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Abstract

The aim of this paper is to present and make preliminary study of a
new (L, ©, M)-fuzzy (K, E)-soft topology T from old (L, ®, M)-

fuzzy (K, E)-soft topology 7 via L-fuzzy (K, E)-soft grill G
induced by L-fuzzy soft operators ¢g, yg.

1. Introduction and Preliminaries

In 1999, Molodtsov [21] introduced the theory of soft sets as a new
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mathematical tool for dealing with uncertainties. Also, he applied this theory
to several directions (see, for example, [22-24]). The soft set theory has been
applied to many different fields (see, for example, [1, 2, 5, 6, 8, 10, 17, 19,
25, 32, 35, 36]). Later, few researches (see, for example, [3, 7, 15, 16, 20,
26, 30, 33, 37]) introduced and studied the notion of soft topological spaces.

Roy and Samanta [31] redefined some definitions on fuzzy soft set in
another form and defined a fuzzy soft topology. The concept of L-fuzzy soft
sets can be seen as a generalization of fuzzy soft sets introduced by Cetkin
etal. [9, 18, 27].

Aygiinoglu et al. [4] defined fuzzy soft topology which will be
compatible to the fuzzy soft theory and investigated some of its fundamental
properties and introduced fuzzy soft cotopology and given the relations

between fuzzy soft topology and fuzzy soft cotopology.

On the other hand, Hajek [11] introduced a complete residuated lattice
which is an algebraic structure for many valued logic and decision rules in

complete residuated lattices.

In this paper, we present a kind of L-fuzzy soft operator, by using
L-fuzzy (K, E)-soft grill, which eventually given rise to another L-fuzzy
soft operator which satisfies Kuratowski’s L-fuzzy soft closure axioms,
thereby inducing a new (L, ®, M)-fuzzy (K, E)-soft topology. Some
properties of the induced (L, ®, M)-fuzzy (K, E)-soft topology will be

investigated.
Let (L, <, V, A, 0,1) be a completely distributive lattice with least

element 0; and the greatest element 1; in L.

Definition 1.1 [11, 12, 28]. A complete lattice (L, <, ®) is called a

strictly two-sided commutative quantale (stsc-quantale, for short) if and only

if it satisfies the following properties:

(L1) (L, ®) is a commutative semigroup.
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(L2) x = x®1 foreach x € L and 1 is the universal upper bound.

(L3) © is distributive over arbitrary joins, i.e., (Vierx)© y=
Vier(x @ y).

There exists a further binary operation — (called the implication

operator or residuated) satisfying the following condition:
x—>y=V{zelL:x®z<y}
Then it satisfies the Galois correspondence, i.e., (x ® z) < y if and only if
z < (x > ).
Definition 1.2 [13, 14, 29, 34]. (1) An stsc-quantale (L, <, ®,') is

called an MV-algebra if and only if (x — 0) > 0 = x.

(2) An MV-algebra (L, <, ®,') is called complete if and only if it

satisfies the following property:
(x>y)>y=xvy, Vx,yel.

We always assume that (L, <, @, ') is an stsc-quantale with an order

reversing involution ’ which is defined by

x@yz(x'@y'),, x'=x—0.
Lemma 1.3 [12, 13, 29]. For each x, y, z, Xjy Vis W E L, we have the
following properties:
MH1>x=x,00x=0and x > 0=1x',
Qif y<z,then xOy<xQz,x®y<xPz,x >y<x >z
and z > x <y — Xx,

B)xOy<xAy<xvy<x®y,

! !

@ (Ayi) = Vi, Vi) = Ayt
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5) x @ (Aiyi) < Nilx © »),
©) x ® (Aiyi) = Nix ® ), x ® (V) = Vi(x @ y;),
(D) x > (Ayi) = Nilx > ),
®) (Vixi)) > vy = Nilx; > »),
@ x > (Vi) 2 Vilx; = ),
(10) (Aix;) = ¥ 2 Vi(x; = »),
() (x0y)>z=x>(>2)=y—>(x—>2),

(1) x0 (x> y)<yand x > y<(y > z) > (x > 2),

(13) x@(x'@y’)ﬁy',x®y=(x—>y')r and x® y =x" > y,

(14 (x> y) O (z > w) < (x O y) > (y O w),
I5)x>y<(x0z2)>(0Oz)and (x > y)O(y > z)<x >z,
(1) (x > ) O (z>wW)<(x®z) > (y ®w).

Throughout this paper, X refers to an initial universe, £ and K are the

sets of all the parameters for X, and ¥ is the set of all L-fuzzy sets on X.

Definition 1.4 [9]. A map fis called an L-fuzzy soft set on X, where f is
a mapping from E into LY, ie., f. = f(e) is an L-fuzzy soft set on X,
for each e e E. The set of all fuzzy soft sets is denoted by (L¥)E. Let
f. g e (L)E. Then:

(1) fis an L-fuzzy soft subset g and we write f C g if f, < g,, for
each e € E. fand gareequalif f C g and g C f.

(2) The intersection of fand g is an L-fuzzy soft set & = f ' g, where
he = fo N g, foreach e € E.
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(3) The union of f and g is an L-fuzzy soft set 4 = f LI g, where

he = f, Vv g, foreach e € E.

(4) An L-fuzzy soft set h = f © g 1is defined as A, = f, ® g,, for

each e € E.

(5) An L-fuzzy soft set h = f @ g is defined as &, = f,® g,, for each
ee L.

(6) The complement of an L-fuzzy soft set on X is denoted by f', where
f' E > (IX)F is a mapping given by [} = (fe)', for each e € E.
(7) fis called a null L-fuzzy soft set and denoted by 0y if f,(x) = 0, for

eacheec E, and x € X.

(8) f4 is called absolute L-fuzzy soft set and denoted by 1y if
fo(x) =1, foreach e € E, and x € X.

An L-fuzzy soft point is an L-fuzzy soft set f'such that f, := f(e) is an
L-fuzzy point and f, := f(a) = 0 for all a € E\{e}. We denote this L-

fuzzy soft point by f = e.. For f, g e (IX )£, we write fgg to mean that /
is soft quasi-coincident with g, i.e., there exist at least one x € X, e € E

such that f,(x) £ g.(x). Negation of such a statement is denoted as fgg.

L (LX)HE X \E
Definition 1.5. Amap 7 : K —> L (where 7, =T (k): (L")
— L is a mapping for each k € K) is called an (L, ®, M) -fuzzy (K, E)-
soft topology on X if it satisfies the following conditions:

(LSO1) T3 (0x) = Ty (1x) = 1.
(LSO2) T, (f ® g) = T4(f) ® T4(g) forall f, g e (IX)E.
(LSO3) T, (f M g) = Ti(f) ® T;(g) forall f, ge (LX)

(LSO4) Ty (Uica /) = Aiea T(f;) forall f; e (LX),
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The pair (X, 7) is called an (L, ®, M) -fuzzy- (K, E)-soft topological

space.
Definition 1.6. Let (X,7) be an (L, ®,MN)-fuzzy (K, E)-soft
topological space. Then for f e (L)E, an (L, ®, N)-fuzzy (K, E)-soft

closure of fis a mapping C7 : K x (IX)E x Ly — (LX) defined as:

Crlk, f,r)=MNege () : fC g T(g)=r).
Definition 1.7. Let (X,7) be an (L, ®,MN)-fuzzy (K, E)-soft
topological space, e € E and x € X. For k € K, ¢\ € (LX)E is said to be
LX)E

an L-fuzzy soft closure point of f e ( if for every g € Or, (eh, r), we

have fgg, where
Or, (e, r) = {g e (X)" : eqg, Ty(h) = r}.
X\E
Definition 1.8. A map B: K — ) (where B, = B(k): (L*)E

— L is a mapping for each k € K) is called an (L, ®, M) -fuzzy (K, E)-

soft base on X if it satisfies the following conditions:

(LSB1) By (0x) =By (ly) =1

(LSB2) Bi(f © g) 2 Bi(f) © Bi(g) forall f, g e (LX),

(LSB3) B(f M g) 2 By(f) © By(g) forall £, g e (LX)
Definition 1.9. An (L, ®, M)-fuzzy (K, E)-soft neighborhood system

X\E
onXisaset N ={N*:xe X} of mappings N* : K — L7 such that
for each k € K:

(1) Ni(1y)=1 and Nj(1y) = 0.

(2) NE(f © g) = Ni(f) © Ni(g) foreach f, g e (L¥)F.
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(3) Ni(f &) 2 N{(f) © Nji(g) for each £, g e (L*)".
(4 If f C g, then Ni(f) < Ni(g).
(5) Ni(f) < fo(x), where f e (L*)F and e € E.
(6) Ni(f) < VINi(g) : g(») E Ny (g). Vy € X, e € E}.
2. L-fuzzy (K, E)-soft Grill Space

)E

e
Definition 2.1. A map G: K — i (where G = G(k): (IX)E

— L is a mapping for each k € K) is called an L-fuzzy (K, E)-soft grill on

X if it satisfies the following conditions for each k € K :

gz

(LSG1) G, (0) =0 and G, (1y) = 1.
(LSG2) Gi(f © g) < Gi(f) @ Gy(g) forall f, g e (L¥)F.
(LSG3) If f C g, then G4 (f) < Gx(2).

The pair (X, G) is called an L-fizzy (K, E)-soft grill space. If G' and

are L-fuzzy (K, E)-soft grills on X, then we say that G' is finer than

G> (G? is coarser than G') denoted by G? T G' if and only if

g}c(f) < G%(f) foreach k € K and f € (LX)E,

Remark 2.2. Let G be an L-fuzzy (K, E)-soft grill on X. By Lemma

1.3(3), (LSG2) and (LSG3), we have

Gr(fUg)<Gi(f)® Gi(g) forall k € K.

Proposition 2.3. Let G', G* be L-fuzzy (K, E)-soft grills on X. Then a

. (LX )E
mapping G : K — L defined by:



On L-fuzzy (K, E)-soft Grills 65
Gr =Gy VGi forall k e K
is an L-fuzzy (K, E)-soft grill on X.
Proof. (LSGI1) For all £ € K, we have
Grllx) = Grx)VGi(ly) =1VIi=1.
Also,
Gr(0x) = Gr(0x)V G7(0x) = 0V 0 = 0.

(LSG2) For each f, g e (LX) and k e K, we have

G(N®G(e)= V Gi(N® V Gilg)
ie{l,2} ie{l,2}

V (G(f) @ Gi(g))

ie{l,2}

\

'V Gi(r@g)=Gi(fee).
ie{l,2}

(LSG3) If f C g, then we have G.(f)< Gi(g) for all k € K and
i € {l, 2}. Therefore,

1

Gr(f) = v2 Gi(f) <

_ V Gi(g) = Gi(g).
ie{l,2} e{l,2}

The next example shows that the meet of two L-fuzzy (K, E)-soft grills
on X is not an L-fuzzy (K, E)-soft grill on X, in general.

Example 2.4. Let X ={iy, hy, i3} with h; = house for i € {l, 2, 3} and
E = {e, b} with e = expensive, b = beautiful. Define a binary operation ®
on [0, 1] by
x®y=max{0, x+y-1}, x—>y=min{l-x+y, 1},

’

x®y=min{l, x+y}, x'=1-x
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Then ([0,1], ®, =, 0,1) is an stsc-quantale [11, 13, 29]. Let f; e
([0, 11) for i e {1, 2, 3, 4} as follows:

(A1), = (0.0,1.0,00), (f), = (1.0,1.0, 1.0),
(f2), = (1.0,1.0,0.0), (f>), = (1.0, 1.0,1.0),
(f3), = (0.0,1.0,1.0), (f3), = (1.0, 1.0, 1.0),
(f4), = (1.0,0.0,0.0), (f4), = (1.0, 1.0, 1.0).
For K ={k;, ky}, we define L-fuzzy (K, E)-soft grills G', G*: K —

[0, 1]([0’ 1y as follows:

1 if g =1y,

03 ifg=/, 1 if g =1y,
G, (8)=106 ifg=ro, G(g)=109 ifg=/i,

05 ifg=f;, 0 otherwise,

0 otherwise,

1 if g =1y,

02 ifg=1, 1 ifg=1y,
Q}{z(g) =407 ifg= /s, Q,fz (g)=140.6 ifg= /s,

03 ifg=1;, 0 otherwise.

0 otherwise,

Since (f, @ f3), = (1.0, 1.0, 1.0), (f, ® f3), = (1.0, 1.0, 1.0), we have
Gy, AGE (2 @ 3) = (G AGE)(1x)
=1A1=1
£ (G, AGL) () @ (G, ANGE(f)

=(0.6A0)®(05A0)=0®0=0,
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Gy, NGL (2 ® f3) = (G, AGY ) (1x)
=1A1=1
£ (G, AGE) ()@ (G, NG} ) (13))
=(0.7A0)® (03A0)=0®0 =0.
Hence, g}{ A g% is not an L-fuzzy (K, E)-soft grill on X.

Definition 2.5. Let (X,7) be an (L, ®,MN)-fuzzy (K, E)-soft
topological space and G be an L-fuzzy (K, E)-soft grill on X. Then a

LYE <L - (IX)EF is called an L-fuzzy soft operator

mapping ¢g : K x (
associated with an L-fuzzy (K, E)-soft grill G and an (L, ®, N)-fuzzy
(K, E)-soft topological 7, and is defined by

dg(k, f,r) = Viey e (L) : G (f © @) 2 r, Vg € Or, (ef, 1)

Proposition 2.6. Let (X,7) be an (L,O,MN)-fuzzy (K, E)-soft
topological space and gl, G* be two L-fuzzy (K, E)-soft grills on X. Then
forall k e K and for each f e (LX)E:

(D) If Gi(f) < GR(S). then §oa(k, f, ) € ook, f.r).
@) g, g2k 1. r) = bk, £, PV b2 (k. S, 7).

Proof. (1) Let G', G' be two L-fuzzy (K, E)-soft grills on X with
GL(f) < Gi(f) forall k e K and f e (LX)F such that
bg1 (ks S 1) L b2 (K, f 7).
Then there exists ¢’ e (L% ) such that

o (ks £, ) T e T b2 (ks 1, 7)
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It implies that Gi(f © h)>r for all he Or, (e, r). Since Gi(f)
<GHf), Gi(f ®@h)=r for every he QTk(e;, r) and so €. C
¢g2 (k, f, r). Itis a contradiction.
(2)Let f e (LX) and k e K. Then by (1), we have
d)glVgZ(k’ fa r)gd)gl(k’ f’ r)\/d)gZ(ka fa I”). (21)

It suffices to show that ¢g1vg2 (k, f,7r)C ¢g1 (k, £, 1)V ¢g2 (k, f, r). So,

suppose that

d)glvgz (k’ f’ r) l (I)gl (k’ f’ r)\/d)gz (k’ f’ r)‘
Then there exists ¢’ e (LX), k € K such that
b1, 20k fr) e Dok £, )V (k, £, 7) (22)
which implies that ¢! 3 ¢g1 (k, f,r) and €. O ¢g2 (k, f, r). Hence, there

exist gj, g, € O7(el,r) such that g}c(f ©® g1)=0 and g;%(f ©g)=0
for all k e K. Let g = (g © gy) € 07 (e, r) and g}c(f ©® g)=0 and

GI(f ® g) = 0. Consequently, (G' v Qz)k(f ® g) = 0 proving that ¢! 3
d)glvgz (k, f, r). It contradicts (2.2). Hence,
¢g1vg2(k’ fv I’)Ed)gl(k, f’ I’)\/d)gz(k, f’ I”). (23)
From (2.1) and (2.3), we have
(I)glng(ka fa I”) = (I)gl(k’ f’ r)\/d)gZ(ka f’ I").

Proposition 2.7. Let (X,7) be an (L, ®,N)-fuzzy (K, E)-soft
topological space and G be an L-fuzzy (K, E)-soft grill on X. Then for all

k € K and foreach f, g € (LX )E, the following statements hold.:
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(WIf f C g, then dg(k, [, r) C dg(k, g, r).
@) If G (f) = 0, then dg(k, [, r) = 0.
3) dg(k, f ® g, 7) = dg(k, /. 1) ® dg(k, g r).
@) gk, f U g, r)=dg(k, [, r)U bg(k, g, r).
(5) dg(k, f © g, 1) C dg(k, /. 1) © dg(k, g, ).
6) dg(k, /1 g, r) T dgk, £, )1 dg(k, g, ).
(7) If Gy (g) = 0, then we have ¢g(k, f@g,r)= ¢g(k, f,r).
®) dg(k, dg(k, 1, 7), r) E dg(k, £, )= Cr, (K, dg(k, f, 7). r)
C Cr, (k. f. 7).
OV If Ti(f) 2 r, then ¢g(k, f, ) C f.
Proof. (1) Suppose that ¢g(k, f, r) L ¢g(k, g, r). Then there exists
el e (IX)F such that
dg(k, f,7) D e T og(k, g, 7).

So, we have Gy (f ©®h)>r forall heQr (e,r), keKk. Since fCg,
by Lemma 1.3(2) and Definition 2.1(LSG3), we have f O hC g ® A,
Gi(g@h)>r forall he QTk(e;, r), k € K. Hence, ¢} Cog(k, g, r). It

is a contradiction, and hence ¢g(k, f, r)E dg(k, g, 7).

(2) Let el e (LX)F such that e\ Caog(k, g, ). Then for all & e
Qg—k(e;, r), Gi(fOh)>r. But fC1y implies that f©ALC f. Hence,

G (f) = r. Itis a contradiction. Thus, ¢g(k, f, r) = 0x.
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(3) Since [C/®g and gC/@®g by (1), bglk /. r)C
bg(k, fDg,r) and dg(k, g, r)E dg(k, f D g, r). Hence, we have
dg(k, [, 7)® dglk, g, 1)Edg(k, f @ g, 7). (2.4)
Conversely, suppose that
dg(k, f @ g 1)Logk, [, 7)® dg(k, g, 7).
Then there exists ¢’ e (L% ) such that

dglk, f ® g, r)Del Dbg(k, f,7)® dglk, g, 7).

It implies that there exist hy, /7 €Or, (eh,r) such that G (fOh) 2 r
and G, (g®hy) 2 r, and hence G, ((fOM)®(fOhy))2r. Let h=hOhy
€ 07, (e, r) and (f®g)ORC((fOM)®(g0Oh)). Then Gi((f Dg)
®h) % r. Thus, e L bg(k, f @ g, r). Itis a contradiction. So,
dg(k. £ @ g. NEdgk, £. 1) ® bg(k. g. r). (2.5)

From (2.4) and (2.5), the result follows.

(4) Similar to (3).

(5) Obvious by (1).

(6) Similar to (5).

(7) Follows from (2) and (3).

(8) Suppose that ¢g(k, f, r)ZCr, (k, f, r). Then for k €K, there

exists ¢ e (LX)E such that

¢g(k7 f» I");e;jCTk(k, f’ 7‘).

Then there exists g € O7, (¢!, r) such that fgg for each e € E, x € X,

ie, f©g =0y and hence G;(f©g)=0. It implies that ¢g(k, f,r)
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le; for & € K. It is a contradiction and hence,
oGk, f. ECT, (k. f. 7). 2:6)
Suppose that Cr, (k, dg(k, f, r), r)L gk, f, r). Then for k€K,

there exists ¢! e (LX)E such that

Cr, (k, dg(k, £, r), r)3ex gk, f, r).
Then ¢g(k, f,7)qg and g e Or, (el r) for ee X. It implies that
e Cog(k, f,r) and ge07, (e}, r). Hence, G;(f©g)2r and e C
dg(k, f, r). Itis a contradiction and hence,
Cr, (k, 0k, £, 1), VEdg(k, £ 7). 2.7)
Therefore, Cr, (k,dg(k, £, r),r)=dg(k, f,r). From (2.6) and (2.7), we
have
bg (k. dg(k, f,1),1)ECT, (k, dg(k, f,7),7)=bg(k, f,r)ECT, (K, [, 7).
(9) Obvious by using (8).

The next example shows that the reverse inclusion in Proposition 2.7(5)

is not true, in general.
Example 2.8. Let X = {h, h,} with h; = house for i € {l, 2} and
E = {e, b} with e = expensive, b = beautiful. Let ([0, 1], ®, —, 0, 1) be a

stsc-quantal as Example 2.4. Let f; e ([0, 11Y)F for i e {1, 2,3, 4,5} as
follows:

(f1), =(0.5,04), (f), =(0.0,0.0),
(fZ )e = (03’ 03)’ (fZ )b = (00’ 00)5

(f3), =(0.2,0.3), (f3), =(0.0,0.0),
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(/1) =(0.7,0.8),  (f3), =(0.0,0.0),
(f5), =(0.2,0.2), (fs), =(0.0,0.0).
Then
NhOly = fi, f4Oly = f4,
hOfa=/fss [fsOLy = fs.
Let K = {k;, ko} be given. Define a ([0, 1], ®, M)-fuzzy (K, E)-soft

i : (0.11)"
topology and [0, 1]-fuzzy (K, E)-soft grill 7, G : K — [0, 1] as

follows:

1 ifg=1X0r0X, 1 ifgleOI'OX,
05 ifg=Af, 0.7 ifg=Af,

Ty, (g)= . Ty, (g)= .
0.6 ifg=7s, 0.8 if g=f,
0 otherwise, 0 otherwise,
1 lfgle, 1 lfgle,

Gr()=103 ifAC/Cly, G(g)=104 if AC/Cly,
0 otherwise, 0 otherwise.

Since 1y e o7y, (egf, r) for all ref0,1], and Gy (fi)=Gy (/)
=0.3, eg; Coglky, £,0.3)  and eg; Cog(ky, f4,0.3)  but egj z
og(ki, /1O f3,0.3) because Gy (f5)=0. Also, because 1y e QTkZ

dg(ky. £i,04) and )t Toglky, f3,04) but ¢ Tog(ky, i® fy, 0.4)

because Gy, (fs) = 0. Hence,

dg(k, f1 @ f4, ) Dog(k, fi, 1)@ dg(k, fy, r) forall k € K.
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Lemma 2.9. Let (X, T) be an (L, ®, N)-fuzzy (K, E)-soft topological

space and G be an L-fuzzy (K, E)-soft grill on X. Then for f, g e (LX)F
and for all k € K,

dg(k, £, 7O (0g(k, g, 7)) = dglk, O, r)O(dg(k, g 7)) -

Proof. Let f,ge(LX) and f=(f0g)®(fOg). Then by

Proposition 2.7, we have
dgk, f.7) = dg(k. (f©g)® (f O ). )
=gk, fO, 1)@ gk, fOg, )
Coglk, fOg, 1) ® gk, g, 7).
Thus,
dg(k, 1.0 (bg(k, g, 1) gk, f O g, O (4g(k, g ).
Again ¢g(k, fog, r)Ed)g(k, f, r). Hence,
bk, £ @&, O (bg(k, g r)Togk, 1, )@ (bg(k, g r)).
Therefore,

dg(k, £, 1) O (0g(k, g, 7)) = dglk, fOg r)O(dg(k, g 7)) -

Theorem 2.10. Let G be an L-fuzzy (K, E)-soft grill over an
(L, ®, M) -fuzzy (K, E)-soft topological space (X, T). Then the following

statements are equivalent for f, g € (LX) and for all k € K :
(1) fOdgk. f.7) =0y = dg(k, £, r) = 0.
@) dg(k, £ @ (dg(k, £, 7)), r) = 0.
3) dg(k, £ bg(k, £, 7). 1) = dglk, £ ).
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Proof. (1) = (2) Let f e (L*)f and k € K. Then
(f O gk, £, )0 bk, £ O (oglk, £, 7)), 7) =0y,
and so, dg(k, /@ (bg(k, £, 7)), r) =0y
(2) = (3) Let fe(L)F and

f=(fo(fodgk £, 1) e (fobgk, f,r).

Then for all £ € K,
dg(k, £, 7) = dglk, fOf @bk, £, 7)), r)® gk, f @ dg(k, £, ), r)

= dg(k, 1 ©(bg(k, £, 1), 1) ® dglk, f Odg(k, /. 1) 7)
= ¢g(k, fO4g(k, [, 7). 7).
(3) = (1) Suppose that f@d¢g(k, f,r) =0y for all k€ K and
f e (L)E. Then we have
bg(k, f,7)=dglk, fO4gk, f, 1), 7)=dg(k, Oy, r)=0y.
Definition 2.11. Let G be an L-fuzzy (K, E)-soft grill on X. We define
an L-fuzzy soft operator y : K x (LX)E x Ly — (LX)E by w(k, [, r) =
f® gk, f,r) forevery f e (LX)F and k € K.

Theorem 2.12. For f,ge (L") and k e K, the mapping v

satisfies the following:
(D) fCv(k, f, 7).
(2) w(k, Oy, r)=0y.

G vk, f &g r)=vlk, [, r)®y(k, g, r).
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# y(k, fUg, r)= vk [, r)Uy(k, g, r).

(5)\|I(k,\|l(k,f,l"),I”)Z\V(k,f,l”).

Proof. Let f, g € (LX )E, r € Ly. Hence, in view of Proposition 2.7
(2), (3), (8) forall £ € K, we have:

(1) Obvious.
(2) Suppose that G, (0y) = 0. Then ¢g(k, Oy, r) = O. It implies that
w(k, 0y, r)=0y.
3)
vk, f@ g r)=(f®g)Ddglk, fDg, )
=(f@g)®(¢g(k, [, 7)® dg(k, g, r))
=(f @ dg(k, [, 7)) ® (g ® dg(k, g, 1))
= vk, f,r)®vylk, g, r).
(4) Similar to that of (3).
(5)
y(k, wik, f,7), r)
=vy(k, f ®dg(k, f.7))
=(f @ gk, 1, 1) ® (4g(k, f ® dg(k, g, 1), 7))
= ([ ® gk, £, 1)@ (4g(k, 1, ) ® dg(k, dg(k, f, 1), 7))
=(f @ gk, f. 1) ® gk, og(k, 1, 7). 7)
=f® gk, f,r)=wlk, f,7r).

Definition 2.13. For any L-fuzzy (K, E)-soft grill on an (L, ®, M)-
fuzzy (K, E)-soft topological space (X, 7), there exists a unique



76 O. R. Sayed, E. Elsanousy and Y. H. Raghp

(L, ©, M)-fuzzy (K, E)-soft topology Tg on X given by (7g), (k)=
Vir vk, f',r)= f'} such that wy(k, f,r)= Crg (k, £, r) for every
fe(®)E and k e K.

Theorem 2.14. Let (X,7) be an (L, ®,N)-fuzzy (K, E)-soft
topological space. Then T (k)< (Tg),(f) for any L-fuzzy (K, E)-soft
grill G on X, f e (LX) and k € K.

Proof. Suppose that 7;(f) £ (T¢),(f) forall fe(L¥)F and k € K.
Then there exists » € L such that

Ti(f)=r> (Tg)k(f) forall k£ € K. (2.8)
Since T;(f)>r for all ke K, Cy(k, f',r)=f" for all k e K. By
Proposition 2.7, it follows that ¢g(k, /', r)E f'. Hence, Crg (k, f',r)
=wy(k, f',r)=f" and so (7g).(f)=r. It contradicts (2.8). Hence,
Ty (f) < (Tg) (/)

Theorem 2.15. Let (X,7) be an (L, ®,N)-fuzzy (K, E)-soft
topological space and G be an L-fuzzy (K, E)-soft grill on X. Then for each

£ e (E and for all k e K, the following statements hold:
() Tg(f") > r ifand only if dg(k, f, r)E f.
() If G(f) =0, then Tg(f') > r.
(3) Tg((9g(k, £, 7)) = .

Proof. (1) By Definition 2.13, it is obvious.

(2) Let G(f') = 0. Then by Proposition 2.7(2), we have ¢g(k, f, r)

=0y and so
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CTg(k» for)=vwk, f,r)=f® gk, f,r)=f forall k € K.

Hence, T¢g(f") > r.

(3) Let f e (IX)F and k e K. Then from the definition of yg and by

Proposition 2.7(8), we have

\V(kad)g(kaf»”)»”):d)g(k»f»”)@d)g(ka¢g(kaf»”)»”)=¢g(k»f»”)-

Consequently, 7¢((¢g (%, f, r))’) > 7.
Theorem 2.16. Let (X,7) be an (L, ®,N)-fuzzy (K, E)-soft
topological space and gl, G be two L-fuzzy (K, E)-soft grills on X

such that g}{(f)ﬁ g,%(f) forall k € K and for each f e (LX)E. Then the

following statements hold.

() (T2 ()= (T ).
QIfTy = (Tgl k> then (Tgl = (ng -

Proof. (1) Suppose that (7 ), £ (T 1) for all f e (L)E. Then
there exists » € L such that

(T e(f) 2 7> (T ) (1) forall k < K. 2.9)
Since (Tg2 ) (f)=r forall k € K,
C’ng (k’ f" I") = WgZ(ka f'a I”)
zf'@d)gZ(k’f"r):f'

= ¢g2(k’ fla F)Efl'
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Since g}{ (f) < gi (f), by Proposition 2.6, we have
02 (ks [ r)EQ (K, /7, r)E S
Thus, CTQ1 (k, f', r)= f'. Tt implies that (7 g ) (f) = r. It contradicts
(2.9). Hence, (T2 ), (/) < (T ) ().

(2) Follows from Theorem 2.14 and (1) of this theorem.

Corollary 2.17. Let (X,T) be an (L, ®,N)-fuzzy (K, E)-soft
topological space and Ql, G be two L-fuzzy (K, E)-soft grills on X.
Then for all ke K and for each f e(LX)E, (Tglvgz)k(f)z

(T N 2 ()

Proof. By Theorem 2.16, we have (Tglvgz )i (f) < (Tgl )i (f)
\/(ng )i(f). So, we only prove that (Tglvgz )k(f)Z(Tgl)k(f)\/
(Tg2 ) (/). Suppose that

(T 1,2 k() 2 (T VT 2, (1),
Then there exists » € L such that

(T2 k) < 1 < (T VT2 ().

Note that 7 < (Tgl )k(f)\/(Tg2 ) (f) implies that (Tgl ) (f)=r or
(Tg2 )i (f) = r. By Theorem 2.15, we have

(I)gl(k’ f” F)Ef’, ¢g2(k’ f,’ F)Ef,-
Also, by Proposition 2.6, we have

¢glvg2(k’ f,’ }") = ¢g1(kv fla V)V(I)gz(k, fla F)Efl'

Consequently, (7 gug? ) (f) = r. Itis a contradiction.
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Definition 2.18. Let (X,7) be an (L, ®, M)-fuzzy (K, E)-soft

X \E
topological space. Define a mapping P : K — L) by

1, if feq, VF, )E
p{(f):{ if fgq, vf, g€ (L")

0, otherwise.

Then P is an L-fuzzy (K, E)-soft grill on X. We call this L-fuzzy (K, E)-
soft grill the L-fuzzy (K, E)-soft principle grill generated by an L-fuzzy soft
set f.

Lemma 2.19. Let (X,7) be an (L, ®,N)-fuzzy (K, E)-soft

topological space and f, g € (LX)E. Then
() If fCg, then PL(h) < PE(h) forall k e K, h e (L)E.
) If G =P/, then by ks S 7) = Cr (ks £, 7).
(VI SEg and Ty = (T 5 )y» then (T 5 )y = (T g )y

Proof. Obvious.

Theorem 2.20. Let G be an L-fuzzy (K, E)-soft grill on an (L, ®, 1) -
fuzzy (K, E)-soft topological space (X, T). Define a mapping B(G, T) :

)E

X
K - ¢ as follows:

(BG, T)(f)=Vir: f=goh, Ti(g)=r, Gi(h)=0}.
Then B(G, T) isan (L, ®, N)-fuzzy-(K, E)-soft base on X.

Proof. (LSB1) Since 1y =1, ®0% and Oy =0, © 0 with
T:(0y)=T,(1xy)=1 and G,(0y)=0 for keK, we have
(B(G, 7)), (0x)=(B(G, T)),(1x)=1forall e L.
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(LSB2) Suppose that
(B(G, T))(f©g) 2 (B(G, T))(f)O(B(G, T))(g)
forall £, g € (L")F and k € K. Then there exists » € L such that
(BG, T (fog)<r<(B@G T (f)oBG, T)) ()

Since < (B(G, 7)), (f)©(B(G, T)),(g), there exist f, g, Iy, Iy

e (L*)F such that T4(f)2r, Ti(g)2r and Gy(hy) = Gy(hy) =0,
where f = fiOh{ and g = gy © k5. It implies that 7 ,(f; © g;) = r and
Gi(h © hy) = 0. Since

fog=(/10h)o(g Oh)

=(fiog)om hz)'-

We have (B(G, 7)), (f ©g) > r. Itis a contradiction. Hence,

(BG, T (fog)z(B(G, T))(f)OBG, T))(g)
(LSB3) Similar to (LSB2).
Corollary 2.21. For any L-fuzzy (K, E)-soft grill G on an (L, ®, )
fuzzy (K, E)-soft topological space (X, T), we have Ti(f)<

(B(G, T)), (/)<(T g), (f) foreach f e (LX)F, k e K.

Proof. Obvious.

References

[1] H. Aktas and N. Cagman, Soft sets and soft groups, Inform. Sci. 177 (2007),
2726-2735.

[2] M. L Alj, F. Feng, X. Liu, W. K. Min and M. Shabir, On some new operations in
soft set theory, Comput. Math. Appl. 57 (2009), 1547-1553.

[3] A. Aygiinoglu and H. Aygiin, Some notes on soft topological spaces, Neural
Comput. Appl. 21(1) (2012), 113-119.



(4]

(3]

(6]

(7]

(8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

On L-fuzzy (K, E)-soft Grills 81

A. Aygiinoglu, V. Cetkin and H. Aygun, An introduction to fuzzy soft topological
spaces, Hacet. J. Math. Stat. 43(2) (2014), 193-204.

N. Cagman and S. Enginoglu, Soft set theory and uni-int decision making,
European J. Oper. Res. 207(2) (2010), 848-855.

N. Cagman and S. Enginoglu, Soft matrix theory and its decision making,
Comput. Math. Appl. 59 (2010), 3308-3314.

N. Cagman, S. Karatag and S. Enginoglu, Soft topology, Comput. Math. Appl.
62 (2011), 351-358.

D. Chenman, E. C. C. Tsang, D. S. Yeung and X. Wang, The parameterization
reduction of soft sets and its applications, Comput. Math. Appl. 49 (2005),
757-763.

V. Cetkin and H. Aygiin, On fuzzy soft topogenous structure, Journal of
Intelligent and Fuzzy Systems 27(1) (2014), 247-255. doi:10.3233/IFS-130993.

F. Feng, Y. B. Jun and X. Z. Zhao, Soft semiring, Comput. Math. Appl. 56
(2008), 2621-2628.

P. Hajek, Metamathematics of Fuzzy Logic, Kluwer Academic Publishers,
Dordrecht, 1998.

U. Hohle and E. P. Klement, Non-classical Logic and their Applications to Fuzzy
Subsets, Kluwer Academic Publishers, Boston, 1995.

U. Hohle and S. E. Rodabaugh, Mathematics of Fuzzy Sets, Logic, Topology and
Measure Theory, The Handbooks of Fuzzy Sets Series, Chapter 3, Kluwer
Academic Publishers, Dordrecht, 1999, pp. 273-388.

U. Hohle and A. P. Sostak, A general theory of fuzzy topological spaces, Fuzzy
Sets and Systems 73 (1995), 131-149.

S. Hussain and B. Ahmad, Some properties of soft topological spaces, Comput.
Math. Appl. 62 (2011), 4058-4067.

K. Kannan, Soft generalized closed sets in soft topological spaces, J. Theor. Appl.
Inf. Techn. 37 (2012), 17-21.

0. Kazanci, S. Yilmaz and S. Yamak, Soft sets and soft BCH-algebras, Hacet. J.
Math. Stat. 39 (2010), 205-2017.

Z.1i, D. Zheng and H. Jing, L-fuzzy soft sets based on complete Boolean lattices,
J. Comput. Math. Appl. 64 (2012), 2558-2574.

P. Majumdar and S. K. Samanta, Similarity measure of soft sets, New Math. Nat.
Comput. 4 (2008), 1-12.



82

[20]

(21]

[22]

(23]

[24]

[25]

[26]

[27]

(28]

[29]

[30]

[31]

[32]

[33]

O. R. Sayed, E. Elsanousy and Y. H. Raghp

W. K. Min, A note on soft topological spaces, Comput. Math. Appl. 62 (2011),
3524-3528.

D. Molodtsov, Soft set theory - first results, Comput. Math. Appl. 37(4-5) (1999),
19-31.

D. Molodtsov, The description of a dependence with the help of soft sets,
J. Comput. Sys. Sc. Int. 40 (2001), 977-984.

D. Molodtsov, The Theory of Soft Sets, URSS Publishers, Moscow, 2004 (in

Russian).

D. Molodtsov, V. Y. Leonov and D. V. Kovkov, Soft sets technique and its
application, Nech. Siste. Myagkie Vychisleniya 1 (2006), 8-39.

D. Pei and D. Miao, From soft sets to information systems, X. Hu, Q. Liu,
A. Skowron, T. Y. Lin, R. R. Yager, B. Zhang, eds., Proceedings of Granular
Computing IEEE, Vol. 2, 2005, pp. 617-621.

E. Peyghan, B. Samadi and A. Tayebi, About soft set topological spaces, J. New
Results in Sci. 2 (2013), 60-75.

A. A. Ramadan and Y. C. Kim, L-fuzzy (K, E)-soft topologies and L-fuzzy (K, E)-
soft closure operators, Int. J. Pure Appl. Math. 107(4) (2016), 1073-1088.

S. E. Rodabaugh, Categorical foundation of variable-basis fuzzy topology,
U. Hohle and S. E. Rodabaugh, eds., Mathematics of Fuzzy Sets: Logic, Topology
and Measure Theory, Handbook Series, Chapter 4, Kluwer Academic Publishers,
1999.

S. E. Rodabaugh and E. P. Klement, Topological and Algebraic Structures in
Fuzzy Sets, The Handbook of Recent Developments in the Mathematics of Fuzzy
Sets, Trends in Logic 20, Kluwer Academic Publishers, Boston, Dordrecht,
London, 2003.

Rodyna A. Hosny, Remarks on soft topological spaces with soft grill, Far East J.
Math. Sci. (FIMS) 86(1) (2014), 111-128.

S. Roy and T. K. Samanta, A note on fuzzy soft topological spaces, Ann. Fuzzy
Math. Inform. 3(2) (2012), 305-311.

M. Shabir and M. Naz, On soft topological spaces, Comput. Math. Appl.
61 (2011), 1786-1799.

Y. C. Shao and K. Qin, The lattice structure of the soft groups, Procedia
Engineering 15 (2011), 3621-3625.



[34]

[35]

[36]

[37]

On L-fuzzy (K, E)-soft Grills 83

E. Turunen, Mathematics behind Fuzzy Logic, A Springer-Verlag Co., New York,
1999.

P. Zhu and Qiaoyan Wen, Operations on soft sets revisited, J. Appl. Math. 2013
(2013), Art. ID: 105752, 7 pp. http://dx.doi.org/10.1155/2013/105752.

Y. Zou and Z. Xiao, Data analysis approaches of soft sets under incomplete
information, Knowledge-Based Systems 21 (2008), 941-945.

I. Zorlutuna, M. Akdag, W. K. Min and S. Atmaca, Remarks on soft topological
spaces, Ann. Fuzzy Math. Inform. 3 (2012), 171-185.



