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1. Introduction and preliminaries

After the introduction of the concept of fuzzy set
(see [38]) several researches were conducted on the
generalizations of the notion of fuzzy sets. The notion
of a interval-valued fuzzy set has been introduced by
different authors (see [18], [24] and [39]). In 1985,
the interval representation of language value was dis-
cussed by Schwarz in [32]. In 1986, interval-valued
fuzzy sets which based on the normal forms were
studied by Turksen in [34]. In 1987, a method about
interval-valued fuzzy inference was given by Gorzal-
czany in [20]. In the papers [15, 21, 36-38], the basic
research of interval-valued fuzzy sets was studied.
In 1983, Atanassov proposed a generalization of the
notion of fuzzy set: the concept of intuitionistic fuzzy
set [1]. Some basic results on intuitionistic fuzzy sets
were published in [2, 3], and the book [5] provides a
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comprehensive coverage of virtually all results in the
area of the theory and applications of intuitionistic
fuzzy sets. Actually, intuitionistic fuzzy sets are an
object of research by many scientists (see for exam-
ple, [14, 23]). In particular, intuitionistic fuzzy logic
and, in the area of applications, intuitionistic fuzzy
generalized nets and intuitionistic fuzzy programs,
have been studied by Atanassov and co-workers (see
[5]). Coker and Demirci [12] defined and studied
the basic concept of intuitionistic fuzzy point. Later
Coker [10, 11] constructed the fundamental theory
on intuitionistic fuzzy topological spaces, and Coker
and others [12, 13, 16, 17, 22, 30, 31, 33] studied
compactness, connectedness and continuity in intu-
itionistic fuzzy topological spaces and intuitionistic
gradation of neighborhoodness and other topics. The
author in [27] defined the notion of Hausdorffness and
obtained some results of nets and filters in intuition-
istic fuzzy topological spaces [28]. Lee and Lee [25]
showed that the category of fuzzy topological spaces
in the sense of Chang [9] (which redefined by Lowen
[26] and now known as a stratified fuzzy topology) is a
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bireflective full subcategory of that of intuitionis-
tic fuzzy topological spaces, and Wang and He [35]
showed that every intuitionistic fuzzy set may be
regarded as an L-fuzzy set [19] for some appropri-
ate lattice L. In 1989 [6], Atanassov and Gargov
presented the basic preliminaries of interval-valued
intuitionistic fuzzy set theory. Also, in [4, 7, 8]
some types of operators were defined over interval-
valued intuitionistic fuzzy set. In [29], topology of
interval-valued intuitionistic fuzzy sets was defined
and some of its properties were studied. In the present
paper, we will give a characterization of the con-
cept of intuitionistic fuzzy sets and interval-valued
intuitionistic fuzzy sets and their set-operations [6].
We prove that for an interval-valued intuitionistic
fuzzy topology there exist four fuzzy topologies in
the sense of Chang [9]. Also, to study the interactions
between these types of topologies, we investigate the
concepts of pre-suitable and suitable interval-valued
intuitionistic fuzzy topologies and study some basic
concepts of these concepts. Furthermore, we estab-
lish the concept of interval-valued intuitionistic fuzzy
homeomorphism and the concept of interval-valued
intuitionistic fuzzy compactness.

For the references of definitions and results used in
this paper concerning fuzzy sets (resp. fuzzy topology
(F topology, for short), intuitionistic fuzzy set (IF set,
for short), intuitionistic fuzzy topology (IF topology,
for short)) we refer to [9, 38] (resp. [2, 10, 13]).

Definition 1.1. [31]. Let X be a nonempty set, B C X
and o € [0, 1]. We define the fuzzy setalpby alp =
o when x € Band alp = 0 when x ¢ B. We use 1y
and 14 instead of 11 x and 01, respectively. We write
aly instead of a1y). For each fuzzy topological space
(X, 7) and fuzzy set B in X, the trivial case 01, = 14
is an interior point of B will be considered. a1, is
quasi-coincident with a fuzzy set A (written a1, g A)
if and only if a1, ¢ A€ if and only if A(x) + @ > 1,
where A€ is the complement of the fuzzy set A. If
(X, 7) is fuzzy topological space and A C X, then A
is a t-Q-neighborhood of a fuzzy point o1, in X or
aly is a T-Q-interior point of A if and only if there
exists B € tsuch thatal, g B C A.

Definition 1.2. [2]. An intuitionistic fuzzy set A
over the universe of discourse X is an expression
given by A = {{x, pa(x),va(x)):x € X}, where
na: X — [0, 1], vqg : X — [0, 1] with the con-
dition 0 < pwa(x) 4+ va(x) < 1. The values 4 (x)
and vy4(x) denote, respectively, the degree of mem-
bership and the degree of nonmembership of the

element x to the set A. We will denote by IF(X) the set
of all intuitionistic fuzzy sets of X (IF sets of X, for
short). For every intuitionistic fuzzy set A we have
UA = {{x, ua(x) 1 x € X} = {(x, pa(x), 1 —
nax) : x € X},
QA ={{x,1 —va(x)) :x € X} ={{x,1—
va(x), va(x)) : x € X}.

Definition 1.3. Let D[0, 1] be the set of all closed
subintervals of the interval [0, 1] and X( # ¢)
be a given set. Following Atanassov and Gar-
gov [6], an interval-valued intuitionistic fuzzy set
(IIF set for short) in X is an expression given
by A = {{x, Ms(x), Na(x)) : x € X}, where My :
X — D0, 1], Na : X — DI[0, 1] with the condi-
tion 0 < sup M4(x) 4+ sup N4(x) < 1. The intervals
M 4(x) and N4(x) denote, respectively, the degree of
belongingness and the degree of non-belongingness
of the element x to the set A. Thus for each x € X,
M 4(x) and N4(x) are closed intervals whose lower
and upper end points are, respectively, denoted by
M%(x), MY (x) and N%(x), N¥(x). We will denote
by II(X) the set of all ITF sets of X. For every interval-
valued intuitionistic fuzzy set A we have

UA = {(x, Ma(x), [inf Ng(x), 1 —sup M4 (x)]) :
x € X},

QA = {(x, [inf M4 (x), 1 — sup Ng(x)], Na(x)) :
x € X}.

Definition 1.4. Following Mondal and Samanta [29],
a topological space of IIF sets is a pair (X, t), where
X is a nonempty set and t is a subfamily of II(X)
satisfies the basic conditions of classical topology. t
is called a topology of IIF sets on X (IIF topology,
for short). Every member of t is called open (IIF
open set). B € II(X) is said to be closed (IIF closed
set) in (X, 7) if and only if B¢ € t. The family of all
interval-valued intuitionistic fuzzy topologies on X
will be denoted by IT(X).

2. A characterization of IF set and IIF set

First, we give a characterization of intuitionistic
fuzzy sets and their set-operations.

Definition 2.1. An ordered pair (i, v) of fuzzy sets of
anonempty set X such that 4 < v is called a suitable
intuitionistic fuzzy set of X (SIF set, for short). The
family of all suitable intuitionistic fuzzy sets of X will
be denoted by SIF (X).
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Theorem 2.2. There exists a bijection between IF (X)
and SIF(X).

Proof. The functions H : IF(X) — SIF(X) and

M : SIF(X) — IF(X) defined by:

H(A) = H{{(x, pa(x), va(x)) : x € X}) =

(na, 1 —va)and M((p, v)) = {{x, u(x), 1 —v(x)) :

x € X} are well defined, (H o M)((i, v)) = (i, v)

and (M o H)(A) = A, ie, M = H . O
By making use of our characterization of the IF set

one can have the following three theorems.

Theorem 2.3.' Let A= (A1,A),B=(B1,B)) €
IF(X), and {A7 : j € A} CIF(X). Then:

(1) A< B if and only if A; < B; for each i €
{1,2};

(2) A= B if and only if A; = B; for each i €
{1,2}

3) UjeA Al = (UjeA A{7 UjeA A£)§
“4) ﬂjeA Al = (ﬂjeA A{’ ﬂjeA Aé)?
(5) AC = (A3, A]);

©) 1=(x,1x);

(7 0= (g, 1p);

8) A= (A1, Ay),

9) OA = (A2, A2).

Theorem 2.4. Let {A/ : j € A} C IF(X). Then:

(1) Ujea OA) =0OWUjep A

2) Njea QA =0(Njep A

3) Ujer ©A) = 0Ujen A);

@ Njes (OA) = O(Njep A
Theorem 2.5. Let f: X — Y, A=(A1, A, €
IF(X), and C = (Cy, C2) € IF(Y). Then:

(1) f(A) = (f(AD), f(A2));

@ ey =len, )

3) f(OA) =0Of(A);

@) f(OA) = O f(A);

6) fFl@o) =0r71C);

6) f71(0C) =0 f71(O.

Second, we give a characterization of interval-
valued intuitionistic fuzzy sets and their set-
operations.

Definition 2.6. An ordered quadrable («, A, i, v) of
fuzzy sets of a nonempty set X such that k < A <
v < w is called a suitable interval-valued intuitionis-
tic fuzzy set of X (SIIF set for short). The family of
all suitable interval-valued intuitionistic fuzzy sets of
X will be denoted by SI(X).

In the following theorem we point out a bijection
between I1(X) and SI(X). In other words, the concept
of interval-valued intuitionistic fuzzy set of X can
be determined in a uniquely manner as an ordered
quadrable (k, A, i, v) of fuzzy sets of X such that
K<A<v=<u.

Theorem 2.7. There exist two functions ny : II(X) —
SI(X) and np : SI(X) — I(X) such that n1 ony =
idsi(x) and 2 o 1 = idix), i.e., 1 =m "

Proof. Define 1y and n; as follows:
m(A) = m(x, (s ), {1, W), vim) :
xeX) =@h wf,  1-vh  1-v)
for each A ell(X), and na((k, A,u,v)) =
{(x, [k(x), AL [1—px), 1 =v@)]):xe X}
for each (k, A, u, v) e SI(X). It is clear that 7
and n; are well defined and 7n; o g = idsyx) and
n2 o n1 = idn(x), i-€, N1 =271 O
By making use of our characterization of the
interval-valued intuitionistic fuzzy set we have the
following theorem.

Theorem 28. Let A= (Al_, Ay, Az, Ay), B =
(B1, By, B3, By) € II(X) and {A’ : j € A} C II(X).
Then:

(1) AC B if and only if A; < B; for each i €
{1921 394};

(2) A= B if and only if A; = B; for each i
{1,2,3,4});

(3) Ujen A/ ‘ . | |
= (Ujea A1 Ujea A2 Ujen A% Ujen ADs
:(ﬂjeA A{v ijA Aé, ijA Ag’ﬂjeA Ai),

(5) AC = (AS, AS, AS, AS);

©) T=(x,1x, 1x, 1x);

(1) 0= (g, 1. 1. 1);
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(8) LA = (A1, A, A3z, Ap);
(9) OA = (A1, As, A3z, Ag).

Proof. Applying Theorem 2.7. we obtain
(1) ACB

< {(x, [A1(x), A2(0], [T — A3(x), 1 — A4s(0)])
X € X}

< {(x, [Bi(x), By(0)], [1 = B3(x), 1 — Ba(x)]) :
X € X}

S Vxe X, A(x) < Bi(x), A(x) < By(x),

1 —A3(x) > 1— B;3(x), 1 — As(x) > 1 — Bus(x)
& A; < B, Vie{l,2,3,4).

(2) Obvious.
3) U Al

jeJ

= U{(x [4lw. Al)]

jelJ
[1-Al@). 1-Ajw)] ) :ixe x}

= {{x [Ualw. Ualw].

jeJ JjeJ

[ﬂ(l —Aﬁ(x)), ﬂ(l —Ai(x))b ix € X}

jeJ jeJ
= (UAl Uad Uad. Ual).
jeJ jeJ jelJ jelJ

(4) Similar to (3).

5) A
= {(x.[1 = A3(), 1 — Ay@)], [A1(x), A (0)])
X € X}
=1-A431-As,1-A1,1-Ay)
= (A, A§, AS, A9).
The proofs of (6)-(9) are straightforward. O

Theorem 2.9. Let {A/ : j € A} C II(X). Then:

(1) Ujen @A) =0OWUjep A
) Njea OA) =0 jep A9
3) Ujea ©A) = 0WUjep A);
@ Njea ©A) = 0(Njep A

Proof. Applying Theorem 2.8.(8) and (9), we prove
(1) as (2)-(4) are similar.

(1) U@a)) = U, Al A, )
jeJ jeJ

= (U A, UAL UAL UAD

jeJ jeJ jeJ jeJ

=0(U 4)).

jeJ

Theorem 2.10. Let f : X — Y and
A= (A1, A2, A3, Ag) e II(X), C =
(Cq, Ca, C3,Cy) € II(Y). Then:

(1) f(A) = (F(A), f(A2), F(A3), F(AD);
@) FC) = (F7UC, £1(C), fC), FHC);
3) f(OA) =0f(A);
@) f(OA) = O f(A);
(5) f(OC) =010y
©) [71(0C) = 0f(C).
Prost s a)
= {0 LA, FADOL 1T = FADO),

L= fAdD iy e ¥ |
= (F(AD, f(AD). f(As). F(AL)).

@ £'(B) = {<x, L (B)G). £~ (B,
LF'(1 = By, f'(1 = BY@)]) : x € x}

- {(x, L (BDG). £~ (B [1 —

£ B,
L= B x e X

= (f7'(BY), f71(By), [T (B3), f71(By)).
The proofs of (3)-(6) are straightforward. U

Remark 2.11.

(1) AnIIF set (Aq, Ay, Az, Ay) is identified with
anIF setifand only if Ay = Aj and Az = A4.
For this reason Theorems 2.2., 2.3., 2.4. and
2.5. can be obtained as corollaries from corre-
sponding Theorems 2.7., 2.8., 2.9. and 2.10.,
respectively;

(2) AnlIFset(A;, Ay, A3, Ay)isidentified with a
fuzzy setif and only if A} = Ay = A3z = Ay;
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(3) AnlIIF set (A1, A2, Az, Ay) is identified with
anordinary setifandonlyif A} = Ay = A3 =
Ay and A(X) C {0, 1}.

Theorem 2.12. Let t be an IIF topology on a
nonempty set X and let tjp(resp. tr, 10) ={A:
A € t} and A is identified with an intuitionistic fuzzy
set (resp. fuzzy set; ordinary set)}. Then tip is an IF
topology, T is afuzzy topology and t¢ is a topology
on X.

Theorem 2.13. Let t be an IIF topology on a non-
empty set X and 1 (resp. T, = {JA(resp.QA) : A €
t}. Then both 0y and t, is an IIF topology on X.

3. SIIF and PIIF topologies

Definition 3.1. Let X be a nonempty set. Then:

(1) An ordered quadrable (t1, 12, T3, T4) of fuzzy
topologies on X is called a pre-suitable
interval-valued intuitionistic fuzzy topology
(PIIF topology for short) on X. The family
of all pre-suitable interval-valued intuitionis-
tic fuzzy topologies on X will be denoted by
PT(X);

(2) A pre-suitable interval-valued intuitionistic
fuzzy topology (t1, 12, T3, T4) on X is called
suitable interval-valued intuitionistic fuzzy
topology (SIIF topology for short) on X if
71 € 1 € 174 C 13. The family of all suitable
interval-valued intuitionistic fuzzy topologies
on X will be denoted by ST(X).

We present now the following problem: Is there a
bijection between IT(X) and PT(X)?

In the following we point out a bijection between
a subfamily of IT(X) and PT (X)).

Theorem 3.2.

(1) For each te€lT(X), there exist four
fuzzy topologies on X defined as t; = {A; :
A et} for each i€{l,2,3,4} and A =
(A1, Ag, Az, Ayg) € II(X), i.e., there exists a
function & from 1T(X) into PT(X) such that
§(1) = (11, 12, 13, T4).

(2) There exists a function n : PT(X) — IT(X)
defined as follows:

n((01,62,63,04)) ={A: A€

II(X), A; € 6; ,
ie{l,2,3,4}}.

(3) The function n defined in (2) above satisfies
the following statements:
(a) n is injection;
(b) If§(t)=(1, 72, 73, T4), thenn(§(7)) 2 7;
(c) If (61, 62, 63, 04) € PT(X), then
EM((61, 62, 03, 64))) = (01, 62, 03, O4).

Proof. (1) We now prove that 7; = {A; : A € t}isa
fuzzy topology for each i € {1, 2, 3, 4}.

(a) Since 1,0 € 7, then 1y, Iy € 75

(b) Suppose that H, K € t;. Then there exist
A, B € tsuchthat A; = Hand B; = K.Since AN B
et,thenwehave HNK = A;N B, = (AN B); € 1j;

(c) Suppose that {H/: j € A} C 7;. Then there
exist {A/: j€ A} C t such that HI = A{ for
each jg A. Since (J;ep AJ € 1, then Ujen H =
Ujea A7 = Ujea A e

(2) It is clear that n((61, 62, 03, 64)) is uniquely
determined. Now, we prove that n((61, 62, 63, 64)) €
IT(X):

(a) Since 1y, 14 € 0; foreachi € {1, 2, 3, 4}, then
we have 1,0 € 1((61, 62, 63, 04));

(b)  Suppose A, B € n((61,02,03,6s4)). Then
A;, B; € 6; for each i € {1,2,3,4}. Thus AN B =
(A1 N By, Ay N By, A3 N Bz, A4 N By) € II(X).
Therefore A N B € n((01, 62, 63, 64));

(c) Suppose that {A/: je A} C n((6y, 62, 63,
64)). Then A! € 6; for each i € {1,2,3,4}. Hence
U]_'eA Al = (UjeA A{’ UjeA Aé, UjeA Aé, UjeA
A}) € 1I(X). Therefore | J jea Al e IT(X).

(3) (a) Suppose that (81, 62, 63, 6a) % (31, 82, 83,
84). Then 6; # §; for some i € {1, 2, 3,4}. If 6; # &,
(resp. 62 # 62, 03 £ 83, B4 + 84), then there exists
A €6y (resp. 62, 63, 64), say, such that A ¢
81 (resp. 82, 83, 84). Then (A, 1x, 1x, 1x) (resp.
(1, A, 1x, 1x), (14, 14, A, 1), (1, 1y, 1x, A)) €
n((61, 62, 03, 64)) but ¢ n((81, 82, 83, 84)). Therefore
n is injection.

(b) Immediate.

(c) One direction is obvious. For the other
direction, suppose that H € 6; (resp. 6, 63,
04). Then (H, 1x,1x,1x) (resp. (1y, H, 1x, 1x),
(1, 1, H, 1), (19, 19, 1x, H)) € n((01, 62, 03, O4)).
Therefore
H € (n((01, 62, 63, 04))); (resp. (n((01, 02, 63, 64))),,
(n((01, 02, 03, 04)))3, (N((01, 02, 63, 04)))4). U

Remark 3.3. There exists a bijection between
n(PT(X)) and PT(X) (See Theorem 3.2.(2) and (3)

(a)).
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The following example illustrates that the converse
of Theorem 3.2.(3) (b) may not be true.

Example 3.4. Let X = [0, 1]and r = {1,0, A, B},
where  Aj(x) = §, Ax(x) = Bi(x) = By(x) = 3,
As(x) =3, and A3(x) = B3(x) = B4(x) = 1 for
each x € [0, 1]. Then 7 eIT([0, 1]). Since
(1p, g, Ly, 31x) € n(5(0) but (1g, Ly, 1x, 31x) ¢
7, then n(&(7)) € t.

Theorem 3.5. If T = n((t1, 12, T3, T4)), then
né@) =t

Proof. From Theorem 3.2.(3) (¢)
n&(@) = nEm((t1, 72, 3, 74))))

=n((t1, 12,73, 4)) = T. O

Theorem 3.6. The pre-suitable equality relation
Rpsg on IT(X) is an equivalence relation on

IT(X).

4. Basic concepts of SIIF topology

Theorem 4.1. Let T = n((t1, 12, 13, T4)), (71, T2, T3,
14) € ST(X) and A € 1I(X). Then Int;(A)
= (Int1, (A1), Intr,(A2), Intr;(A3), Inty,(Ag)).

Proof. (1) Int.(A) =J{B: Bert, BC A}
= UBer,BgA By, UBer,BgA B, UBer,BgA Bs,

UBer,BgA By

From Theorem 3.2.(3) (c), Upcypca Bi € i for
each i e {l,2,3,4}. Since UBez,Bc_A B; C A; for
each i € {1,2,3,4}, then Jgc, gcp Bi € Intr,(A))
for each i € {1, 2, 3, 4}. Therefore, the suitability of
(11, 72, 73, T4) implies that (Int;, (A1), Int,,(A2),
Int;(A3), Int,(Ag)) € I(X). Hence Int;(A) C
(Intz, (A1), Inte,(A2), Inte,(A3), Inte,(As).

(2) Since (Inty (A1), Inty,(A2), Int,(A3),
Int;,(A4)) € II(X), then it belongs to 7. Now,

(Inte, (A1), Intey(A2), Intey(A3), Intr,(As))

C (A1, Ay, Az, Ay) = A. Therefore

(Intey (A1), Intzy(A2), Intey(A3), Intz,(As))

C Int(A). O

Theorem 4.2. Let (11, 72, 73, 74) € ST(X) and A €
1(X). Then

Cl(A) = (Cly(Ay), Cly (Az), Cly (A3), Cly,(Ag)),
where T = n((11, T2, 73, Ta)).

Proof. From Theorem 2.20. [32], we have
Cl(A) = (Int(A°))

= (Int.((A§, A§, A{, A9))

= (Inty,(AS), Int,(AY), Intry(AY), Inty,(AS))
= ((Unt(AD)", (Unt,(AS)), (Int, (A",

(Int,(AD))
= (Cl; (A1), Clyy(A2), Clyy (A3z), Clry(Ag)). O

Remark 4.3. One can deduce that an interval-valued
intuitionistic fuzzy point p in X (p € IP(X), for short)
canbe uniquely determined as (#1 1, t2 1y, 1315, taly),
where 1] <t < t4 <tz and, > 0. Note that #{ may
be equal 0.

Definition 4.4. Let t € IT(X)and A € II(X). Then A
is a 7-Q-neighborhood of

p = (t11y, t2ly, 31y, taly) € IP(X) (or equivalently,
p is a T-Q-interior point of A) if and only if

(1) t1 =0 and A; is a 1;-Q-neighborhood of #1,
foreach i € {2, 3, 4}; or

(2) 11 >0 and A; is a t;-Q-neighborhood of
til, for each i € {1, 2, 3,4}, where &(t) =
(t1, 12, 73, T4).

The family of all 7-Q-neighborhoods of p will be
denoted by NTQ (p).

Theorem4.5. Let (11, 12, 73, 74) € ST(X), A € II(X)
and p = (t1 1, 21y, 31y, t41) € IP(X). Then

(1) A is an n((t1, 12, 13, T4))-Q-neighborhood of
p if and only if ty =0 and A, is a 172-0-
neighborhood of t2 1.

) A is an n((t1, 12, 13, 14))-Q-neighborhood of
p if and only if t > 0 and Ay is a 11-0-
neighborhood of t1 1.

Proof. One direction in the two statements is obvious
and the other is obtained since 71 C 12 C 14 C 7T3.
O

Remark 4.6.
We write p g A to mean that:

(1) 1 =0and 1y g A; foreachi € {2, 3, 4}; or
(2) t1 > 0and ;15 g A; foreachi € {1, 2, 3, 4}.

Theorem 4.7. Let (11, 12, 13, 74) € ST(X), A, B €
I(X) and p=(t11ly, 0l 13l 141,) € IP(X).
Denote n((t1, 12, 13, 74)) by 1. Then we have:
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(1) (i) Te N2(p)forevery p € IP(X);
(ii) If A € N2(p), then p q A;
(iii) If A, B € N2(p), then AN B € N2(p);
(iv) If A € NrQ(p) and A C B, then B € NtQ(p);
(v) If A € N2(p), then there exists B € N2(p) such
that B C A and B € N9(s) for every s € IP(X) and
sq B.
ty =0and t;1, q A; foreachi € {2,3,4}; or

(2) For every pelP(X), suppose there exists
U, € I(X) satisfying (i)-(iv), then 0 = {A € U, :
p q A} € IT(X). If in addition U, satisfies (v), then
U, = N(JQ(P)-

Proof. (1) (i)-(iv) are immediate.

(v) Suppose that A € NrQ(p). If 1 =0 we
have that A, is a t-Q-neighborhood of #1y.
Thus, there exists Oy € 1y such that ©1, g O> C
Az. Now, we obtain B = (Int; (A1), Int,(A2),
Intr;(A3), Intr,(A4))

e N2(p)and BC A. If s ¢ B, s € IP(X), one can
easily have that B € N,Q (s).

(2) First, we prove that 8 € IT(X) as follows:

(a) It is obvious that 0, 1ee:

(b) Suppose A, B € 6. Then

ift; =0and 1, g (AN B) foreachi € {2, 3, 4},
then from (iii), AN B € Uj,. Therefore AN B € 6.
One can deduce in a similar way that AN B e 6
when f; > 0.

(c) Suppose {A/:jeA}C 6. If ;=0
and 71y ¢ Ujea A/ for each i€ {2,3,4}, then
\/jEA Al(x)+1t; > 1 for each i€ {2,3,4}. Thus,
there exists j, € A such that Al (x)+1t; > 1 for
each i € {2,3,4}. So, Al € Up. From (I) (iv) we
have|J ;.o A’ € Up. Therefore(J;c5 A’ € 6. Onthe
other hand, if #; > 0, one can prove in a similar way
that {J;, A7 € 6.

Now, suppose that U, satisfies (v) and C € U).
Then from (v), there exists B € U, such that B C C
and B € U, for every s g B, s € IP(X). Thus B € 6.
So one can deduce that C € NQQ( p). Again, suppose

that C € NeQ (p). Then there exists D € 6 such that
p gD C C.Then D € U,. Therefore from (iv), C €
Up. O

Theorem 4.8. Let T € IT(X). If B (resp. S) C t is
a base (resp. subbase) for t, then Bl = {A; : A €
B} (resp. S' ={A; : A € S}) is a base (resp. sub-
base) for t; for each i € {1, 2, 3,4}, where &(1) =
(t1, 12, T3, T4).

Proof. Supposei € {1, 2, 3, 4}.

(1) For the base case, suppose M € t;. Then there
exists A € t such that A; = M. Thus, there exists a
subfamily {B¥ : k € A} of B such that Urken Bk=A
and so there exists a subfamily {Blk :k € A} of B
such that | J,, B = A; = M. Hence B' is a base
for 7; .

(2) For the subbase case, suppose M € 1;. Then
there exists A € t such that A; = M. Thus, there
exist finite sets A; and arbitrary set £ such that
Uree Mien, BX = A and {B¥ : k € A} € S for each
[ € £.Hence there exist finite sets A; and arbitrary set
¢ such that e, Nien, Bf=A;=Mand (Bf: k e
A;} C St foreach! e ¢. Hence S' is a subbase for ;.
O

Remark 4.9. In the following example we illustrate
that if B! is a base for t; for each i € {1, 2, 3, 4}, then
B={Acll(X): A € B, ie{l,2,3,4}} need not
be a base for t even t = n((r1, 12, 73, 74)) and
(11, 12, 13, T4) € ST(X).

Example 4.10. Let X = {a,b,c}and t={p: pu €
11(X), ni € T, ief{l,2,3,4}}, where
71 ={lx, 14} U{a, 8,0} and m=1m3=14=
{1x,1p} U{a, B, 1.6, & A, v, ¢}, where
a(a) = §,ab) = 3,alc) =1, ) =3, Bb) =
0,8)=13%, y@=gyb)=0yc)=3 a
=1.80) = 3.8(c) = 1. &(a) = 0, 4(b) = 0, {(c) =
LEa)=1.60)=0E0)=1, Ma)=0,rb)=
0,AM(c) =%, v@) =0,v(b)=%,v0) =1, ¢a)=
%, o(b) =0, ¢(c) = 1. Hence, 11, 72, 73 and 74 are
fuzzy topologies on X and (tq, 72, 73, 74) € ST(X).
Now, B! = {Ix, 14,2, B, v} is a base for 7|
and B' = {lx, 1y, B, 1, &, & A, v} is a base for T
where i € {2,3,4}. It is clear that (o, o, @, @) €
n((ty, 72, 13, 74)) but there exists no IIF sets can be
constructed from the bases B!, B2, B% and B* such
that («, o, «, @) can be written as a union of them.

5. IIF homeomorphisms and IIF compactness

We suppose that the definitions of continuous
(resp. open, closed, homeomorphism) functions in
the frameworks of F topology and IF topology are
well known.

Definition 5.1. Let 7 € IT(X), o € IT(Y) and f :
X — Y be a function. Then
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(1) f is said to be interval-valued intuitionistic
fuzzy continuous (IIF continuous, for short)
if and only if (f(B))*1 € 1) for each B € o.

(2) f is said to be interval-valued intuitionis-
tic fuzzy open (IIF open, for short) (resp.
closed) (ITF closed, for short ) if and only if
foreach A € 7 (resp. B € 1), f(A) € o (resp.
(f(B) € 0).

(3) f issaid to be an interval-valued intuitionistic
fuzzy homeomorphism (IIF homeomorphism,
for short) if and only if

(a) f is a bijection, and
(b) f and f~! are IIF continuous.

Theorem 5.2. Let 1 € IT(X), o € IT(Y) and f :
X — Y be a function. Then

(1) f is IIF open if and only if f(Int:(A)) C
Ints(f(A)) for every A € II(X);

(2) f is IIF closed if and only if f(Cl.(A)) 2
Cls(f(A)) for every A € 1I(X);

(3) Iffis a bijection, then f is IIF open if and only
if f~VisIIF continuous if and only if f is IIF
closed.

Proof.

(1) = Since Int;(A) € t, then
flnt (A)) C Ints(f(Int:(A)) C
Ints(f(A)).
< Let A et. Then f(A)= f(Int:(A)) C
Ints(f(A)). Hence f(A) € o.
(2) = Since (CI;(A)) € T, then
(f(Cl;(A))) € o and so,
F(Cl(A))2 Cl(f(Cl(A)))2 Cly(f(A)).
< Let A€ € 7. Then
f(A) = f(Cl(A)2 Cls(f(A)).
Hence (f(A))€ € o.
(3) The proof of the statements is obtained from

the facts: (f_l)_1 = fand (f(A))° = f(A°).
O

Theorem 5.3. Let v € IT(X), o € IT(Y) and f:
X — Y be a function. Then the following statements
are equivalent:

(1) f is an IIF homeomorphism;

(2) f is a bijection, IIF open and IIF continuous;

(3) f is a bijection and f(Cl;(A)) = Cls(f(A))
for every A € II(X);

(4) fisabijection, IIF closed and IIF continuous.

Theorem 5.4.

(1) Let &)= (11,72, 73, 74) and §&(0)=
(01,02,03,04). If f:(X,7)—> (Y,0) s
IIF continuous (resp. open, closed, home-
omorphism), then  fi: (X, 1) — (Y,07)
is fuzzy continuous (resp. open, closed,
homeomorphism) for each i € {1, 2, 3,4}.

Q) If fi:(X,1)— (Y,07) is fuzzy continuous
(resp. open, closed, homeomorphism) for each
ief{l, 2, 3,4}, then f:(X,7) > (Y,0) is
IIF continuous (resp. open, closed, homeo-
morphism), where T = n((t1, 72, 13, T4)) and
o = n((o1, 02,03, 04)).

Theorem 5.5.Let f : (X, t) — (¥, o) be afunction,
where (X, 7) and (Y, o) are IIF topological spaces.
Then:

(1) fislIIF continuous (resp. open, closed, home-
omorphism) implies f : (X, tir) = (Y, 01F)
is IF continuous (resp. open, closed, home-
omorphism) implies f : (X, tp) = (Y, 0F) is
fuzzy continuous (resp, open, closed, home-
omorphism) implies f : (X, t9) = (Y, 00) is
continuous (resp. open, closed, homeomor-
phism);

If f is IIF continuous (resp. open , closed ,
homeomorphism), then f : (X, 1q) — (Y, o)
and f : (X, to) = (¥, 0¢) so are.

Q@

~

Definition 5.6. Let (X, t) be an IIF topological space.
Then:

(1) A subfamily U/ of 7 is called an interval-valued
intuitionistic fuzzy open cover (IIF open cover
for short) of X ifand only if (J{A : A e U} =
I;

(2) A finite subfamily U, of an IIF open cover U
of X which is also an IIF open cover of X is
called a finite subcover of U

(3) A subfamily M of IIF closed sets of X has
the finite intersection property (FIP for short)
if and only if every finite subfamily M. of M
satisfies the condition ()4 4. A # 0;

(4) (X, 7)iscalled an interval-valued intuitionistic
fuzzy compact topological space (IIF compact
space for short) if and only if every IIF open
cover of X has a finite subcover.

Theorem 5.7. (X, ) is an IIF compact space if and
only if every subfamily of IIF closed sets of X has the
FIP has a nonempty intersection.
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Theorem 5.8. (X, 1) is an IIF compact space if and
only if (X, 10) so is if and only if (X, T¢) so is.

Proof. Necessity: Follows from the fact that

A C A C QA.

Sufficiency: Suppose that (X, ) is an IIF compact
space and A = {0G/ : j € A} C ¢ is a cover of 1.
Then (UjeA G'f, UjeA Gé, UjeA Gé UjeA Gi )=
(1x, 1x, 1x, 1x). Since G] <G4 < G} for each
j € Aand UjeA G{ = ly, then

(UjeA G{" UjeA Gév UjeA Gév UjeANGé)
=U{OG’/: je A} C 1y isacoverqfl.Thus, there
exists 0G', 0G?, ..., 0G" € {OG/ : j € A} such
that (Ui, Gi. UL G5 UL, G5 UL, GY) =
(1x, 1x, 1x, 1x). Hence thert; exists

OG!, <>G.2, R OG” € {OG{ 1 j € A}. such that
(UL) G Uiz G ULy G U GY)

=L, 0G" = 1. Therefore (X,7y) is an IIF
compact space. g

Theorem 5.9. Let (X, T) be an IIF compact space,
(Y,0) be IIF space and f:(X,1)— (Y,0) be a
continuous surjective function. Then (Y, o) is IIF
compact.

Theorem 5.10. The following statements are true:

(1) If (X, v) is IIF compact space, then (X, TiF) is
an IF compact;

(2) If (X, tiF) is IF compact space, then (X, TF) is
an F compact;

3) If (X, tF) is an F compact space, then (X, tp)
is compact.

The converse of each of the above statements is not
true in general as shown by the following example.

Example 5.11.

(1) Suppose Ayxy=(1 -1 1-51-

ﬁ, 1-— %) for each x € [0, 1] and n € N and
7={1,0}U{A, : n € N}. Thus ([0, 1], t7F)
is IF compact space but ([0, 1], 7) is not IIF
compact space;

(2) Suppose A,(x) = (1 — %, 1-— %, 1 — ﬁ, 1—
ﬁ) for each x € [0, 1] and n € N and 7 =
{1,0}U{A, :n e N}. Thus ([0, 1], t) is F
compact space but ([0, 1], 77r) is not IF com-
pact space;

(3) Suppose A,(x)=(1—1 1171173

%) for each x € [0,1] and n € N and 7t =

{1,0JU{A, :n eN}. Thus ([0, 1], 7o) is
compact space but ([0, 1], tr) is not F compact
space.

Theorem 5.12. Let (11, 72, 13, T4) € PT(X).

(1) If (X, 1)) is F-compact spaces for each i €
{1,2,3,4}, then (X, n((t1, 72, 13, 71))) is IIF
compact;

2) If (X, n((t1, 12, 13, Ta))) is IIF compact, then
(X, 71) is F compact.

Proof. (1) Suppose H < n((ty, 72, 73, 74)) and
Upewh=1. Then H' ={hj:he H} C7 and
Un,en hi = 1x for each i € {1,2,3,4}. Thus, there
exists a finite subset {h}, hiz, ...,h?" } of H' such
that U'}‘:l h{ = 1x for each i € {1, 2, 3, 4}. Choose
S=U{j:Jjen;iefl,2,3,4}}. Therefore, S is
finite, and we have | J, g h* = 1.

(2) Suppose M C 1 such that (), B = 1x. Then
M*={(B, 1x, 1x, 1x) : Be M} Cn((t1, 12, 13, T4)).
Then there exists a finite subset {(Bl, 1x, 1x,
1x),...,(B", 1x,1x, 1x)} of M* such that UZ=1
(B, 1x, 1x, 1x) = 1. Hence there exists a finite
subset {B, ..., B¥} of M such that | Jj_, B = 1y.
O

Corollary 5.13. If (11,172,173, 14) € ST(X) and
(X, ©r3) is F compact, then (X, n((t1, 172, 13, T4))) is
an IIF compact.

The following example illustrate that there exists
(11, 72, 13, 74) € ST(X) and (X, (71, 72, 73, 74))) is
IIF compact space but (X, ;) is not F compact for
ie€{2,3,4}.

Example 5.14. Let X be any nonempty set.
Define (11, 12, 73, 14) € ST(X), where 11 = {1x, 14}
and 10 =13 = 14 = {lx, 14} U {fn : n € N}, where
fux)=1-— % for every n € N and x € X. Then
(X, n((r1, 172, 13, 14))) is lIF compact space but (X, t;)
is not F compact for i € {2, 3, 4}.

6. Conclusion

In this paper, some new results about intuitionistic
fuzzy topological spaces are obtained. This subject
has been studied by many mathematicians and have
applications to medicine, photography, and other.
By making use of a characterization of the concept
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of interval-valued intuitionistic fuzzy sets (Theorem
2.5.), the concepts of homeomorphism functions
(Theorem 5.3.), and compactness (Theorems 5.7.-
5.10.) are introduced in interval-valued intuitionistic
fuzzy topological spaces. Furthermore, the concepts
of the base and subbase in interval-valued intuitionis-
tic fuzzy topological spaces (Theorem 4.8.) are given.
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