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Abstract. In this paper, we introduce the concepts of (L, M)-fuzzy soft quasi-coincident neighborhood spaces
and study their properties, where L be a completely distributive lattice with O and 1 elements and M be a strictly
two-sided, commutative quantale lattice. Also, the relationships between these concepts were investigated. Fur-
thermore, a characterization of LFS-continuous and LSN-mappings were given.
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1. Introduction

In 1999, D. Molodtsov [29] introduced the theory of soft sets as a new mathematical tool
for dealing with uncertainties. The soft set theory has been applied to many different fields (

[11,[2],[6],[7],[10],[11], [21],[27],[34],[45],[40],[46]). Later, few researches (see, for example,
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[3], [8], [19], [20], [28], [35], [41], [47]) introduced and studied the notion of soft topological
spaces.

Hohle and Sostak [16] introduced L-fuzzy topologies with algebraic structure L(cqm, quan-
tales, MV -algebra). Sayed[33] we introduce the concepts of (L,M)-fuzzy soft topological
spaces and (L, M )-fuzzy soft filter spaces.

In this paper, we introduce the concepts of (L, M)-fuzzy soft quasi-coincident neighborhood
spaces where L be a completely distributive lattice with O and 1 elements and M be a strictly two-
sided, commutative quantale lattice. Also, the relationships between these concepts were inves-

tigated. Furthermore, a characterization of LFS-continuous and LSN-mappings were given.
2. Preliminaries

Definition 2.1 [13]. Let (L, <) be a poset. Then

(1) L is called a Boolean lattice, if (i) L is a distributive lattice; (ii) L has Oy and 1;; (iii) each
a € L has the complement @’ € L.

(2) L is called a complete Boolean lattice, if (i) L is a complete distributive lattice; (ii) L has
0z and 1;; (iii) each a € L has the complement a’ € L.
Definition 2.2 [14],[15],[36],[43]. A triple (L, <,®) is called a strictly two-sided commutative
quantale ( stsc-quantale, for short) if and only if it satisfies the following conditions:

(L1) (L, <,V,A,1,0) is a completely distributive lattice where 1 is the universal upper bound
and O is the universal lower bound.

(L2) (L,®) is a commutative semigroup.

L3)x=x®1foreachx € L.

(L4) ® is distributive over arbitrary joins, i.e.(\/;crai) ©b = V;cr(ai ©b).

Let (L,<,®) be a stsc-quantale. Then for each x,y € L we define (x©Oy) <z<=x<(y—2z).
The it satisfies Galois correspondence. i.e. (x®y) < zif and only if x < (y — z).
Definition 2.3 [38]. Let E be a set of parameters, X be an initial universe. A pair (f,E) is called
a fuzzy soft set over X, if f is a mapping given by f : E — . We also denote (f,E) by fg. The
set of all fuzzy soft set is denoted by FS(X,E).
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Definition 2.4 [26]. A fuzzy soft set fg on X is called a null fuzzy soft set and denoted by
0if f, =0, foreache € E.

Definition 2.5 [4]. A fuzzy soft set fr on X is called an absolute fuzzy soft set and denoted by
1if f,=1, foreache € E.

Definition 2.6 [25]. Let E be a set of parameters, X be an initial universe, L be a complete
Boolean lattice and A C E. An L-fuzzy soft set f4 over (X,E) is a mapping f, : E — LX such
that fa(e) = 0 for all e ¢ A. The set of all L-fuzzy soft set over (X, E) is denoted by L-FS(X,E).

In other words, an L-fuzzy soft set fg over X is a parameterized family of L-fuzzy sets in the

universe X. If L = [0, 1], then every L-fuzzy soft set is a fuzzy soft set.

Definition 2.7 [25]. Let f4,gp € L-FS(X,E). Then

(1) f is said to by fuzzy soft subset of gg, denoted by f4 T gp if fa(e) C gp(e) foralle € E,
that is fx(e)(x) < gp(e)(x) for all e € E, and for all x € X.

Two L-fuzzy soft sets f4 and g over (X,E) are said to be equal, denoted by fy = gp if
faEgpand gg C fa.

(2) The union of f4 and gp is also L-fuzzy soft set hc, defined by hc(e) = fa(e) V gg(e) for
all e € E, where C = AU B. Here we write hc = fa LI gp.

(3) The intersection of f4 and gp is also L-fuzzy soft set ¢, defined by hc(e) = fa(e) Agp(e)

forall e € E, where C = AN B. Here we write he = f4 1 gp.

Definition 2.8 [39]. The fuzzy soft set fy € FS(X,E) is called fuzzy soft pointif A = {e} CE
and fy(e) is a fuzzy point in X i.e. there exists x € X such that f4(e)(x) =7 (0 <z < 1) and
fa(e)(y) =0 forall y € X\ {x}. We denote this fuzzy soft point f4 = ¢’ = {(e,x;)} and the set
of all fuzzy soft point by SP¢(X,E).
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Definition 2.9 [39]. Let €', f4 € FS(X,E). we say that e’.€ f4 read as ¢'. belongs to the fuzzy

soft set fy if for the element e € A,1 < fy(e)(x).

Definition 2.10 [5]. Let (X,E) and (Y,E*) be classes of fuzzy soft sets over X and Y with
attributes from E and E* respectively. Let p : X — Y and y : E — E* be mapping. Then a fuzzy
soft mapping f = (p,y) : (X,E) — (Y,E*) would be defined as follows
For a fuzzy soft set F in (X,E), f(Fy) is a fuzzy soft set in (Y,E*) obtained as follows: for
Bew(E)CE andy€Y,

Viep-1() (Vaey-1(8) Fa(@)) (x),
F(FA)(B)(y) = if p~'(y)# ¢, v '(B)#9,

0, if otherwise.

f(Fy) is called fuzzy soft image of the fuzzy soft set Fj.

Definition 2.11 [39]. Let f4,gp € FS(X,E). Then f, is said to be soft quasi-coincident with
gp, denoted by faqgsg, if there exists e € E and x € X such that f4(e)(x) +gg(e)(x) > 1.

If f4 is not soft quasi-coincident with gg, then we writ faggs,

Definition 2.12 [5]. Let (X,E) and (Y,E*) be classes of fuzzy soft sets over X and Y with
attributes from E and E* respectively. Let p : X — Y, y: E — E* be mappings and f = (p, y) :
(X,E) — (Y,E*) a fuzzy soft mapping. Then for a fuzzy soft set gz in (Y,E*) f~'(gp) is a

fuzzy soft set in (X, E) obtained as follows: for « € y~!(E*) CE and x € E,

£ (g8) (@) (x) = ga(w(a))(p(x)).

f~(gp) is called a fuzzy soft inverse image of the fuzzy soft set gp.

Let L be a completely distributive lattice with 0 and 1 elements and M be a strictly two-sided,
commutative quantale lattice.

Definition 2.13.[33] A map .7 : L-FS(X,E) — M is called an (L, M)-fuzzy soft topology
on (X, E) if it satisfies the following conditions:

(LSO Z(0) =7 (1) =1.
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(LSO2) 7 (fa, Mfa) = T (fa,) © T (fa,), forall fu,, fu, € L-FS(X,E).
(LSO3) 7 (Uiea fay = Niea) 7 (f1,), for all fy, € L-FS(X,E).
The triple (X,E,.7) is called (L, M)-fuzzy soft topological space.

Let .77 and % be (L, M)-fuzzy soft topologies on (X, E). We say that 7] is finer than % (%
is coarser than .77), denoted by % C 77, if Z5(fa) < J1(fa), forall fy € L-FS(X,E).

Let (X,E, 7)) and (Y,E*, %) be (L,M)-fuzzy soft topological spaces. A soft map ¢ :
(X,E, 1) — (Y,E*, %) is called LFS-continuous if and only if % (fx) < Z1(¢ (fa)), for
all fy € L-FS(Y,E*).

Definition 2.14. [33] A map .% : L-FS(X,E) — M is called an (L, M)-fuzzy soft filter on
(X, E) if it satisfies the following conditions:

(LSF1) .Z(0) = 0 and .Z (1) = 1.

(LSF2) Z (fa, T fa,) 2 F (fa,) © F (fa,), forall fa,, fa, € L-FS(X,E).

(LSF3) If fa, E fa, we have F (fa,) < F(fa,)-
The triple (X, E,.7) is called an (L, M)-fuzzy soft filter space.

3. (L,M)-fuzzy soft quasi- coincident neighborhood spaces

Definition 3.1. An (L,M)-fuzzy soft quasi-coincident neighborhood system on (X,E) is a
set 2 = {2, : e, € SP/(X,E)} of maps 2, : L-FS(X,E) — M such that for each fy,gp €
L-FS(X,E), we have

(LSN1) 2, is an (L,M)-fuzzy soft filter on (X, E).

(LSN2) 2, (fa) > 0 implies e}.q fa.

(LSN3) 2ot (f4) = Verggpe sy (Aeign 2ot (88))-

The triple (X, E, 2) is called an (L, M)-fuzzy soft quasi-coincident neighborhood space. 2, (fa)

can be interpreted as the degree to which fy is a soft quasi-coincident neighborhood of ¢’..



326 O.R. SAYED, E. ELSANOUSY, Y. H. RAGHP, YONG CHAN KIM

An LSN-map between (L, M)-fuzzy soft quasi-coincident neighborhood spaces (X,E,2)
and
(Y.E*,2;)isasoftmap ¢ : (X,E, 21) = (Y,E*, 2,) suchthat (21). (9% (f4)) = (22) - (er) (fa)
for all f4 € L-FS(Y,E*) and for all ¢, € SP¢(X,E).

Theorem 3.2. Let (X,E,.7) be an (L,M)-fuzzy soft topological space and ¢, € SP¢(X,E).
Define a map 32;;7 :L-FS(X,E) — M as:

V{T (gB) : €qgp T fa} if €qfa,

27 (fa) =
e (fA) . —
0 if e\qfa.

Then:

(1) 27 = {Qi el € SPA(X,E)} is an (L,M)-fuzzy soft-coincident neighborhood system
on (X,E).

@) Ift < sfort,s € Lthen 27 (fa) < 27 (fa).

Proof. (1) (LSN1) (LSF1) and (LSF3) are easily proved.
(LSF2) Suppose there exist f4,gp € L-FS(X,E) such that

27 (fangs) # 2. (fa) © 27 (a)-

By the definition of Qf (fa) and (L4) of Definition 1.4, there exist f4; € L-FS(X,E) with

e qfa1 C fa such that

2.7 (faMgn) # 7 (far) © 2.1 (gn)-

Again, by the definition of Qf (gp) and (L4) of Definition 1.4, there exist gg; € L-FS(X,E)

with e\.ggp) C gp such that

Q;ff(fA Mgs) 2 7 (fa1) © 7 (gs1)-

Since €\.q(fa1Mgp1) C falgp we have

Qe{(fA'_'gB) > T (faNgp2) > T (fa1) © 7 (gp1)-
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It is a contradiction. Hence, for all f4,gp € L-FS(X,E),
27 (faNg) > 27 (f2) © 27 (g5).

So, 2, is an (L, M)-fuzzy soft filter on (X, E).
(LSN2) It is easy from the definition of 27 .
(LSN3) For all f4 € L-FS(X,E) with ¢.qgp C f4 we have

7 (g8) < \{ 2] (¢8) : ejags} < 2.7 (28) < 2. (fa).

Therefore,
27 =N T <V (N 25) <27 (f).
€qgpt/a €hqgp  €548B

This means that

2700 =\ (A 27(w).

ehqgpCfa €3498B

(2) Fort < s with ¢, s € L and for all f4 € L-FS(X,E) since
{gp € L-FS(X,E): €.qgp C fa} C {hc € L-FS(X,E) : €ighc C fa},

we have Qg(f,q) < e@g(fA)~

Example 3.3. Let X = {x,y} be a set, E = {e1,e2,e3} be a set of parameters and L = M =
[0,1] a completely distributive lattice. Define a binary operation ® on M = [0,1] by x©y =
max{0,x+y— 1}. Then ([0,1],<,®) is a stsc-quantale. Let gg,hc € L-FS(X,E) be defined as

follows:

ge ={g(e1) ={(x,0.6),(y,0.3)}, g(e2) =0, g(e2) =0}

hc :{h(el) = {(X,O.S), (y70'7)}a h(€2) = 67 h<62> :6}
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Then we have

gelhc :{(gB ﬂhc)(el) = {(x70'5)7 (y703)}7
(88Mhc)(e2) =0,(gsMhc)(e2) = 0}
geUhe ={(gsUhc)(e1) ={(x,0.6),(y,0.7)},
(88Uhc)(e2) =0,(gsLhc)(e2) = 0}.
We define an (L, M)-fuzzy soft topology .7 : L-FS(X,E) — [0, 1] as follows:
(1, if fa=0orl,
0'87 if fA = 8B,
04,  if f1=he,

0'67 if fA =gB Uhc,
0.2, if fa=gplhc,

L 0, otherwise.

We obtain "@51)0-5 :L-FS(X,E) — [0, 1] as follows:

1, it fa21,
«Qﬁz)g.S(fA) =4 0.8, if g C fa,
0, otherwise.
Theorem 3.4. Let 2 = {2, : ¢, € SP/(X,E)} be a family of 2, : L-FS(X,E) — M satis-
fying (LSN1) and (LSN2) of definition 3.1.
We define a map 72 : L-FS(X,E) — M as follows:

72(f) = MNLe(fa) 1 eafat,  if fa %6,~
I, if f4=0.

Then we have the following properties.

(1) 7< is an (L, M)-fuzzy soft topology on (X ,E).

Q) If 2 ={Z, : ¢ €SP(X,E)} is an (L,M)-fuzzy soft quasi-coincident neighborhood
system on (X, E) then Q;Zg = D, forall (e,x;) € SPf(X,E)}.

(3) If 2 and 2, are (L,M)-fuzzy soft quasi- coincident neighborhood systems on (X, E)
such that 72! = 7% then 2, = 2».
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Proof. (1) (LSO1) is trivial.
(LSO2) For all f4,gp € L-FS(X,E) we have

T2(faNgs) = N\{2e(faMgp) : €kq(faMgn)}
> M 26,(fa) © Lot (88) s €xa(faMgn)}
> (N2 (fa):€a(fargs) © (N 2e(gr): da(faMNgp))
> (N2 (fa): €afa) © (/\ 2ei(gp) : €iqgn)

= T2(f1)© T2 (gs).

(LSO3) Since Lot (Vier fa;) = Nier Lt (fa;)-

yg zEFfA /\{Qe’ \/fA .Z;Cq(\/fAl)}

iel’ ier
> NN\ 2o (fa)  €a(fa)}
iell
> NN\ 2o (fa) : €a(fa)}
iell
= /\ yg(fAz)
ier
()
QQ?J \/{33 (gB) : €qgB C fa}

=\ { A\ {2 (2p) : €)qgn} : €.qgs C fa}
= Du(fa) by (LSN3).

(3) Since .72 = T2 for fy € L-FS(X,E) and ¢. € SP*(X,E) we have
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(21)e,(f2) = V{N{(21)es(28) : €88} : €hqgs C fa}
=\/{7%(gs): ¢.ags C f1}
=\/{7%(gs) : ¢.ag C fa}
=V {A{(22)es(25) : €)agn} : ¢ags C fa}
= (22)e(fa)-

Hence 2, = 2,.

Lemma 3.5. If for every e\qfy there exists (gp)e € L-FS(X,E) such that e\q(gp)e. T fa

then we have fa = V47, (88)e -

Theorem 3.6. Let (X,E,.7) be an (L, M)-fuzzy soft topological space and 27 an (L,M)-
fuzzy soft quasi-coincident neighborhood system in (X,E,.7). Then = 7 27,

Proof. Since Q‘?( 4) =V{T (gB) : €.qgp C fa} > T (fa) for all €'.qf4 we have:

N 2e(fa) : €afa} = T (fa).

So 727 > 7.

Conversely there exists fy € L-FS(X, E) such that 7 27 (fa) £ 7 (fa).. Foreache. € SP¢(X,E)

with e\qfa if (e,X:)q(gB) (e.x,) T fa then by Lemma 3.5. we get fy = Veiqr, (88)e- So,
T(fa) =7\ (gn)e) > N7 ((88)er)-

Thus A 7 ((88)er) # 72 (fa) = N2 (f4) : €qfa}. There exists (gp)er With €,q(gn)e, E fa
such that:

T ((s5)e) # NM27 (1) : eafa).
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. .. T
It is a contradiction. Thus . > 72~ .

Theorem 3.7. Let (X,E,2)) and (Y,E*, 2;) be two (L,M)-fuzzy soft quasi-coincident neigh-
borhood spaces. A soft mapping ¢ : (X,E,2) — (Y,E*,2,) is an LSN-map if and only if
¢:(X,E, T2 = (Y,E*, 7<) is LFS-continuous.

Proof. Since forall fy € L-FS(Y,E*), forall ¢ € SPf(X,E), ¢.q¢* (f4) ifand only if (¢ (€.))gq fa
and

{(¢")} € SPT(V,E") 1 (")) fa)}

S{(97(e) €SP (YVEY): €, € SPA(X.E). (97 (e})afa.}

we have:

T2(fa) = N(22) e ) (e")yqfa}
< N 22)g ) (£2) 197 (1) fa}
< ANU(21)e (97 (fa)) : €.a9 ™ (fa)}
= T2(¢T (fa))-
Thus, ¢ : (X,E,.72) — (Y,E*, 7%2) is LF S-continuous.

Conversely since for all f4 € L-FS(Y,E*), 722(fy) < T2(¢0 (f4)), 21 = 27" and 9, =

2
2772 we have

(22)g-e (f2) = \[{T%(gB) : ¢ (¢\)ags C fa}

<\/{T7?(gp): e.q90 (g5) T 6 (fa)}
< \/{Wlw“(gg)) telqd(g8) T 07 (fa)}
< (21)e (07 (fa))-

Hence the proof is complete.
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From Theorems 3.6 and 3.7 we obtain the following corollary.
Corollary 3.8. Let (X,E,.7]) and (Y,E*, %) be two (L,M)-fuzzy soft topological spaces.
A soft map ¢ : (X,E, 7)) — (Y,E*, %) is LFS-continuous if and only if ¢ : (X,E,Q‘%) —
(Y,E*,272) is an LSN-map.
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