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Abstract

The concepts of fuzzy pre-continuity and fuzzy cpre-continuity are introduced and studied in fuzzifying topology
essentially in order to give decompositions of fuzzy continuity. (©) 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction

Ying pointed out a new approach for fuzzy topology with fuzzy logic [7]. The concept of fuzzifying
topology with the semantic method of continuous-valued logic was discussed by him [7] as a preliminary
of the research on bifuzzy topology. All the conventions in [7—9] are good in this paper. The concept of
pre-continuity was introduced by Mashhour et al. [5] and the concept of D(c, p)-continuity was introduced
by Przemski [6]. The concept of D(c, p)-continuity will be renamed in the present paper as cpre-continuity.
It is worth mentioning that the concept of pre-continuity was introduced in fuzzy topology [2] by Bin Shahna
[1]. In the present paper we extend and study the concepts of pre-continuity and cpre-continuity in fuzzifying
topology. The main result gives some decompositions of fuzzy continuity in fuzzifying topology. Furthermore,
the concept of cpre-neighborhood system is presented and a fuzzifying topology induced by it is introduced.
Also comparisons of some types of fuzzy continuity and fuzzy cpre-continuity are studied.

2. Preliminaries

For the fuzzy logical and corresponding set theoretical notations we refer to [7,8]. We note that the set of
truth values is the unit interval and we often do not distinguish the connectives and their truth value functions
and state strictly our results on formalization as Ying does. For the definitions and results in fuzzifying
topology which are used in the sequel we refer to [7-9].

We now give some definitions and results as introduced in [4] which are useful in the rest of the present

paper.
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Definition 2.1. For any 4 € 7 (X),

E(A)P° =X ~ (X ~A).

Lemma 2.1. If [ACB]=1, then
(1) FACB;
(2) )y C(B).
Lemma 2.2. Let (X,1) be a fuzzifying topological space. For any A, B,
(1) FX°=X;
Q) E@drcd
(3) = (ANBy = Ay n(B)y;
(4) E(A)*2(4).

One can add the following lemma.

Lemma 2.3. Let (X,7) be a fuzzifying topological space. For any A € F(X),
() EX~@ = ~AP
(2) if [ACB]=1, then |=(4)"° C(B)™°.

3. Fuzzifying pre-open sets and fuzzifying cpre-open sets

Definition 3.1. Let (X,7) be a fuzzifying topological space.
(1) The family of fuzzifying pre- (resp. cpre-) open sets is denoted by pt (resp. cpt)€ F(P(X)) and
defined as follows:

A€ pt:=Vx(x€Ad—x€A°) (resp. A€ cpt:=Vx(x EANA™° —x€A°)).

(2) The family of fuzzifying pre- (resp. cpre-) closed sets is denoted by pF (resp. cpF) € #(P(X)) and
defined as follows:

A€ pF (resp. ¢cpF):=X ~ A€ prt (resp. cpr).
Lemma 3.1. For any o,f,7,0 €1,
(I—a+BHAA=y+0)<T = (xAY)+(BAI).
Lemma 3.2. For any A€ P(X),
EA°CA4™°.
Proof. From Theorem 5.3 [7] we have [A C4~]=1 and from Lemma 2.1(2), [A°C4~°]=1. O

Theorem 3.1. Let (X,7t) be a fuzzifying topological space. Then
(1) (@) prX)=1 p(d)=1;
(b) for any {A4;: 1€ A}, pt(U;c4:)= N\jes PT(42);
(2) (@) eprX) =1, cpr(D)=1;
(b) ecpt(ANB)=cpt(A4) A cpt(B).
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Proof. The proof of (a) in (1) and (a) in (2) are straightforward.
(1) (b) From Lemma 2.3, =4, ° C({J,c,41)~°. So,

(U)o, (Un) 0w (Us) o

AEA €A

> inf inf 47°(x)= A;).
inf inf A7°(x) G/\Apr( )

(2) (b) Applying Lemmas 2.2(3), 2.3(2) and 3.1 we have
cpt(4) A ept(B) = irelg (1—=A7°(x)+A4°(x))A igg(l —B7°(x) + B°(x))

< inf (1 =47 °x)+A°x)A (1 — B °(x)+ B°(x)))
XEANB

< XeirA}gB(l —(A7°NB7°)(x) + (4°NB°)(x))

< inf (1 —(ANB) °(x)+(4NB)°(x))
X€ANB
= cpt(ANB). O

From Theorem 3.1, we can have the following theorem.

Theorem 3.2. Let (X, 1) be a fuzzifying topological space. Then
(1) (@) pFX)=1, pF(0)=1;
(b) pPF(;ex4:)= Njeq PF(A4));
(2) (a) pF(X) =1, cpF(D)=1;
(b) cpF(AUB)=cpF(A) A cpF(B).

Theorem 3.3. Let (X, 1) be a fuzzifying topological space. Then
(1) (@) FrCpm
(b) ErCopr
(2) (a) E F C pF;
(b) E F CcpF.

Proof. From Theorems 2.2(3) [8] and 3.2, we have
(1) (@) [Aet]=[ACA°]<[ACA°]=[4 € pT].
(b) [Aet]=[4ACA°]I<[ANA~°CA°]=[4 € cpT].
(2) The proof is obtained from (1). [

Remark 3.1. In crisp setting, i.e., if the underlying fuzzifying topology is the ordinary topology, one can
have
Edepthdecpr)—Aer.
But this statement may not be true in general in fuzzifying topology as illustrated by the following counter-

example.

Counterexample 3.1. Let X ={a,b,c} and let 7 be a fuzzifying topology on X defined as follows:
(X)=t0)=1({a})=1({a,c})=1; ©1({b})=1({a,b})=0 and t({c})=1({b,c})= % One can have that
pt({a,b}) =3, cpe({a,b}) = ¢ and hence, pt({a,b}) Acpr({a,b})=¢ A g =¢ % 0=1({a,b}).
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Theorem 3.4. Let (X,71) be a fuzzifying topological space.
(1) EAdetr—(4€ ptAAEcpr).
2) If [Ae ptl=1or [Ac€cpt]=1, then E A€t — (A€ pt NA E cpT).

Proof. (1) Obtained from Theorem 3.3(1).

(2) If [A€ pt]=1, then for each x€4, A7°(x)=1 and so for each x€A4,1 —A47°(x)+A4°(x) = A4°(x).
Thus from Lemma 3.2 = 4° C4~° and so we have, [4 € pt]A[A€cpt]=[A € cpt]l=[d€]. If [A€cpr]=1
then for each x €4, 1 —47°(x)+A4°(x)=1 and so for each x € 4, we have 47 °(x) =A4°(x). Thus [4 € pt] A
[Aecpt]=[Adept]=[4der]. O
Theorem 3.5. Let (X, 1) be a fuzzifying topological space. Then

EdeptAdecpr)—Aer.

Proof.

pt(A) A cpt(4) = inf A7°(x) A inf (1 —A47°(x) + 4°(x))
x€A4 xed

= max (o, inf A=°(x) 4+ inf (1 — A~ °(x) + A°(x)) — 1>
x€A x€A

< inf A°(x)=[4 €] O
x€A

4. Fuzzifying pre- (resp. cpre-) neighborhood structure of a point

Definition 4.1. Let x € X. The pre- (resp. cpre-) neighborhood of x is denoted by pN, (resp. cpN;) € F(P(X))
and defined as

pN(4)= sup pi(B) (resp. cpNi(4) = sup cpr(B)>.
xEBCA xEBCA

Theorem 4.1. (1) EA€pt—Vx(x €A —IB(BE€ pt Ax € BCA));
(2) A€ pt—Vx(xeA— IB(BE€pN, ANBCA)).

Proof. (1) Now, [Vx(x€4—3dB(BEptAx€BCA))]= infreq sup,cpcy pr(B). It is clear that infiey
Sup,cpcy PT(B)= pt(A). In the other hand, let i, ={B: x€BCA}. Then, for any f € [[,.,B: we have
Uses f(x)=4 and so pt(4) = pt(U,c, f(x)) = infres pt(f(x)). Thus,

pt(A)= sup inf pt(f(x))=inf sup pt(B).
Sl B & &4 xeBCA

(2) From (1) we have,
[Vx(x €4 —3B(B € pN, ABC A))]=inf sup pN,(B)
x€A BCA
=inf sup sup pt(C)
x€4 BCA xeCCB

=inf sup pt(C)=[4 € pr]. Ol
x€A xeCC4
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Corollary 4.1. inf,cy pN,(4)= pt(4).

Theorem 4.2. The mapping pN : X — FV(P(X)), x — pN, where FN(P(X)) is the set of all normal fuzzy
subset of P(X) has the following properties:

(1) for any x,A, = A€ pN, —x € 4,

(2) for any x,A,B, = ACB—(A4€ pN,— BE€ pN,);

(3) for any x,A, = A€ pN,—3H(H € pN. N\H CANYy(y € H— H € pN,)).

Proof. One can easily have that for each x € X, pN,(X)=1, i.e. each pN, is normal.

(1) If pN,(4)=0, the result holds. Suppose pN.(4)>0, then sup..,c, pt(H{)>0 and so there exists Hy
such that x € Hy C A. Thus [x € A]=1Z= pN,(4).

(2) Immediate.

(3)

[(3H(H € pN; NH CAANYY(y €H — H € pN,))]

= su N.(H) N inf pN,(H
Hglt; <p W(H) inf p »( ))

= sup(pN:(H) A pt(H))
HCA

= sup pt(H)>= sup pt(H)=[A4 € pN,]. O
HCA x€HCA

Theorem 4.3. The mapping cpN : X — F¥(P(X)), x — ¢pN,, where FN(P(X)), is the set of all normal
Sfuzzy subsets of P(X) has the following properties:

(1) for any x,A, A€ cpN, —x€A4;

(2) for any x,A,B, FACB—(A€cpN,—BeccpN,);

(3) for any x,A,B, =A€cpN, N\B€cpN,—ANBEcpN,.

Conversely, if a mapping c¢pN satisfies (2) and (3), then ¢cpN assigns a fuzzifying topology on X, denoted
by tpn € F(P(X)) and defined as

A€ty =Vx(x€A—AE€cpN,).

Proof. It is clear that each ¢pN, is normal.
The proof of (1) and (2) are similar to the corresponding results in Theorem 4.2.
(3) From Theorem 3.1(2)(b) we have

[ANBecpN,]= sup cpi(H)
x€HCANB
= sup cpt(Hy N Hy)
x€H,CA,xeH,CB

= sup (ept(Hy) A ept(Ha))
xX€EH,CA,x€H,CB

sup cpt(Hi) A sup cpt(Hr)
x€H; CA xeH,CB

= ¢pN (4) N\ cpN (B).

Conversely, we need to prove that 7,5 = inf,cy cpN (A4) is a fuzzifying topology. From Theorem 3.2 [7]
and since 7.,y satisfies properties (2) and (3), then 7,y is a fuzzifying topology. [
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Theorem 4.4. Let (X,7) be a fuzzifying topological space. Then
E cptCtopn.

Proof. Let B€ P(X), 14N (B)= infiep cpN (B)= infiepsup,c cp cpt(4) = cpt(B).

5. pre- (resp. cpre-) Closure and pre- (resp. cpre-) interior

Definition 5.1. (1) The pre- (resp. cpre-) closure of 4 is denoted by p-c/ (resp. cp-cl)e F(P(X)) and
defined as follows:

p-eld)x)=_inf (1 pF(B)) (resp. prel(A)x)= inf (1~ ch(B))) .

(2) The pre- (resp. cpre-) interior of A is denoted by p-int(4) (resp. cp-int(A)) € F(P(X)) and defined
as follows:

p-int(4)(x) = pN:(4) (resp. cp-int(4)(x) = cpN (4)).

Theorem 5.1.
(1) (a) p-cl(A)(x) =1 — pNu(X ~A);
(b) k= p-cl(®) = 0;
(c) = AC pcl(A);
(d) | x€ p-cl(4) < VB(BE pN, — AN B #0);
(e) EA= p-cl(4) — A€ pF;
(f) E B = p-cl(A)— BE€ pF.
(2) (a) ep-cl(A)(x)=1—cpN (X ~A);
(b) = cp-cl(D) = 0;
(c) EACcep-cl(4);
(d) Execp-cl(4) — VB(B € cpN,—ANB#D);
(e) EA=cp-cl(Ad) = A€ Fryn;
(f) =B = cp-cl(A)— B € Fryy.

Proof. (1) (a) p-cl(A)(x)= infrgpoa(l — pF(B))= infrexmpexma(l — pr(X ~B)=1 — sup,cy_pcys
pt(X ~B)=1— pNy(X ~A4).

(b) p-cl(B)x)=1— pN,(X ~0)=0.

(c) It is clear that for any 4 € P(X) and any x € X, if x ¢ 4, then pN(4)=0. If x € 4, then p-cl/(4)(x)=
1 — pNy(X ~A4)=1—-0=1. Then [4 C p-cl(4)]=1.

(d) [VB(BE pN; — AN B # 0)] = infpcyma(l — pNu(B)) =1 — pN.(X ~A) =[x € p-cl(4)].

(e) From Corollary 4.1 and from (a) and (c) above we have

[4 = p-el()] = inf (1= (p-cl(A)))
= inf pN.(X ~A)= pt(X ~A)=[4 € pF].
xEX~A
(f) If [ACB]=0, then [B = p-cl(4)]=0. Now, we suppose [A CB]=1, and have [BC p-c/(4)]=1 —
SUPc gy PNo(X ~A), [p-cl(4)C B= infrexp pNo(X ~A). So, [B = p-cl(4)] = max(0,inf,ex~p pN;

(X ~A)—sup,cp. g PNo(X ~A)). If [B= p-cl(4)]>t, then inf.cxp pNe(X ~A)>t+sup,.cp. 4 PN(X ~A4).
For any x €X ~ B, sup,cccyg pPT(C)>i+sup,cp. 4 PN(X ~A4), ie., there exists Cy such thatx € C; CX ~4
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and pt(C,)>t + sup,cp. 4 PN(X ~A4). Now we want to prove that C, CX ~B. If not, then there exists
x'€B~A with x'€C,. Hence, we obtain sup..p , pNe(X ~A4)= pNo(X ~A4)= pt(Ce)>t + sup,.cp
PNy(X ~A), a contradiction. Therefore, pF(B)= pt(X ~B)= inf,cxp pNy(X ~B)>= inf,cxp pt(Cy) =t +
SUp,cpqg PNx(X ~A)=t. Since ¢ is arbitrary, it holds that [B = p-cl(4)]<[B € pF].

(2) The proof is similar to (1). O

Theorem 5.2. For any x,A4,B,

(1) (@) | p-int(4) = X ~ p-cl(X ~A4);
(b) | print(X) = X;
(c) k= peint(4)C 4;
(d) =B = p-int(A)— Bepr;
(e) EBe pt A\BCA—BC p-int(4);
(f) EA= p-int(4d) < Aepr.

(2) (a) | ep-int(4) = X ~ cp-cl(X ~ A);
b)) Eep-int(X) = X;
(c) = cprint(4) C 4;
(d) =B = cp-int(4) — B € 1pn;
(e) EBetyn NBCA— BC cp-int(A);
(f) =4 = cp-int(4) < A€ 1en.

Proof. (1) (a) From Theorem 5.1(a) p-cl(X ~ A)(x) =1 — pN,(4)=1 — (p-int(4))(x). Then, [p-int(4) =
X~ p-cl(X~A4)]=1.
(b) and (c) are obtained from (a) above and from Theorem 5.1(1)(b) and (1) (c).
(d) From (a) above and from Theorem 5.1(1)(f) we have [B = p-int(A)]=[X ~B = p-cl(X ~A)]<
[X ~Be pFl=[Be¢€ pr].
(e) If [BCA]=0, then the result holds. If [BCA]=1, then we have that [BC p-int(4)]=
infcp( p-int(A))(x) = inf,cp pNy(4) = inf cp pN(B)= pt(B)=[B € pt ABCA].
(f) From Corollary 4.1, we have
[4 = p-int(4)] = min (inf(p-int(A))(x), inf (1— (p-int(A))(x)))
xed xeX~A
= inf (p-int(4))(x) = inf pN,(4) = pr(d) =[4 € pr].

(2) The proof is similar to (1). [

6. pre-Continuous functions and cpre-continuous functions

Definition 6.1. Let (X,7),(Y,U) be two fuzzifying topological spaces.
(1) A unary fuzzy predicate pC € Z (YY) called fuzzy pre-continuity, is given as

pC(f):=Vu(ueU— [~ (u)€ pr).
(2) A unary fuzzy predicate cpC € Z (YY) called fuzzy cpre-continuity, is given as

epC(f):=VYu(ue U — = (u) € cpr).
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Definition 6.2. Let (X,7),(Y,U) be two fuzzifying topological spaces. For any f € Y¥, we define the unary
fuzzy predicates pH;, cpH; € 7 ( Y*) where j=1,2,...,5 as follows:
(1) (a) pH\(f):=YB(BE Fy — f~!(B) € pFx);
(b) cpH,(f):=VB(B€Fy— f~(B) € cpFx);
where Fy is the family of closed subsets of Y; and pFy and cpFy are the families of pre-closed and
cpre-closed subsets of X, respectively.
(2) (a) pHa(f):=VxVu(u € N, — £~ (u) € pN{);
(b) ecpH,(f):=YxVu(ue N}, — [~ (u) e cpN¥);
where N7 is the neighborhood system of Y; and pN¥* and cpN¥ are the pre-neighborhood and cpre-
neighborhood systems of X respectively.
(3) (@) pH3(f):=VxVu(u e N}, — Fu(f(v) Cu—vepNy));
(b) ecpH5(f):=VxVu(u eNfY(X) —J(f(v)Cu—ve cpr)).
(4) (a) pHy(f):=VA(f(p-clx(4)) Ccly(f(4)));
(b) cpH,(f):=VA(f (cp-clx(4)) € cly(f(4))).
(5) (a) pHs(f):=YB(p-clx(f~'(B)C [~ (cly(B)));
(b) cpHs(f):=VB(cp-clx(f~'(B) C £~ (cly(B))).

Theorem 6.1. (1) = f € pC — fe pH, j=1,2,3,4,5;
(2) E feepC «— fecpH,.

Proof. We will prove (1) only since the proof of (2) is similar to the corresponding result in (1).
(a) We prove that = f € pC « f € pH,.

[/ € pHi] = inf  min(1.1 ~Fy(B) + pFx(/~'(8)))

:Beig(fy)min(l,l —U(Y ~B)+ pt(X ~ f71(B)))

:Beig(fu)min(l, 1 —UY ~B)+ pt(f~ (Y ~B)))

= ueig(fy)min(Ll —Uu)+ pu(f~ ()

=[fepCl.

(b) We want to prove that = f € pC « f € pH,.
First, we prove that pH,(f)= pC(f). If N}/(X)(u) < pNX(f~!(u)) the result holds. Suppose N))(}x)(u)>
PNX(f~Y(u)). 1t is clear that, if f(x)€A4 Cu, then x€ f~1(4)C f~'(u). Then,

Nfw@)— pNS(fT'w)) = sup UM)— sup  pr(B)
f(x)EACu x€BC f~(u)

< sup UMA)— sup pr(f'(4))

f(x)EACu f(x)EACu
< sup (U4 — pr(f~1(4))).
S(x)€ACu

So,

1= Njw@) + pNE (ST @)= | inf (1= U) + pe(f 71 ()
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and thus,
min(1, 1 — Nf () + pNS(f 7 () Z, inf min(L, 1 = U(4) + pr(f(A))

> inf mm(l 1—U@)+ pt(f ' (v)))= pC(f).

veEP(Y)
Hence,
f inf 1,1 —NL NE(f! > C].
inf inf min(1,1 = Njo,(u) + pNS(f 7 ) =1/ € pC]

Secondly, we prove that pC(f)>= pH,(f). From Corollary 4.1, we have

pC(f) = inf min(1,1— U(u)+ pt(f~'(u)))
u€P(Y)

> inf min(1,1 — inf NY.X u)+ inf Nf ~1(y >

ueP(Y) ( f(x)Eu A )( ) XG_f*](u)p (.f ( ))

= inf min|1,1— inf NI (u)+ inf pNX(f'(u )
u€P(Y) ( xef-1(u) 76 () xef_](u)l’ (7 ()

> inf inf mm(l 1— N}(x)(”)*’pr(f_l(u))):sz(f),
xeX ueP(Y

(c) We prove that = f € pH, < f € pHs. From Theorem 4.2(2) we have
H;(f)=inf inf mln 1,1 — NY( (u) + su Nf(v)
pHs(f xeX ueP(Y 7@ ueP(X),})'(u)gu P

= inf inf min(1,1 - Nfoo@) + pNE(f () = pHa(f).

(d) We prove that = f € pHy < f € pHs.
First, for any B € P(Y) one can deduce that

U (el (ST B 2 pclx(f T BN =1, [ely(f(f'(B)) Cely(B)]=1
and
LN ey (S BN S ely(B))]=1.
Then from Lemma 1.2(2) [9] we have
[p-clx(f~'(B) C £~ (elyBNI=Lf " (f(p-clx(f~'(B)))) C £~ (cly(B))]
> [ (S (p-elx(f T BN C f ely(f(f 7 (B)))]
> [f(p-clx(f7'(B)) Cely(f (S B

Therefore,
pHs(f) = inf [p-clx(f*I(B))Qffl(cly(B))]
f [ (S(p-clx(fT' B C [ (cly(B))]

BGP(Y)

£ LS (S pelx(fTIBMC /el (ST B

BGP(Y)
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> inf [f(p-cle(f7'(B)) Cely(f(f7 (BN

BeP(Y)
= Aeig(fx)[f(p-clx(A)) Cely(f(4)]= pHa( f).

Secondly, for each 4 € P(X), there exists B € P(Y) such that f(4)=8 and f~'(B) D A. Hence,

< [p-elx(A) C £~ ely(f(A)))]
S LA (p-clx () S f (S Hely(S())))]
< [f(pclx(4)) Cely (f(4))].

[p-clx(f 7' (B) C /™ (clv(B))]

Thus,

PHA() = inf [p-cle() < £ el (SN | inf  [pelx(f7/(B)C /™ clr(B))]

> inf | pcly(f7(B))C £~ (cly(B)] = pHs( f).

(e) We want to prove that = f' € pHs — f € pHa,

PHs(f) = [VB(p-clx(f~'(B) C £~ (cly(B)))]
= inf inf min(1,1 — (1 — pNo(X ~ f7(B))) + 1 — Nyx)(Y ~B))

BEP(Y) x€X

o . . . _ ~ —1 -~
—Bérlg(fy);rel)f(mm(l,l Nye(Y ~ B)) + pN:(f~ (Y ~B))

. . . _ -1 —
—uelr,}zfy);g)f(mm(l,l Nyy(u)) + pNe(f 7 (W)= pHa( f). O

Theorem 6.2. (1) = f €cpH, < f€cpH;, j=3,4,5;
(2) E fe€cepC — f €cpH,.

Proof. (1) It is similar to the proof of (c)—(e) in the proof of Theorem 6.1. [
(2) It is similar to the proof of the first part in (b) in Theorem 6.1.

Remark 6.1. In the following theorem, we indicate the fuzzifying topologies with respect to which we evalu-
ate the degree to which f* is continuous or cpC-continuous. Thus, the symbols (7, U)-C( f'), (t¢n, U)-C( f),
(7, Uypn )-cpC( f'), etc. will be understood.

Applying Theorems 3.4(1) and 4.4 one can deduce the following theorem.
Theorem 6.3. (1) = f € (1, Upn)-C — f € (1,U)-C;

() = fe@U)epC — f € (1qn, U)-C;

() Efe@U)C— fe(r,U)cpC.
7. Decompositions of fuzzy continuity in fuzzifying topology

Theorem 7.1. Let (X,1),(Y,U) be two fuzzifying topological spaces. Then for each f €Y*.
= C(f) = (pC(f) AepC(f)).
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Proof. The proof is obtained from Theorem 3.3(1). [J

Remark 7.1. In crisp setting, i.e., if the underlying fuzzifying topology is the ordinary topology, one can
have

= pC() N epC(f) — Cf).

But this statement may not be true in general in fuzzifying topology as illustrated by the following counter-
example.

Counterexample 7.1. Let (X, 1) be the fuzzifying topological space defined in Counterexample 3.1. Consider
the identity function f from (X,7) onto (X,0) where ¢ is a fuzzifying topology on X defined as follows:

_ L Ae{X0,{a,b}},
o(d)= { 0  otherwise.

Then ¢ A g = pC(f) A epC(f)£C(f)=0.

Theorem 7.2. Let (X,1),(Y,U) be two fuzzifving topological spaces and let f € YX. Then
= C(f) = (pC(f) <= cpC(f))

Proof. [pC(f) — cpC(f)]= min(1,1 — pC(f)+cpC(f))=pC(f) A cpC(f).

Also, [epC(f) — pC(f)]= min(1,1 — cpC(f)+ pC(f))=cpC(f) N pC(f). Then from Theorem 7.1
we have ¢cpC(f) A pC(f)=C(f) and so the result holds. [J

Theorem 7.3. Let (X,1),(Y,U) be two fuzzifying topological spaces and let f € Y. If [pt( f~'(u))]=1 or
[ept( £~ (w)]=1 for each u€ P(Y), Then

= C(f) < (pC(f) N epC(f)).
Proof. Now, we need to prove that C( /)= pC(f) A cpC(f). Applying Theorem 3.4(2) we have

pC(fHYNcpC(f)= inf min(1,1 — U(u) + pr(f_l(u))) A inf min(1,1 — U(u) + cpr(f_l(u)))
ueP(Y) ueP(Y)

Jnf min(L (1= UG+ pe(/ @) A (1= Uw) +epr( )

= inf min(1,1 = Uu)+ (pr(f ') Aepe( [~ ()
u€P(Y)

= inf min(1,1 —U@u)+1(f'w)=C(f). O
ueP(Y)
Theorem 7.4. Let (X,1),(Y,U) be two fuzzifying topological spaces and let f € YX. Then,
(1) if [pr(f~Y(u))]=1 for each uc P(Y), then
= pC(f) = (epC(f) < C(f)).
(2) if [ept(f~"(w))]=1 for each u€ P(Y), then
= epC(f) = (pC(f) < C(f)).
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Proof. (1) Since [pt(f~'(u)]=1 and so [f~'(w)C(f~') °1=1, then [/~')N(/~'())™°C
(/7' @))°1=1/"(w) S (f~"(u))°]. Thus,

cpC(f): inf min(l,l—U(u)—i—cp‘c(f*l(u)))

= inf mm(l L=U@)+ L/ @n (@) S~ @)D

ueP(Y)
:ueufl’(f min(1,1 — Uu)+ [/~ ) S (/7 (@)°])
Zuég(f min(1,1 — U(u) + (f ' ())) = C( /).

(2) Since [ept( f~'(u))] = 1 one can deduce that ( f~'(u))~° =(f~"(u))°. So,
pC(f)= inf min(1,1—U(u)+ pt( £~ (u))).
ueP(Y)
:ueir;(fy)min(l,l U@+ [/ S )]
= inf min(1,1 - U(u) + [ £~ @) C (L @))°])
ueP(Y)

:ueirlg(fy)min(l,l —U@+(fTwn=Cc(f). O

Theorem 7.5. Let (X,1),(Y,U),(Z V) be three fuzzifying topological spaces. For any f€YX, geZ'.
(1) = pC(f) — (C(g) — pC(go f));
(2) = C(g) — (pC(f) — pC(g° [));
(3) EepC(f) — (C(g) — cpC(go f));
(4) | C(g) = (epC(f) — cpC(g o [)).

Proof. (1) We need to prove that [pC( f)]<[C(g) — pC(go f)]. If [C(g)]<[pC(go f)], the result holds;
if [C(g)] > [pC(g o f)], then

[C@)1 ~[pClgo ] = inf min(l,1 -V (v)+ U(g~'(v)))

— inf mln(l L=V(@)+ pr(ge £)~'(v)))
vEP(Z)

< sup (U(g~'(v)) — pr(go £)~'(v))
vEP(Z)

< sup (Uu) — pt( £~ (w))).
ueP(Y)

Therefore,

[C(g) — pC(g o f)] = min(1,1 —[C(g)] + [pC(g° )])

> uelr}}(f )mln(l L= U(u) + pr( £~ ()= pC(f).

(2)

[C(g) = (pC(f) — pC(g o )]
= [AC(g) A(pC(f) = pC(g o )))]
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= [A(C(g) A T(pC(f) A (pCg o IN]=[TAC(9) A pC(f)A :(pC(g o f)))]
= [(pC(HA C(g)A T1pC(g o ) =[TApC(f)A T7AC(9) A T(pC(g° f))))]
= [(pC(SHAA(C(g) = pC(g o HINI=[pC(S) — (C(g) — pC(go fN]=1.

The proofs of (3) and (4) are similar to (1) and (2), respectively. [J
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