γβ(C, τ/C))2],

i.e., [T β
3 (X, τ)] ≥ [T β

2 (X, τ)⊗ (Γβ(C, τ/C))2].

Theorem 5.7 For any fuzzifyingβ-topological space
(X, τ),
|= T β

3 (X, τ) ⊗ LβC(X, τ) → ∀A∀U(U ∈ NβX

A ⊗
Γβ(A, τ/A) →

∃V (V ⊆ U ∧U ∈ NβX

A ∧τβ(V c)∧
Γβ(V, τ/V ))),
whereU ∈ NβX

A := (∀x)(x ∈ A ∧ U ∈ NβX

x ).

Proof. We only need to show that for anyA,U ∈
P (X),
[T β

3 (X, τ)⊗LβC(X, τ)⊗Γβ(A, τ/A)⊗NβX

A (U)] ≤∨
V⊆U

(NβX

A (V ) ∧ τβ(V c)∧ Γβ(V, τ/V )).

Indeed, if[T β
3 (X, τ) ⊗ LβC(X, τ) ⊗ Γβ(A, τ/A) ⊗

NβX

A (U)] > λ > 0, then for anyx ∈ A, there ex-

ists C ∈ P (X) such that[T β
3 (X, τ) ⊗ NβX

x (C) ⊗
Γβ(C, τ/C)⊗ Γβ(A, τ/A)⊗NβX

A (U)] > λ.
Since(X, τ) is fuzzifyingβ-topological space,

∨
x∈W⊆C∩U

τβ(W )

= NβX

x (C ∩ U) ≥ NβX

x (C) ∧NβX

x (U)
≥ NβX

x (C) ∧NβX

A (U) ≥ NβX

x (C)⊗NβX

A (U).

Then there existsW such thatx ∈ W ⊆ C ∩ U, and
[T β

3 (X, τ)⊗τβ(W )⊗Γβ(C, τ/C)⊗Γβ(A, τ/A)] > λ.
Therefore
[T β

3 (X, τ)] + τβ(W ) − 1 > λ + 2 − Γβ(C, τ/C) −
Γβ(A, τ/A)] = λ′ ≥ λ. (*)
Since for anyx ∈ W, [T β

3 (X, τ)] ≤ 1 − τβ(W ) +∨
B⊆W

(NβX

x (B) ∧ ∧
y∈W c

NβX

y (Bc)), we have

∨

B⊆W

(NβX

x (B) ∧
∧

y∈W c

NβX

y (Bc)) > λ′.

Thus there existsBx such thatx ∈ Bx ⊆ W ⊆ C ∩U
and for anyy ∈ W c, we haveNβX

y (Bc
x) > λ′,

NβX

x (Bx) > λ′. SinceNβX

y (Bc
x) =

∨
x∈Gc⊆Bc

x

τβ(Gc) >

λ′, then for anyy ∈ W c, there existsGxy such
that x ∈ Gc

xy ⊆ Bc
x and τβ(Gc

xy) > λ′. Set
Gc

x =
⋃

y∈W c

Gc
xy, then W c ⊆ Gc

xy ⊆ Bc
x and

τβ(Gc
x) ≥ ∧

y∈W c

τβ(Gc
xy) ≥ λ′. SinceGx ⊇ Bx,

NβX

x (Gx) ≥ NβX

x (Bx) > λ′, i.e.,
∨

x∈H⊆Gx

τβ(H) >

λ′. Thus there existsHx such thatx ∈ Hx ⊆ Gx

and τβ(Hx) > λ′. Hence for anyx ∈ A, there ex-
ists Hx and Gx such thatx ∈ Hx ⊆ Gx ⊆ U,
τβ(Hx) > λ′ andW ⊇ ⋃

x∈A

Gx ⊇
⋃

x∈A

Hx ⊇ A. We

define< ∈ =(P (A)) as follows:

<(D) =

{ ∨
Hx∩A=D

τβ(Hx), ∃Hx with Hx ∩A = D,

0, otherwise.
Let Γβ(A, τ/A) = µ > µ − ε( ε > 0). Then
1 − Kβ(<, A) +

∨
℘≤<

[K(<, A) ⊗ FF (℘)] > µ − ε,

where

[K(<, A)] =
∧

x∈A

∨
x∈B

<(B)

=
∧

x∈A

∨
x∈D

<(D)

=
∧

x∈A

∨
x∈D

∨
Hx′∩A=D

τβ(Hx′) ≥ λ′

[< ⊆ τβ\A]
=

∧
B⊆X

min(1, 1−<(B) + τβ\A(B))

=
∧

B⊆X

min(1, 1− ∨
Hx∩A=B

τβ(Hx) +
∨

H∩A=B

τβ(H)) = 1.

So,Kβ(<, A) = [K(<, A)] ≥ λ′. By (*),
[K(<, A) ⊗ FF (℘)] > µ − ε − 1 + Kβ(<, A) ≥
µ− ε− 1 + λ′ ≥ λ− ε.
Thus

∧
x∈A

∨
x∈E

<(E)+1−∧{δ : F (℘δ)}− 1 > λ− ε,

and
∧

x∈A

∨
x∈E

<(E) > λ− ε +
∧{δ : F (℘δ)}.

Hence there existsα > 0 such thatF (℘α) and∧
x∈A

∨
x∈D

<(D) > λ − ε + α. Therefore for any

x ∈ A, there existsDx ⊆ A such that℘(Dx) >
λ − ε + α and

⋃
x∈A

Dx ⊇ A. Suitably chooseε such

thatλ− ε > 0, then℘(Dx) > α > 0. Since<(Dx) ≥
℘(Dx) > 0, Dx = Hx′ ∩ A, i.e.,Hx′ ∩ A ∈ ℘α. By
F (℘α), so there exists finiteHx′1 ,Hx′2 , ..., Hx′n such
that

⋃n
i=1 Hx′i ⊇ A and

⋃n
i=1 Hx′i ⊆

⋃n
i=1 Gx′i .Set

V =
⋃n

i=1 Gx′i , andV c =
⋂n

i=1 Gc
x′i

, A ⊆ V ⊆ U,

and τβ(V c) ≥ ∧
1≤i≤n

τβ(Gc
x′i

) ≥ λ′ > λ. Since for

any x ∈ A, Gx ⊆ W ⊆ C ∩ U ⊆ C, we have
V =

⋃n
i=1 Gx′i ⊆ W ⊆ C. Becauseτβ\C(C − V ) =∨

D∩C=C∩V c

τβ(D) ≥ τβ(V c) ≥ λ′. Thus by (*),

τβ\C(C − V ) + Γβ(C, τ/C) − 1 > λ. By Theo-
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rem 5.1 in [11],Γβ(V, τ/V ) = Γβ(V, τ/C/V ) ≥
[Γβ(C, τ/C)⊗ τβ\C(C − V )] > λ.
Finally, we have for anyx ∈ A,

NβX

x (V ) = NβX

x (
⋃n

i=1 Gx′i) ≥ NβX

x (
⋃n

i=1 Hx′i) ≥
τβ(

⋃n
i=1 Hx′i) ≥ ∧

1≤i≤n

τβ(Hx′i) ≥ λ′ > λ. So

NβX

A (V ) =
∧

x∈A

NβX

x (V ) ≥ λ. ThereforeNβX

A (V ) ∧
τβ(V c) ∧ Γβ(V, τ/V ) ≥ λ.

Thus
∨

V⊆U

(NβX

A (V ) ∧ τβ(V c) ∧ Γβ(V, τ/V )) ≥ λ.

Theorem 5.8 Let (X, τ) and (Y, σ) be two fuzzifying
topological space andf ∈ Y X be surjective. Then
|= LβC(X, τ) ⊗ Cβ(f) ⊗ O(f) → LC(Y, σ), where
O(f) := (∀U)((U ∈ τ) → (f(U) ∈ σ).

Proof. If [LβC(X, τ) ⊗ Cβ(f) ⊗ O(f)] > λ > 0,
then for anyx ∈ X,there existsU ⊆ X, such that
[NβX

x (U)⊗Γβ(U, τ/U)⊗Cβ(f)⊗O(f)] > λ. Since
NβX

x (U) =
∨

x∈V⊆U

τβ(V ), so there existsV ′ ⊆ X

such thatx ∈ V ′ ⊆ U and[τβ(V ′) ⊗ Γβ(U, τ/U) ⊗
Cβ(f) ⊗ O(f)] > λ. By Theorem 5.2 in [11] ,
[Γβ(U, τ/U)⊗ Cβ(f)] ≤ [Γ(f(U), σ/f(U))] and

[τ(V ′)⊗O(f)] = max(0, τ(V ′) + O(f)− 1)
= max(0, τ(V ′)+∧
V⊆X

min(1, 1− τ(V ′) + σ(f(V )))− 1)

≤ max(0, τ(V ′) + 1− τ(V ′) + σ(f(V ))− 1)
= σ(f(V )) ≤ N

Y

f(x)(f(V ′)) ≤ N
Y

f(x)(f(U)).

Sincef is surjective,

LC(Y, σ) = LC(f(X), σ)
=

∧
y∈f(x)⊆f(X)

∨
U ′=f(U)⊆f(X)

[N
Y

y (U ′)⊗ [Γ(U ′, σ/U ′)]

≥ ∧
y∈f(x)⊆f(X)

[N
Y

f(x)(f(U))⊗ [Γ(f(U), σ/f(U))]

≥ ∧
y∈f(x)⊆f(X)

[τ(V ′)⊗O(f)⊗ Γβ(U, τ/U)⊗ Cβ(f)]

≥ λ.

Theorem 5.9 Let (X, τ) and (Y, σ) be two fuzzifying
topological space andf ∈ Y X be surjective. Then
|= LβC(X, τ)⊗ Iβ(f)⊗Oβ(f) → LβC(Y, σ).

Proof. By Theorem 5.3 in [11], the proof is similar
to the proof of Theorem 5.8.

Theorems 5.8 and 5.9 are a generalization of the fol-
lowing corollary.

Corollary 5.10 Let (X, τ) and(Y, σ) be two topolog-
ical space andf : (X, τ) → (Y, σ) be surjective map-
ping. If f is anβ-continuous (resp.β-irresolute), open
(resp.β-open) and X is locallyβ-compact, then Y is
locally compact (resp. locallyβ-compact) space.

Theorem 5.11Let {(Xs, τs) : s ∈ S} be a family of
fuzzifying topological spaces, then
|= LβC(

∏
s∈S

Xs,
∏

s∈S

(τβ)s) → ∀s(s ∈ S∧LβC(Xs, (τβ)s)∧
∃T (T ⊂f S ∧ ∀t(t ∈ S − T ∧ Γβ(Xt, τt))).

Proof. It suffices to show that
LβC(

∏
s∈S

Xs,
∏

s∈S

(τβ)s) ≤ ∧
s∈S

[LβC(Xs, (τβ)s) ∧
∨

T⊂f S

∧
t∈S−T

Γβ(Xt, τt)].

From Theorem 5.8 and Lemma 4.5 we have for any
t ∈ S,
LβC(

∏
s∈S

Xs,
∏

s∈S

(τβ)s) = [LβC(
∏

s∈S

Xs,
∏

s∈S

(τβ)s)⊗
Cβ(pt)⊗Oβ(pt)] ≤ LβC(Xt, τt).
So,

∧
t∈S−T

LβC(Xt, τt) ≥ LβC(
∏

s∈S

Xs,
∏

s∈S

(τβ)s).

By Theorem 4.7 we have

∨
T⊂f S

∧
t∈S−T

Γβ(Xt, τt)

≥ [
∨

U⊆ ∏
s∈S

Xs

Γβ(U,
∏

s∈S

(τβ)s/U)⊗ ∨
X⊆ ∏

s∈S

Xs

NβX

x (U))]

≥ ∨
U⊆ ∏

s∈S

Xs

∨
X⊆ ∏

s∈S

Xs

[Γβ(U,
∏

s∈S

(τβ)s/U)⊗NβX

x (U))]

≥ ∧
X⊆ ∏

s∈S

Xs

∨
U⊆ ∏

s∈S

Xs

[Γβ(U,
∏

s∈S

(τβ)s/U)⊗NβX

x (U))]

= LβC(
∏

s∈S

Xs,
∏

s∈S

(τβ)s).

Therefore

LβC(
∏

s∈S

Xs,
∏

s∈S

(τβ)s)

≤ [
∧

t∈S−T

LβC(Xt, τt) ∧
∨

T⊂f S

∧
t∈S−T

Γβ(Xt, τt)].

We can obtain the following corollary in crisp set-
ting.
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Corollary 5.12 Let {Xλ : λ ∈ Λ} be a family of
nonempty topological spaces. If

∏
λ∈Λ

Xλ is locally β-

compact, then eachXλ is locally β-compact and all
but finitely manyXλ areβ-compact.

6. Conclusion

The present paper investigates topological notions
when these are planted into the framework of Ying’s
fuzzifying topological spaces (in semantic method
of continuous valued-logic). The main contributions
of the present paper are to give characterizations of
fuzzifying β-compactness. Also, we define the con-
cept of locallyβ-compactness of fuzzifying topolog-
ical spaces and obtain some basic properties of such
spaces. There are some open questions for further
study:
(1) One obvious problem is: our results are derived in
the Łukasiewicz continuous logic. It is possible to gen-
eralize them to more general logic setting, like residu-
ated lattice-valued logic considered in [17-18].
(2) What is the justification for fuzzifying locallyβ-
compactness in the setting of (2,L) topologies?
(3) What is the justification for fuzzifying locally
strong compactness in(M, L)-topologies etc?
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Answer to jifs15-1335

Dear, Dr. Referees for jifs15-1335

I wish to express my sincere thanks to referees for
their valuable suggestions.

The following statements are my answer for your
comments.

(A) Answer for Review 1
I investigate topological notions in semantic Ying’s

method of Łukasiewicz continuous logic. I think it an
important results.

I revise introduction and conclusion.

(B) Answer for Review 2

[1] As your direction, I revise a title as " Lo-
cal β compactness as fuzzy predicates defined in
Łukasiewicz logic"

[2] As your direction, I simplify Introduction and
insert section 2 ( Preliminaries and definitions )
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[3,4] For readers, I insert Example 3.3, Remarks 3.2
and 3.7. Every corollaries are the corresponding results
in classical topology.

Remark 3.2 In above definition, we can obtain that
τr = {U ∈ P (X) | τ(U) ≥ r} is a classical topology
for eachr ∈ [0, 1], similarly, (ßβ)r, (τβ)r. Then(ßβ)r

is a β-base of(τβ)r if for each U ∈ (Nβ
x )r , there

existsV ∈ (ßβ)r such thatx ∈ V ⊆ U .

Example 3.3Let X = {x, y, z} and we define a
fuzzifying topologyτ ∈ =(P (X)) as follows:

τ(X) = τ(∅) = 1, τ({x}) = 0.8,
τ({y}) = 0.6, τ({z}) = 0.4,
τ({x, y}) = 0.6, τ({y, z}) = 0.6, τ({z, x}) = 0.4.

SinceNx(A) =
∨

x∈B⊆A

τ(B), we have

Nx(X) = 1, ∀x ∈ X,
Nx({x}) = Nx({x, y}) = Nx({x, z}) = 0.8,
Ny({y}) = Ny({y, z}) = 0.6, Ny({x, y}) = 0.8,
Nz({z}) = Nz({x, z}) = 0.4, Nz({y, z}) = 0.6.

SinceCl(A)(x) = 1−Nx(X −A),

Cl({x})(x) = 1−Nx({y, z}) = 1,
Cl({x})(y) = 1−Ny({y, z}) = 0.4,
Cl({x})(z) = 1−Nz({y, z}) = 0.4,
Cl({y}) = (0.2, 1, 0.6), Cl({z}) = (0.2, 0.2, 1),
Cl({x, y}) = (1, 1, 0.6), Cl({x, z}) = (1, 0.4, 1),
Cl({y, z}) = (0.2, 1, 1), Cl(X) = (1, 1, 1),
Cl(∅) = (0, 0, 0).

Then Int(Cl(A)) = A and Cl(Int(Cl(A))) =
Cl(A) for all A ∈ P (X). From Definition 2.2, we ob-

tain a fuzzifying topologyτβ ∈ =(P (X)) as follows:

τβ(X) = τβ(∅) = 1, τβ({x}) = 0.4,
τβ({y}) = 0.2, τβ({z}) = 0.2
τβ({x, y}) = 0.6, τβ({x, z}) = 0.4, τβ({y, z}) = 0.2.

(1) We defineßβ ∈ =(P (X)) as follows:

ßβ(X) = ßβ(∅) = 1, ßβ({x}) = 0.4,
ßβ({y}) = 0.2, ßβ({z}) = 0.2,
ßβ({x, y}) = 0.6, ßβ({x, z}) = ßβ({y, z}) = 0.

Sinceßβ ⊂ τβ andNβ
x (U) ≤ ∨

x∈V⊆U ßβ(V ) from
Definition 3.1, thenßβ is aβ-base ofτβ .

(2) We definecβ ∈ =(P (X)) as follows:

cβ(X) = cβ(∅) = 1, cβ({x}) = 0.2,
cβ({y}) = 0.2, cβ({z}) = 0.2
cβ({x, y}) = 0.6, cβ({x, z}) = cβ({y, z}) = 0.

We havecβ ⊂ τβ andNβ
x ({x, z}) = τβ({x, z}) =

0.4 6≤ ∨
x∈V⊆{x,z} cβ(V ) = 0.2. Hencecβ is not a

β-base ofτβ . Moreover,(cβ)0.3 = {X, ∅, {x, y}} is
not aβ-base of(τβ)0.3 = {X, ∅, {x}, {x, y}, {x, z}}
in Remark 3.2.

Remark 3.7 From Remark 3.2 and Definition 3.6,
since(X, τr) is a classical topology for eachr ∈ [0, 1]
and(τβ)r is the collection of allβ-open sets in X, then
a β-subbase of(τβ)r is a collection(ϕβ)r of β-open
sets such that everyβ-open set of(τβ)r is the union
of sets that are finite intersections of{Vλ : λ ∈ Λ} ⊂
(ϕβ)r with a finite indexΛ.


