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Abstract
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1. Introduction and Preliminaries

In the last few years fuzzy topology, as an important research field in fuzzy
set theory, has been developed into a quite mature discipline [8-10, 13-14,
29]. In contrast to classical topology, fuzzy topology is endowed with richer
structure, to a certain extent, which is manifested with different ways to
generalize certain classical concepts. So far, according to Ref. [9], the kind
of topologies defined by Chang [4] and Goguen [6] is called the topologies
of fuzzy subsets, and further is naturally called L-topological spaces if a
lattice L of membership values has been chosen. Loosely speaking, a topol-
ogy of fuzzy subsets (resp. an L-topological space) is a family τ of fuzzy
subsets (resp. L-fuzzy subsets) of nonempty set X, and τ satisfies the ba-
sic conditions of classical topologies [12]. On the other hand, Höhle in [7]
proposed the terminology L-fuzzy topology to be an L-valued mapping on
the traditional powerset 2X of X. The authors in [11, 13-14, 20] defined an
L-fuzzy topology to be an L-valued mapping on the L-powerset LX of X.
In 1952, Rosser and Turquette [21] proposed emphatically the following
problem: If there are many-valued theories beyond the level of predicates
calculus, then what are the detail of such theories? As an attempt to give
a partial answer to this problem in the case of point set topology, Ying in
1991-1993 [30-32] used a semantical method of continuous-valued logic to
develop systematically fuzzifying topology. Briefly speaking, a fuzzifying
topology on a set X assigns each crisp subset of X to a certain degree of
being open, other than being definitely open or not. Roughly speaking,
the semantical analysis approach transforms formal statements of interest,
which are usually expressed as implication formulas in logical language,
into some inequalities in the truth value set by truth valuation rules, and
then these inequalities are demonstrated in an algebraic way and the se-
mantic validity of conclusions is thus established.There are already more
than 100 papers in fuzzifying topology published in the last two decades, I
guess. But only a few papers can properly use the semantic method intro-
duced in the original papers of Ying, which I strongly believe, can provide
more delicate characterization of fuzzifying topological structure. So far,
there has been significant research on fuzzifying topologies [1-3, 17-18, 23-
24]. For example, Ying [33] introduced the concepts of compactness and
established a generalization of Tychonoff’s theorem in the framework of
fuzzifying topology. In [24] the concept of local compactness in fuzzifying
topology is introduced and some of its properties are established. General-
ized open sets play a very important role in General Topology and they are
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now the research topics of many topologists worldwide. Indeed a signifi-
cant theme in General Topology and Real Analysis is the study of variously
modified forms of continuity, separation axioms etc. by utilizing general-
ized open sets. One of the most well known notions and also an inspiration
source is the notion of pre-open [15] sets introduced by Mashhour, Abd
El-Monsef and El-Deeb in 1982. In 1984, the authors in [16] considered
a strong versions of compact spaces and locally compact spaces defined in
terms of pre-open subsets of a topological space. Alternative characteriza-
tions of such spaces were obtained. The concept of mixed fuzzy topological
spaces is studied and investigated in some papers (see for example, [6, 21,
29, 32-35] In [2] the concepts of fuzzifying pre-open sets and fuzzifying
pre-continuity were introduced and studied. Also, the authors in [3] in-
troduced some concepts of fuzzifying pre-separation axioms and clarified
the relations of these axioms with each other as well as the relations with
other fuzzifying separation axioms. Furthermore, in [1], Abd El-Baki and
Sayed characterized the concepts of fuzzifying pre-irresolute functions and
used the finite intersection property to give a characterization of fuzzifying
strong compact spaces. In this paper, the concepts of pre-base and pre-
subbase of fuzzifying P -topology are introduced. Other characterizations
of fuzzifying strong compactness are given, including characterizations in
terms of nets and pre-subbase. Several characterizations of locally strong
compactness in the framework of fuzzifying topology are introduced and
the mapping theorems are obtained. Thus we fill a gap in the existing lit-
erature on fuzzifying topology. We use the terminologies and notations in
[1-3, 30-33] without any explanation. We note that the set of truth values is
the unit interval and we do often not distinguish the connectives and their
truth value functions and state strictly our results on formalization as Ying
does. We will use the symbol ⊗ instead of the second ”AND” operation ∧
as dot is hardly visible. This mean that

[P ] ≤ [ϕ→ ψ]⇔ [P ]⊗ [ϕ] ≤ [ψ] .

All of the contributions in General Topology in this paper which are not
referenced may be original.
We procure some useful definitions and results which are useful in the rest
of the present paper.
A unary fuzzy predicate τP : 2

X → [0, 1], called fuzzifying pre-open [2], is
given as follows:

A ∈ τP := ∀x(x ∈ A→ x ∈ Int(Cl(A))) , i.e., τP (A) =
^
x∈A

Int(Cl(A))(x)).
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Similarly, A unary fuzzy predicate FP : 2
X → [0, 1], called fuzzifying

pre-closed [2], is given as follows: A ∈ FP := X − A ∈ τP . The fuzzify-

ing pre-neighborhood system of a point x ∈ X [2] is denoted by NPX

x (or
NP
x ) : 2

X → [0, 1] and defined as NP
x (A) =

W
x∈B⊆A

τP (B). The fuzzifying

pre-closure of a set A ⊆ X [2], denoted by ClP ∈ [0, 1]X , is defined as
ClP (A)(x) = 1 − NP

x (X − A). If (X, τ) is a fuzzifying topological space
and N(X) is the class of all nets in X, then the binary fuzzy predicates
P ,∝P : N(X)×X → [0, 1] [23] are defined as

S P x := ∀A(A ∈ NPX

x → S e⊂A), S ∝P x := ∀A(A ∈ NPX

x → S e<A),
where ”S P x” , ”S ∝P x” stand for ”S pre-converges to x” , ”x is a pre-
accumulation point of S”, respectively; and ”e⊂”, ”e<” are the binary crisp
predicates ”almost in ”,”often in”, respectively. The degree to which x is a
pre-adherence point of S is adhPS(x) = [S ∝P x]. If (X, τ) and (Y, σ) are
two fuzzifying topological spaces and f ∈ Y X , the unary fuzzy predicates
CP , IP : Y X → [0, 1], called fuzzifying pre-continuity [2], fuzzifying pre-
irresoluteness [1], are given as

CP (f) := ∀B(B ∈ σ → f−1(B) ∈ τP ), IP (f) := ∀B(B ∈ σP → f−1(B) ∈ τP ),

respectively. Let Ω be the class of all fuzzifying topological spaces. A unary
fuzzy predicate TP

2 : Ω → [0, 1], called fuzzifying pre-Hausdorffness [3], is
given as follows:

TP
2 (X, τ) = ∀x∀y((x ∈ X∧y ∈ X∧x 6= y)→ ∃B∃C(B ∈ NP

x ∧C ∈ NP
y ∧B∩C ≡ φ)).

A unary fuzzy predicate Γ : Ω→ [0, 1], called fuzzifying compactness [33],
is given as follows:

Γ(X, τ) := (∀<)(K◦( <,X) −→ (∃℘)((℘ ≤ <) ∧K( ℘,A)⊗ FF (℘)))

and if A ⊆ X, then Γ(A) := Γ(A, τ/A). For K, K◦ (resp. ≤ and FF ) see
[31, Definition 4.4] (resp. [31, Theorem 4.3] and [33, Definition 1.1 and

Lemma 1.1]). A unary fuzzy predicate fI : [0, 1]2
X → [0, 1], called fuzzy

finite intersection property [33], is given as

fI(<) := ∀℘((℘ ≤ <) ∧ FF (℘)→ ∃x∀B(B ∈ ℘→ x ∈ B)).

A fuzzifying topological space (X, τ) is said to be fuzzifying P -topological
space [1] if τP (A ∩ B) ≥ τP (A) ∧ τP (B). A binary fuzzy predicate
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KP : [0, 1]
2X×2X → [0, 1], called fuzzifying pre-open covering [1], is given as

KP ( <, A) := K( <, A)⊗(< ⊆ τP ). A unary fuzzy predicate ΓP : Ω→ [0, 1],
called fuzzifying strongly compactness [1], is given as follows:

(X, τ) ∈ ΓP := (∀<)(KP ( <,X) −→ (∃℘)((℘ ≤ <) ∧K( ℘,X)⊗ FF (℘)))

and if A ⊆ X, then ΓP (A) := ΓP (A, τ/A). It is obvious that

ΓP (X, τ) := Γ(X, τP ) , ΓP (A, τ/A) := Γ(A, τP/A)

and
|= K◦( <, A) −→ KP ( <, A).

A fuzzifying strongly compact space is a generalization of strongly com-
pact space [16]. A space X is said to be strongly compact if every pre-open
cover X has a finite subcover.

A unary fuzzy predicate LC : Ω→ [0, 1], called fuzzifying locally com-
pactness [24], is given as follows:

(X, τ) ∈ LC := (∀x)(∃B)((x ∈ Int(B)⊗ Γ(B, τ/B)).
A space X is said to be locally strongly compact [16] if each point of X

has a neighbourhood which is a strongly compact subspace.

2. Fuzzifying pre-base and pre-subbase

Definition 2.1. Let (X, τ) be a fuzzifying topological space and βP ⊆ τP .
Then βP is called a pre-base of τP if βP fulfils the condition:

|= A ∈ NPX

x → ∃B((B ∈ βP ) ∧ (x ∈ B ⊆ A)).

Example 2.1. Let X = {a, b, c}, and I = [0, 1]. Define a mapping τ :
P (X) −→ I on X as follows: τ(∅) = τ(X) = 1, τ({a, c}) = 0, τ({a, b}) = 1

5 ,
τ({b, c}) = 1

2 , τ({a}) = 0, τ({b}) = 3
4 , τ({c}) =

1
2 . Then we can easily

verify that τ is a fuzzifying topology. By calculating,
τP (∅) = τP (X) = 1, τP ({a, c}) = 1

4 , τP ({a, b}) = 1, τP ({b, c}) = 1,
τP ({a}) = 1

4 , τP ({b}) =
3
4 , τP ({c}) = 1. If we set βP = τP , then

NP
x (A) =

W
x∈B⊆A

τP (B) =
W

x∈B⊆A
βP (B). Obviously, βP is a pre-base of

τP by Definition 2.1.

Theorem 2.1. βP is a pre-base of τP if and only if τP = β
(∪)
P , where

β
(∪)
P (A) =

_S
λ∈Λ

Bλ=A

^
λ∈Λ

βP (Bλ).
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Proof. Suppose that βP is a pre-base of τP . If[
λ∈Λ

Bλ = A,

then from Theorem 3.1 (1) (b) in [2],

τP (A) = τP

⎛⎝[
λ∈Λ

Bλ

⎞⎠ ≥ ^
λ∈Λ

τP (Bλ) ≥
^
λ∈Λ

βP (Bλ).

Consequently,
τP (A) ≥

_S
λ∈Λ

Bλ = A

^
λ∈Λ

βP (Bλ)

To prove that
τP (A) ≥

_S
λ∈Λ

Bλ = A

^
λ∈Λ

βP (Bλ)

we first prove
τP (A) =

^
x∈A

_
x∈B⊆A

τP (B).

(Indeed, assume δx = {B : x ∈ B ⊆ A}. Then, for any

f ∈
Y
x∈A

δx,
[
x∈A

f(x) = A,

and further we have

τP (A) = τP

Ã[
x∈A

f(x)

!
≥

^
x∈A

τP (f(x))

≥
_

f∈
Q

δx
x∈A

^
x∈A

τP (f(x))

=
^
x∈A

_
x∈B⊆A

τP (B).

Also,
τP (A) ≤

^
x∈A

_
x∈B⊆A

τP (B).
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Therefore,

τP (A) =
^
x∈A

_
x∈B⊆A

τP (B)).

Now, since

NPX

x (A) ≤
_

x∈B⊆A
βP (B),

τP (A) =
^
x∈A

_
x∈B⊆A

τP (B) =
^
x∈A

NPX

x (A)

≤
^
x∈A

_
x∈B⊆A

βP (B) =
_

f∈
Q
x∈A

δx

^
x∈A

βP (f(x)).

Then,

τP (A) ≤
_S

λ∈Λ
Bλ=A

^
λ∈Λ

βP (Bλ) .

Therefore,

τP (A) =
_S

λ∈Λ
Bλ=A

^
λ∈Λ

βP (Bλ) .

In the other side, we assume that

τP (A) =
_S

λ∈Λ
Bλ=A

^
λ∈Λ

βP (Bλ)

and we will show that βP is a pre-base of τP , i.e., for any A ⊆ X, NPX

x (A) ≤W
x∈B⊆A

βP (B). Indeed, if x ∈ B ⊆ A and
S
λ∈Λ

Bλ = B, then there exists

λ◦ ∈ Λ such that x ∈ Bλ◦ and^
λ∈Λ

βP (Bλ) ≤ βP (Bλ◦) ≤
_

x∈B⊆A
βP (B).

Therefore,

NPX

x (A) =
_

x∈B⊆A
τP (B)

=
_

x∈B⊆A

_S
λ∈Λ

Bλ=A

^
λ∈Λ

βP (Bλ)
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≤
_

x∈B⊆A
βP (B).

2

Theorem 2.2. Let βP : 2X → [0, 1]. Then βP is a pre-base for some
fuzzifying P -topology τP if and only if it has the following properties:

(1) β
(∪)
P (X) = 1;

(2) |= (A ∈ βP ) ∧ (B ∈ βP ) ∧ (x ∈ A ∩ B) → ∃C((C ∈ βP ) ∧ (x ∈ C ⊆
A ∩B)).

Proof. If βP is a pre-base for some fuzzifying P -topology τP , then

τP (X) = β
(∪)
P (X). Clearly, β

(∪)
P (X) = 1. In addition, if x ∈ A ∩B, then

βP (A) ∧ βP (B) ≤ τP (A) ∧ τP (B) ≤ τP (A ∩B) ≤ NPX

x (A ∩B)
≤

_
x∈C⊆A∩B

βP (C).

Conversely, if βP satisfies (1) and (2), then we have τP is a fuzzifying
P -topology. In fact, τP (X) = 1. For any {Aλ : λ ∈ Λ} ⊆ P (X), we set

δλ =

⎧⎨⎩{BΦλ : Φλ ∈ Λλ} :
[

Φλ∈Λλ
BΦλ = Aλ

⎫⎬⎭ .

Then, for any

f ∈
Y
λ∈Λ

δλ,
[
λ∈Λ

[
BΦλ

∈f(λ)
BΦλ =

[
λ∈Λ

Aλ.

Therefore,

τP

⎛⎝[
λ∈Λ

Aλ

⎞⎠ =
_S

Φ∈Λ
BΦ=

S
λ∈Λ

Aλ

^
Φ∈Λ

βP (BΦ)

≥
_

f∈
Q
λ∈Λ

δλ

^
λ∈Λ

^
BΦλ

∈f(λ)
βP (BΦλ)

≥
^
λ∈Λ

_
{BΦλ

:Φλ∈Λλ}∈δλ

^
Φλ∈Λλ

βP (BΦλ)

=
^
λ∈Λ

τP (Aλ) .
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Finally, we need to prove that

τP (A ∩B) ≥ τP (A) ∧ τP (B).

If τP (A) > t, τP (B) > t, then there exists

{Bλ1 : λ1 ∈ Λ1} , {Bλ2 : λ2 ∈ Λ2}

such that
S

λ1∈Λ1
Bλ1 = A,

S
λ2∈Λ2

Bλ2 = B

and for any λ1 ∈ Λ1, βP (Bλ1) > t,
for any λ2 ∈ Λ2, βP (Bλ2) > t. Now, for any x ∈ A ∩ B, there exists
λ1x ∈ Λ1, λ2x ∈ Λ2 such that x ∈ Bλ1x ∩ Bλ2x . From the assumption, we
know that

t < βP (Bλ1x) ∧ βP (Bλ2x) ≤
_

x∈C⊆Bλ1x
∩Bλ2x

βP (C),

and furthermore, there exists Cx such that

x ∈ Cx ⊆ Bλ1x ∩Bλ2x ⊆ A ∩B, βP (Cx) > t.

Since [
x∈A∩B

Cx = A ∩B,

we have

t ≤
^

x∈A∩B
βP (Cx) ≤

_S
λ∈Λ

Bλ=A∩B

^
λ∈Λ

βP (Bλ) = τP (A ∩B).

Now, let τP (A) ∧ τP (B) = k. For any natural number n, we have

τP (A) > k − 1
n
, τP (B) > k − 1

n

and so τP (A ∩B) ≥ k − 1
n . Therefore τP (A ∩B) ≥ k = τP (A) ∧ τP (B). 2

Definition 2.2. ϕP : 2
X → [0, 1] is called a pre-subbase of τP if ϕ

(∩)
P is a

pre-base of τP , where

ϕ
(∩)
P (

\
λ∈Λ

Bλ) =
_\

λ∈Λ

Bλ=A

^
λ∈Λ

ϕP (Bλ),

{Bλ : λ ∈ Λ} < P (X) with ” < ” standing for ”a finite subset of”.

Theorem 2.3. ϕP : 2X → [0, 1] is a pre-subbase of some fuzzifying P -

topology if and only if ϕ
(∪)
P (X) = 1.
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Proof. We only demonstrate that ϕ
(∩)
P satisfies the second condition of

Theorem 2.2, and others are obvious. In fact

ϕ
(∩)
P (A) ∧ ϕ(∩)P (B)

=

⎛⎜⎜⎜⎝ _T
λ1∈Λ1

Bλ1
=A

V
λ1∈Λ1

ϕP (Bλ1)

⎞⎟⎟⎟⎠ ∧
⎛⎜⎜⎜⎝ _T

λ2∈Λ2

Bλ2
=B

V
λ2∈Λ2

ϕP (Bλ2)

⎞⎟⎟⎟⎠
=

_T
λ1∈Λ1

Bλ1
=A

_T
λ2∈Λ2

Bλ2
=B

Ã V
λ1∈Λ1

ϕP (Bλ1)

!
∧
Ã V
λ2∈Λ2

ϕP (Bλ2)

!

≤
_T

λ∈Λ
Bλ=A∩B

Ã V
λ∈Λ

ϕP (Bλ)

!

= ϕ
(∩)
P (A ∩B).

Therefore, if x ∈ A ∩B, then

ϕ
(∩)
P (A) ∧ ϕ(∩)P (B) ≤ ϕ

(∩)
P (A ∩B) ≤

_
x∈C⊆A∩B

ϕ
(∩)
P (C).

2

3. Fuzzifying strong compact spaces

Theorem 3.1. Let (X, τ) be a fuzzifying topological space, ϕP be a pre-
subbase of τP , and

(β1) := (∀<)(KϕP (<,X) → ∃℘((℘ ≤ <) ∧ K(℘,X) ⊗ FF (℘))), where
KϕP (<,X) := K(<,X)⊗ (< ⊆ ϕP );

(β2) := (∀S)((S is a universal net in X)→ ∃x((x ∈ X) ∧ (S >P x)));

(β3) := (∀S)((S ∈ N(X)→ (∃T )(∃x)((T < S) ∧ (x ∈ X) ∧ (T >P x))),

where ”T < S” stands for ”T is a subnet of S”;

(β4) := (∀S)((S ∈ N(X)→ ¬(adhPS ≡ φ));

(β5) := (∀<)(< ∈ [0, 1]2
X ∧< ⊆ FP ⊗ fI(<)→ ∃x∀A(A ∈ <→ x ∈ A)).

Then |= (X, τ) ∈ ΓP ↔ βi i = 1, 2, ..., 5.
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Proof. (1) Since ϕP ⊆ τP , [< ⊆ ϕP ] ≤ [< ⊆ τP ] for any < : 2X → [0, 1],
then we have [KϕP (<,X)] ≤ [KP (<,X)]. Therefore ΓP (X, τ) ≤ [β1].
(2) [β2] =

V{ W
x∈X

[S >P x] : (S is a universal net in X)}.

(2.1) Assume X is finite. We set X = {x1, ..., xm}. For any universal net
S in X, there exists i◦ ∈ {1, ...,m} with S e⊂{xi◦}. In fact, if not, then for
any i ∈ {1, ...,m}, S e6⊂{xi◦}, S e⊂X − {xi◦} and S e⊂ mT

i=1
(X − {xi}) = φ, a

contradiction. Therefore xi◦ /∈ A and NP
xi◦
(A) = 0 (see[2],Theorem 4.2

(1)) provided S e6⊂A, and furthermore [S >P xi◦ ] =
V

Se6⊂A
³
1−NP

xi◦
(A)

´
= 1.

Therefore [β2] = 1 ≥ [β1].
(2.2) In general, to prove that [β1] ≤ [β2] we prove that for any λ ∈ [0, 1],
if [β2] < λ, then [β1] < λ. Assume for any λ ∈ [0, 1], [β2] < λ. Then,
there exists a universal net S in X such that

W
x∈X

[S >P x] < λ and for

any x ∈ X, [S >P x] =
V

Se6⊂A
³
1−NP

x (A)
´
< λ, i.e., there exists A ⊆ X

with S e6⊂A and NP
x (A) > 1 − λ. Since ϕP is a pre-subbase of τP , ϕ

(∩)
P

is a pre-base of τP and from Definition 2.1, we have
W

x∈B⊆A
ϕ
(∩)
P (B) ≥

NP
x (A) > 1 − λ, i.e., there exists B ⊆ A such that x ∈ B ⊆ A andW(
min
λ∈Λ

ϕP (Bλ) :
T
λ∈Λ

Bλ = B,Bλ ⊆ X,λ ∈ Λ
)
= ϕ

(∩)
P (B) > 1 − λ, where

Λ is finite. Therefore, there exists a finite set Λ and Bλ ⊆ X(λ ∈ Λ) such
that

T
λ∈Λ

Bλ = B and for any λ ∈ Λ, ϕP (Bλ) > 1− λ. Since S e6⊂A and Λ is

finite, there exists λ(x) ∈ Λ such that S e6⊂Bλ(x). We set

<◦(Bλ(x)) =
_
x∈X

ϕP (Bλ(x)).

If ℘ ≤ <◦, then for any δ > 0, ℘δ ⊆ {Bλ(x) : x ∈ X}. Consequently, for any
B ∈ ℘δ, S e6⊂B and S e⊂Bc because S is a universal net. If

[FF (℘)] = 1− inf {δ ∈ [0, 1] : F (℘δ)} = t,

then for any n ∈ w (the non-negative integer),

inf {δ ∈ [0, 1] : F (℘δ)} < 1− t+
1

n
,

and there exists δ◦ < 1− t+ 1
n such that F (℘δ◦). If δ◦ = 0,then P (X) = ℘δ◦

is finite and it is proved in (2.1). If δ◦ > 0, then for any B ∈ ℘δ◦, S e⊂Bc.
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Since F (℘δ◦), we have

S e⊂\{Bc : B ∈ ℘δ◦} 6= φ.

i.e.,
S
℘δ◦ 6= X and there exist x◦ ∈ X such that for any B ∈ ℘δ◦, x◦ /∈ B.

Therefore, if x◦ ∈ B, then B /∈ ℘δ◦, i.e., ℘(B) < δ◦,

K(℘,X) =
^
x∈X

_
x∈B

℘(B) ≤
_

x◦∈B
℘(B) ≤ δ◦ < 1− t+

1

n
.

Let n → ∞. We obtain K(℘,X) ≤ 1 − t and [K(℘,X) ⊗ FF (℘)] = 0. In
addition, [KϕP (<◦,X)] ≥ 1− λ. In fact, [<◦ ⊆ ϕP ] = 1 and

K(<◦,X)] =
^
x∈X

_
x∈B

<◦(B) ≥
^
x∈X

<◦(Bλ(x)) ≥
^
x∈X

ϕP (Bλ(x)) ≥ 1− λ

because x ∈ Bλ(x). Now, we have

[β1] = [(∀<)(KϕP (<,X)→ ∃℘((℘ ≤ <) ∧K(℘,X)⊗ FF (℘)))]

≤ [KϕP (<◦,X)→ ∃℘((℘ ≤ <◦) ∧K(℘,X)⊗ FF (℘))]

= min(1, 1−KϕP (<◦,X) +
_

℘≤<◦
[K(℘,X)⊗ FF (℘))] ≤ λ.

Since λ is arbitrary, we have [β1] ≤ [β2].
(3) It is immediate that [β2] ≤ [β3].
(4) To prove that [β3] ≤ [β4], first we prove that

[∃T ((T < S) ∧ (T >P x))] ≤ [S ∝P x],

where
[∃T ((T < S) ∧ (T >P x))] =

_
T<S

^
T e6⊂A

³
1−NP

x (A)
´

and
[S ∝P x] =

^
Se6<A

³
1−NP

x (A)
´
.

Indeed, for any T < S one can deduce {A : S e6<A} ⊆ {A : T e6⊂A} as follows.
Suppose T = S ◦K . If S e6<A, then there exists m ∈ D such that S(n) /∈ A
when n ≥ m, where ≥ directs the domain D of S. Now, we will show
that T e6⊂A. If not, then there exists p ∈ E such that T (q) ∈ A when q ≥ p,
where ≥ directs the domain E of T . Moreover, there exists n1 ∈ E such that
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K(n1) ≥ m because T < S, and there exists n2 ∈ E such that n2 ≥ n1, p
because (E,≥) is directed. So, K(n2) ≥ K(n1) ≥ m, S ◦K(n2) /∈ A and
S ◦K(n2) = T (n2) ∈ A. They are contrary. Hence,

{A : S e6<A} ⊆ {A : T e6⊂A}.
Therefore,

[∃T ((T < S) ∧ (T >P x))] =
_
T<S

^
T e6⊂A

³
1−NP

x (A)
´

=
_
T<S

^
{A:T e6⊂A}

³
1−NP

x (A)
´

≤
^

{A:Se6<A}
³
1−NP

x (A)
´

=
^
Se6<A

³
1−NP

x (A)
´
= [S ∝P x].

Therefore, for any x ∈ X and S ∈ N(X) we have

[β3] =
^

S∈N(X)

_
x∈X

[∃T ((T < S) ∧ (T >P x))]

≤
^

S∈N(X)

_
x∈X

[S ∝P x] =
^

S∈N(X)
¬
Ã ^
x∈X

³
1− [S ∝P x]

´!

=
^

S∈N(X)
[¬(adhPS ≡ φ)] = [β4].

(5) We want to show that [β4] ≤ [β5]. For any < : 2X → [0, 1], assume
[fI(<)] = λ. Then for any δ > 1−λ, if A1, ..., An ∈ <δ, A1∩A2∩...∩An 6= φ.
In fact, we set ℘(Ai) =

Wn
i=1<(Ai). Then ℘ ≤ < and FF (℘) = 1. By putting

ε = λ+ δ − 1 > 0, we obtain

λ− ε < λ ≤ [FF (℘)→ (∃x)(∀B)(B ∈ ℘→ x ∈ B)] =
_
x∈X

^
x/∈B

(1− ℘(B)).

There exists x◦ ∈ X such that λ − ε <
V

x◦ /∈B
(1 − ℘(B)), x◦ /∈ B implies

℘(B) < 1 − λ + ε = δ and x◦ ∈ ∩℘δ = A1 ∩ A2 ∩ ... ∩ An. Now, we set
ϑδ = {A1 ∩A2 ∩ ... ∩An : n ∈ N,A1, ..., An ∈ <δ} and S : ϑδ → X,B 7→
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xB ∈ B,B ∈ ϑδ and know that (ϑδ,⊆) is a directed set and S is a net in
X. Therefore,

[β4] ≤ [¬(adhPS ≡ φ)] =
_
x∈X

^
Se6<A(1−NP

x (A)).

Assume that [< ⊆ FP ] = µ. Then, for anyB ∈ P (X),<(B) ≤ 1+FP (B)−µ,
and

[< ⊆ FP ⊗ fI(A)→ (∃x)(∀A)((A ∈ <)→ x ∈ A)]

= min(1, 2− µ− λ+
_
x∈X

^
x/∈A

(1− <(A))).

Therefore, it suffices to show that for any x∈ X,^
Se6<A(1−NP

x (A)) ≤ 2− µ− λ+
^
x/∈A

(1− <(A)),

i.e., _
x/∈A

<(A) ≤ 2− µ− λ+
_
Se6<AN

P
x (A)

for some δ > 1− λ.For any t ∈ [0, 1], if W
x/∈A

<(A) > t, then there exists A◦

such that x◦ /∈ A◦ and <(A◦) > t.

Case 1. t ≤ 1− λ, then t ≤ 2− µ− λ+
W

Se6<ANP
x (A).

Case 2. t > 1−λ. Here we set δ = 1
2(t+1−λ) and have A◦ ∈ <δ, A◦ ∈ ϑδ.

In addition,

t < <(A◦) ≤ 1 + FP (A◦)− µ, t+ µ− 1 ≤ FP (A◦) = τP (A
c
◦).

Since A◦ ∈ ϑδ, we know that SB ∈ A◦, i.e., SB /∈ Ac
◦ when B ⊆ A◦ and

S e6<Ac
◦. Therefore,

2−µ−λ+
_
Se6<AN

P
x (A) ≥ 2−µ−λ+NP

x (A
c
◦) ≥ 2−µ−λ+τP (Ac

◦) ≥ t+(1−λ) ≥ t.

By noticing that t is arbitrary, we have completed the proof.
(6) To prove that [β5] = [(X, τ) ∈ ΓP ] [1, Theorem 6]. 2

The above theorem is a generalization of the following corollary.
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Corollary 3.1. The following are equivalent for a topological space (X, τ).
(a) X is a strong compact space.
(b) Every cover of X by members of a pre-subbase of τP has a finite sub-
cover.
(c) Every universal net in X pre-converges to a point in X.
(d) Each net in X has a subnet that pre-converges to some point in X.
(e) Each net in X has a pre-adherent point.
(f) Each family of pre-closed sets in X that has the finite intersection prop-
erty has a non-void intersection.

The equivalence (a) , (b) and (c) were given in [16].

Definition 3.1. Let {(Xs, τs) : s ∈ S} be a family of fuzzifying topological
spaces,

Q
s∈S

Xs be the cartesian product of {Xs : s ∈ S} and ϕ = {p−1s (Us) :

s ∈ S,Us ∈ P (Xs)}, where pt :
Q
s∈S

Xs → Xt(t ∈ S) is a projection. For

Φ ⊆ ϕ, S(Φ) stands for the set of indices of elements in Φ. The pre-base
βP :

Q
s∈S

Xs → [0, 1] of
Q
s∈S
(τP )s is defined as

V ∈ βP := (∃Φ)(Φ < ϕ ∧ (
\
Φ = V ))→ ∀s(s ∈ S(Φ)→ Vs ∈ (τP )s),

i.e.,
βP (V ) =

_
Φ<ϕ,

T
Φ=V

^
s∈S(Φ)

(τP )s(Vs).

Example 3.1. Let (X, τ) and τP be just as in Example 2.1. Define a
mapping ς : P (Y ) −→ I on Y as follows: ς(∅) = ς(Y ) = 1, where
Y = {d}, then ς is a fuzzifying topology and ςP (∅) = ςP (Y ) = 1. Hence,
Y ×X = {(d, a), (d, b), (d, c)}, so ϕ = {∅,X × Y, {(d, a)}, {(d, b)}, {(d, c)},
{(d, a), (d, b)}, {(d, b), (d, c)}, {(d, a), (d, c)}}. By calculating,
βp(∅) = 1, βP (X×Y ) = 1, βP ({(d, a)}) = 1

4 , βP ({(d, b)}) =
3
4 , βP ({(d, c)}) =

1
2 ,βP ({(d, a), (d, c)}) =

1
4 ,βP ({(d, a), (d, b)}) =

1
2 , βP ({(d, b), (d, c)}) = 1.

According to Theorem 2.1, we can easily obtain β
(∪)
P = βP , so τP×ςP = βP .

Definition 3.2. Let (X, τ), (Y, σ) be two fuzzifying topological space. A
unary fuzzy predicate OP : Y

X → [0, 1], is called fuzzifying pre-openness,
is given as: OP (f) := ∀U(U ∈ τP → f(U) ∈ σP ). Intuitively, the degree to
which f is pre-open is

[OP (f)] =
^

B⊆X
min(1, 1− τP (U) + σP (f(U))).
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Example 3.2. Let (X, τ) and τP be defined just as in Example 2.1. We
set Y = X,σ = τ and f = idX , then [OP (f)] =

V
U⊆X

min(1, 1 − τP (U) +

σP (f(U))) = 1.

Lemma 3.1. Let (X, τ) and (Y, σ) be two fuzzifying topological space. For
any f ∈ Y X ,

OP (f) := ∀B(B ∈ βXP → f(B) ∈ σP ),

where βXP is a pre-base of τP .

Proof. Clearly, [OP (f)] ≤ [∀U(U ∈ βXP → f(U) ∈ σP )]. Conversely, for
any U ⊆ X, we are going to prove

min(1, 1− τP (U) + σP (f(U))) ≥ [∀V (V ∈ βXP → f(V ) ∈ σP )].

If τP (U) ≤ σP (f(U)), it is hold clearly. Now, assume τP (U) > σP (f(U)).
If < ⊆ P (X) with

S< = U, then
S
V ∈< f(V ) = f(

S<) = f(U). Therefore,

τP(U) − σP (f(U))

=
W

<⊆P (X),
S
<=U

V
V ∈<

βXP (V )−
_

℘⊆P (Y ),
S

℘=f(U)

^
W∈℘

σP (W )

≤ W
<⊆P (X),

S
<=U

V
V ∈<

βXP (V )−
W

<⊆P (X),
S
<=U

V
V ∈<

σP (f(V ))

≤ W
<⊆P (X),

S
<=U

V
V ∈<

³
βXP (V )− σP (f(V ))

´
,

min(1, 1− τP (U) + σP (f(U)))

≥ W
<⊆P (X),

S
<=U

V
V ∈<

min(1, 1− βXP (V ) + σP (f(V )))

≥ [∀V (V ∈ βXP → f(V ) ∈ σP )].
2

Lemma 3.2. For any family {(Xs, τs) : s ∈ S} of fuzzifying topological
spaces.
(1) |= (∀s)(s ∈ S → ps ∈ OP );
(2) |= (∀s)(s ∈ S → ps ∈ CP ).

Proof. (1) For any t ∈ S, we have

OP (pt) =
^

U∈P (
Q
s∈S

Xs)

min(1, 1−
ÃY
s∈S
(τP )s

!
(U) + (τP )t (pt(U))).
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Then, it suffices to show that for any U ∈ P (
Q
s∈S

Xs), we have

(τP )t (pt(U)) ≥
ÃY
s∈S
(τP )s

!
(U).

AssumeÃY
s∈S
(τP )s

!
(U) =

_
∪Bλ=U
λ∈Λ

^
λ∈Λ

_
Φλ<ϕ,∩Φλ=Bλ

^
s∈S(Φλ)

(τP )s (Vs) > µ

where
Φλ = {p−1s (Vs) : s ∈ S(Φλ)}(λ ∈ Λ).

Hence, there exists {Bλ : λ ∈ Λ} ⊆ P (
Q
s∈S

Xs) such that
S
λ∈Λ

Bλ = U

and furthermore, for any λ ∈ Λ, there exists Φλ < ϕ such that ∩Φλ = Bλ

and
T

s∈S(Φλ)
p−1s (Vs) = Bλ, where for any s ∈ S(Φλ) we have (τP )s(Vs) > µ.

Thus,
pt(U) = pt(

[
λ∈Λ

\
s∈S(Φλ)

p−1s (Vs)).

(1) If for any λ ∈ Λ, T
s∈S(Φλ)

p−1s (Vs) = φ, then U = φ, pt(U) = φ and

(τP )t (pt(U)) = 1. Therefore, (τP )t (pt(U)) ≥
Ã Q
s∈S
(τP )s

!
(U).

(2) If there exists λ◦ ∈ Λ, such that φ 6=
T

s∈S(Φλ)
p−1s (Vs) = Bλ◦ ,

(i) If t /∈ S(Φλ◦), i.e., t ∈ S − S(Φλ◦), pt(Bλ◦) = Xt. Therefore,
(τP )t(pt(Bλ◦)) = (τP )t(Xt) = 1.
(ii) If t ∈ S(Φλ◦), then pt(Bλ◦) = Vt ⊆ Xt. Thus,

pt(U) = pt((
[

t∈S(Φλ◦)
Bλ◦) ∪ (

[
t/∈S(Φλ◦)

Bλ◦))

= (
[

t∈S(Φλ◦)
pt(Bλ◦)) ∪ (

[
t/∈S(Φλ◦)

pt(Bλ◦)) = Vt ∪Xt = Xt.

Hence,

(τP )t(pt(U)) = (τP )t(Xt) = 1 or (τP )t(pt(U)) = (τP )t(Vt) > λ.
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Therefore, (τP )t (pt(U)) ≥
Ã Q
s∈S
(τP )s

!
(U). Thus OP (pt) = 1.

(2) From Lemma 3.1 in [32], we have = (∀s)(s ∈ S → ps ∈ C). Furthermore,
for any two fuzzifying topological spaces (X, τ) and (Y, σ) and f ∈ Y X , we
have C(f) ≤ CP (f) (Theorem 6.3 in [2]). Therefore,
|= (∀s)(s ∈ S → ps ∈ CP ). 2

Theorem 3.2. Let {(Xs, τs) : s ∈ S} be the family of fuzzifying topologi-
cal spaces, then

|= ∃U(U ⊆
Y
s∈S

Xs ∧ ΓP (U, τ/U) ∧ ∃x(x ∈ IntP (U))

→ ∃T (T < S ∧ ∀t(t ∈ S − T ∧ ΓP (Xt, τt))).

Proof. It suffices to show that

_
U∈P (

Q
s∈S

Xs)

⎛⎜⎜⎜⎝ΓP (U, τ/U) ∧ _
x∈
Q
s∈S

Xs

NP
x (U)

⎞⎟⎟⎟⎠
≤

_
T<S

^
t∈S−T

ΓP (Xt, τt).

Indeed, if

_
U∈P (

Q
s∈S

Xs)

⎛⎜⎜⎜⎝ΓP (U, τ/U) ∧ _
x∈
Q
s∈S

Xs

NP
x (U)

⎞⎟⎟⎟⎠ > µ > 0,

then there exists U ∈ P (
Q
s∈S

Xs) such that ΓP (U, τ/U) > µ and_
x∈
Q
s∈S

Xs

NP
x (U) > µ, where

NP
x (U) =

_
x∈V⊆U

ÃY
s∈S
(τP )s

!
(V ).
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Furthermore, there exists V such that x ∈ V ⊆ U and

Ã Q
s∈S
(τP )s

!
(V ) >

µ. Since βP is a pre-base of
Q
s∈S
(τP )s,Ã Q

s∈S
(τP )s

!
(V ) =

_S
λ∈Λ

Bλ = V

^
λ∈Λ

βP (Bλ)

=
_S

λ∈Λ
Bλ = V

^
λ∈Λ

_
Φλ<ϕ,∩Φλ=Bλ

^
s∈S(Φλ)

(τP )s (Vs) > µ,

where Φλ = {p−1s (Vs) : s ∈ S(Φλ)}(λ ∈ Λ).
Hence there exists {Bλ : λ ∈ Λ} ⊆ P (

Q
s∈S

Xs) such that ∪λ∈ΛBλ = V.

Furthermore, for any λ ∈ Λ, there exists Φλ < ϕ such that ∩Φλ = Bλ and
for any s ∈ S(Φλ), we have (τP )s(Vs) > µ. Since x ∈ V, there existsBλx such
that x ∈ Bλx ⊆ V ⊆ U. Hence there exists Φλx < ϕ such that ∩Φλx = Bλx

and
T

s∈S(Φλ)
p−1s (Vs) = Bλx ⊆

Q
s∈S

Xs and for any s ∈ S(Φλ), we have

(τP )s(Vs) > 1−µ. By
T

s∈S(Φλ)
p−1s (Vs) = Bλx , we have Pδ(Bλx) = Vδ ⊆ Xδ,if

δ ∈ S(Φλx); Pδ(Bλx) = Xδ,if δ ∈ S − S(Φλx). Since Bλx ⊆ U, for any
δ ∈ S − S(Φλx), we have Pδ(U) ⊇ Pδ(Bλx) = Xδ and Pδ(U) = Xδ. On the

other hand, since for any s ∈ S and Us ∈ P (Xs),

ÃQ
t∈S
(τP )t

!¡
p−1s (Us)

¢
≥

(τP )s(Us), we have , for any s ∈ S,

IP (ps) =
^

Us∈P (Xs)

min

Ã
1, 1− (τP )s(Us) +

Y
t∈S
(τP )t

³
p−1s (Us)

´!
= 1.

Furthermore, since by Theorem 9 in [1], we have

|= ΓP (X, τ)⊗ IP (f)→ ΓP (f(X)),

then

ΓP (U, τ/U) = ΓP (U, τ/U)⊗ IP (ps) ≤ ΓP (Pδ(U), τδ) = ΓP (Xδ, τδ).

Therefore,_
T<S

^
t∈S−T

ΓP (Xt, τt) ≥
^

δ∈S−S(Φλ)
ΓP (Xδ, τδ) ≥ ΓP (U, τ/U) > µ.

2

The above theorem is a generalization of the following corollary.
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Corollary 3.2. If there exists a coordinate pre-neighborhood strong com-
pact subset U of some point x ∈ X of the product space, then all except a
finite number of coordinate spaces are strong compact.

Lemma 3.3. For any fuzzifying topological space (X, τ), A ⊆ X,
|= TP

2 (X, τ)→ TP
2 (A, τ/A).

Proof.

[TP
2 (X, τ)] =

^
x,y∈X,x6=y

_
U,V ∈P (X),U∩V=φ

(NP
x (U), N

P
y (V ))

≤
^

x,y∈X,x6=y

_
(U∩A)∩(V ∩A)=φ

(NPA

x (U ∩A), NPA

y (V ∩A))

≤
^

x,y∈A,x6=y

_
U 0∩V 0=φ,U 0,V 0∈P (A)

(NPA

x (U 0), NPA

y (V 0))

= TP
2 (A, τ/A),

where

NPA

x (U) =
_

x∈C⊆U
τP/A(C) and τP/A(B) =

_
B=V ∩A

τP (V ).

2

Lemma 3.4. For any fuzzifying P−topological space (X, τ),
|= TP

2 (X, τ)⊗ ΓP (X, τ)→ TP
4 (X, τ).

For the definition of TP
4 (X, τ) see [3, Definition 3.1].

Proof. If [TP
2 (X, τ)⊗ΓP (X, τ)] = 0, then the result holds. Now, suppose

that [TP
2 (X, τ)⊗ΓP (X, τ)] > λ > 0. Then TP

2 (X, τ)+ΓP (X, τ)−1 > λ > 0.
Therefore, from Theorem 10 in [1]
TP
2 (X, τ)⊗(ΓP (A)∧ΓP (B))∧(A∩B = φ) |=ws TP

2 (X, τ)→ (∃U)(∃V )((U ∈
τP ) ∧ (V ∈ τP ) ∧ (A ⊆ U) ∧ (B ⊆ V ) ∧ (A ∩ B = φ)). Then for any
A,B ⊆ X,A ∩B = φ,

TP
2 (X, τ)⊗ (ΓP (A) ∧ ΓP (B)) ≤

_
U∩V=φ,A⊆U,B⊆V

min(τP (U), τP (V ))

or equivalently

TP
2 (X, τ) ≤ ΓP (A) ∧ ΓP (B)→

_
U∩V=φ,A⊆U,B⊆V

min(τP (U), τP (V ))
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Hence, for any A,B ⊆ X,A ∩B = φ,

1−[ΓP (A)∧ΓP (B)]+
_

U∩V=φ,A⊆U,B⊆V
min(τP (U), τP (V ))+ΓP (X, τ)−1 > λ.

From Theorem 7 in [1] we have

|= ΓP (X, τ)⊗A ∈ FP → ΓP (A).

Then

ΓP (X, τ) + [τP (A
c) ∧ τP (Bc)]− 1 = (ΓP (X, τ) + τP (A

c)− 1) ∧ (ΓP (X, τ) + τP (B
c)− 1)

≤ (ΓP (X, τ)⊗ τP (A
c)) ∧ (ΓP (X, τ)⊗ τP (B

c))

≤ [ΓP (A) ∧ ΓP (B)].

Thus,

ΓP (X, τ)− [ΓP (A) ∧ ΓP (B)]− 1 ≤ −[τP (Ac) ∧ τP (Bc)].

So,

1− [τP (Ac) ∧ τP (Bc)] +
_

U∩V=φ,A⊆U,B⊆V
min(τP (U), τP (V )) > λ,

i.e.,

TP
4 (X, τ) =

^
A∩B=φ

min(1, 1− [τP (Ac) ∧ τP (Bc)]

+
_

U∩V=φ,A⊆U,B⊆V
min(τP (U), τP (V )) > λ.

2

The above lemma is a generalization of the following corollary.

Corollary 3.3. Every strong compact pre-Hausdorff topological space is
pre-normal.

Lemma 3.5. For any fuzzifying P−topological space (X, τ),
|= TP

2 (X, τ)⊗ ΓP (X, τ)→ TP
3 (X, τ). For the definition of

TP
3 (X, τ) see [3, Definition 3.1].
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Proof. Immediate, set A = {x} in the above lemma. 2

The above lemma is a generalization of the following corollary.

Corollary 3.4. Every strong compact pre-Hausdorff topological space is
pre-regular.

Theorem 3.3. For any fuzzifying topological space (X, τ) and A ⊆ X,
|= TP

2 (X, τ)⊗ ΓP (A)→ A ∈ FP .

Proof. For any{x} ⊂ Ac, we have {x} ∩ A = φ and ΓP ({x}) = 1. By
Theorem 10 in [1]

[TP
2 (X, τ)⊗ (ΓP (A) ∧ ΓP ({x}))] ≤

_
G∩Hx=φ,A⊆G,x∈Hx

min(τP (G), τP (Hx))).

Assume

βx = {Hx : A ∩Hx = φ, x ∈ Hx},
[

x∈X\A
f(x) ⊇ Ac

and [
x∈Ac

f(x) ∩A =
[

x∈Ac

(f(x) ∩A) = φ.

So,
S

x∈Ac
f(x) = Ac.

Therefore,

[TP
2 (X, τ)⊗ ΓP (A)] ≤

_
G∩Hx=φ,A⊆G,x∈Hx

τP (Hx)

≤
^

x∈Ac

_
A∩Hx=φ,x∈Hx

τP (Hx)

=
_

f∈
Q

x∈Ac
βx

^
x∈Ac

τP (f(x))

≤
_

f∈
Q

x∈Ac
βx

τP (
[

x∈Ac
f(x))

=
_

f∈
Q

x∈X\A
βx

τP (A
c) = FP (A).

2

The above theorem is a generalization of the following corollary.

Corollary 3.5. Strong compact subspace of a pre-Hausdorff topological
space is pre-closed.
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4. Fuzzifying locally strong compactness

Definition 4.1. Let Ω be a class of fuzzifying topological spaces. A unary
fuzzy predicate LPC : Ω→ [0, 1], called fuzzifying locally strong compact-
ness, is given as follows:

(X, τ) ∈ LPC := (∀x)(∃B)((x ∈ IntP (B)⊗ ΓP (B, τ/B)).
Since [x ∈ IntP (X)] = NP

x (X) = 1, then LPC(X, τ) ≥ ΓP (X, τ). There-
fore, |= (X, τ) ∈ ΓP → (X, τ) ∈ LPC.
Also, since |= (X, τ) ∈ Γ → (X, τ) ∈ LC [21] and |= (X, τ) ∈ ΓP →
(X, τ) ∈ Γ [1], |= (X, τ) ∈ ΓP → (X, τ) ∈ LC.

Theorem 4.1. For any fuzzifying topological space (X, τ) and A ⊆ X,
|= (X, τ) ∈ LPC ⊗A ∈ FP → (A, τ/A) ∈ LPC.

Proof. We have

LPC(X, τ) =
^
x∈X

_
B⊆X

max(0, NPX

x (B) + ΓP (B, τ/B)− 1)

and

LPC(A, τ/A) =
^
x∈A

_
G⊆A

max(0,NPA

x (G) + ΓP (G, (τ/A)/G)− 1).

Now, suppose that [(X, τ) ∈ LPC ⊗A ∈ FP ] > λ > 0. Then for any x ∈ A,
there exists B ⊆ X such that

NPX

x (B) + ΓP (B, τ/B) + τP (X −A)− 2 > λ(4.1)

Set E = A ∩B ∈ P (A). Then,

NPA

x (E) =
_

E=C∩B
NPX

x (C) ≥ NPX

x (B)

and for any U ∈ P (E), we have

(τP/A)P/E(U) =
_

U=C∩E
τP/A(C)

=
_

U=C∩E

_
C=D∩A

τP (D)

=
_

U=D∩A∩E
τP (D) =

_
U=D∩E

τP (D).
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Similarly,
(τP/B)P/E(U) =

_
U=D∩E

τP (D).

Thus, (τP/B)P/E = (τP/A)P /E and ΓP (E, (τ/A)/E) = ΓP (E, (τ/B)/E).
Furthermore,

[E ∈ FP /B] = τP/B(B −E) = τP/B(B ∩Ec)

=
_

B∩Ec=B∩D
τP (D)

≥ τP (X −A) = FP (A).

Since |= (X, τ) ∈ ΓP ⊗A ∈ FP → (A, τ/A) ∈ ΓP (see [1], Theorem 7], from
(4.1) we have for any x ∈ A that_

G⊆A
max(0,NPA

x (G) + ΓP (G, (τ/A)/G)− 1)

≥ NPA

x (E) + ΓP (E, (τ/A)/E)− 1
= NPA

x (E) + ΓP (E, (τ/B)/E)− 1
≥ NPX

x (B) + [ΓP (B, τ/B)⊗E ∈ FP /B]− 1
≥ NPX

x (B) + ΓP (B, τ/B) + [E ∈ FP /B]− 2
≥ NPX

x (B) + ΓP (B, τ/B) + [A ∈ FP ]− 2 > λ.

Therefore,

LPC(A, τ/A) =
^
x∈A

_
G⊆A

max(0, NPA

x (G) + ΓP (G, (τ/A)/G)− 1) > λ.

Hence, [(X, τ) ∈ LPC ⊗A ∈ FP ] ≤ LPC(A, τ/A). 2

As a crisp result of the above theorem we have the following corollary.

Corollary 4.1. Let A be a pre-closed subset of locally strong compact
space (X, τ). Then A with the relative topology τ/A is locally strong com-
pact.

The following theorem is a generalization of the statement ”If X is a pre-
Hausdorff topological space and A is a pre-dense locally strong compact
subspace, then A is pre-open”, where A is a pre-dense in a topological
space X if and only if the pre-closure of A is X.

Theorem 4.2. For any fuzzifying P -topological space (X, τ) and A ⊆ X,

|= TP
2 (X, τ)⊗ LPC(A, τ/A)⊗ (ClP (A) ≡ X)→ A ∈ τP .
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Proof. Assume

[TP
2 (X, τ)⊗ LPC(A, τ/A)⊗ (ClP (A) ≡ X)] > λ > 0.

Then,

LPC(A, τ/A) > λ− [TP
2 (X, τ)⊗ (ClP (A) ≡ X)] + 1 = λ0 > λ,

i. e., ^
x∈A

_
B⊆A

max(0, NPA

x (B) + ΓP (B, (τ/A)/B)− 1) > λ0.

Thus, for any x ∈ A, there exists Bx ⊆ A such that

NPA

x (Bx) + ΓP (Bx, (τ/A)/Bx)− 1 > λ0.

i.e., _
H∩A=Bx

_
x∈K⊆H

τP (K) + ΓP (Bx, (τ/A)/Bx)− 1 > λ0.

Hence, there exists Kx such that

Kx ∩A = Bx, τP (Kx) + ΓP (Bx, (τ/A)/Bx)− 1 > λ0.

Therefore, τP (Kx) > λ0.
(1) If for any x ∈ A there exists Kx such that

x ∈ Kx ⊆ Bx ⊆ A, then
[
x∈A

Kx = A

and
τP (A) = τP (

[
x∈A

Kx) ≥
^
x∈A

τP (Kx) ≥ λ0 > λ.

(2) If there exists x◦ ∈ A such that

Kx◦ ∩ (Bc
x◦) 6= φ, τP (Kx◦) + ΓP (Bx◦ , (τ/A)/Bx◦)− 1 > λ0.

From the hypothesis

[TP
2 (X, τ)⊗ LPC(A, τ/A)⊗ (ClP (A) ≡ X)] > λ > 0,

we have [TP
2 (X, τ)⊗ (ClP (A) ≡ X)] 6= 0. So

τP (Kx◦) + ΓP (Bx◦ , (τ/A)/Bx◦)− 1 + [TP
2 (X, τ)⊗ (ClP (A) ≡ X)]− 1 > 0.
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Therefore,

τP (Kx◦)+ΓP (Bx◦ , (τ/A)/Bx◦)−1+TP
2 (X, τ)+[(ClP (A) ≡ X)]−1−1 > λ.

Since

(τP /A)P /Bx◦(U) =
_

U=C∩Bx◦

τP/A(C)

=
_

U=C∩Bx◦

_
C=D∩A

τP (D)

=
_

U=D∩Bx◦

τP (D) = τP/Bx◦(U),

ΓP (Bx◦ , (τ/A)/Bx◦) = ΓP (Bx◦ , τ/Bx◦).

From Theorem 3.3 we have

τP (B
c
x◦) ≥ TP

2 (X, τ)⊗ ΓP (Bx◦ , τ/Bx◦)

≥ TP
2 (X, τ) + ΓP (Bx◦ , τ/Bx◦)− 1.

Hence,
τP (Kx◦) + τP (B

c
x◦) + [ClP (A) ≡ X]− 2 > λ.

Now, for any y ∈ Ac we have

[ClP (A) ≡ X] =
^
x∈X

(1−NPX

x (Ac)) ≤ 1−NPX

y (Ac).

Since (X, τ) is a fuzzifying P -topological space,

τP (Kx◦) + τP (B
c
x◦)− 1 ≤ τP (Kx◦)⊗ τP (B

c
x◦)

≤ τP (Kx◦) ∧ τP (Bc
x◦)

≤ τP (Kx◦ ∩Bc
x◦)

≤ NPX

y (Kx◦ ∩Bc
x◦) ≤ NPX

y (Ac),

where

y ∈ Kx◦ ∩Bc
x◦ ⊆ Hx◦ ∩ (Hx◦ ∩A)c = Hx◦ ∩ (Hc

x◦ ∪A
c)

= Hx◦ ∩Ac ⊆ Ac.

Therefore,

0 < λ < τP (Kx◦) + τP (B
c
x◦) + [ClP (A) ≡ X]− 2

= τP (Kx◦) + τP (B
c
x◦)− 1 + [ClP (A) ≡ X]− 1

≤ NPX

y (Ac) + 1−NPX

y (Ac)− 1 = 0,
a contradiction. So, case (2) does not hold. We complete the proof. 2
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Theorem 4.3. For any fuzzifying P -topological space (X, τ),

|= TP
2 (X, τ)⊗ (LPC(X, τ))2

→ ∀x∀U(U ∈ NPX

x → ∃V (V ∈ NPX

x ∧ClP (V ) ⊆ U ∧ ΓP (V ))),

where (LPC(X, τ))2 := LPC(X, τ)⊗ LPC(X, τ).

Proof. We need to show that for any x and U , x ∈ U ,

TP
2 (X, τ)⊗ (LPC(X, τ))2 ⊗NPX

x (U)

≤
_

V⊆X
(NPX

x (V ) ∧
^

y∈Uc

NPX

x (V c) ∧ ΓP (V, τ/V )).

Assume that TP
2 (X, τ)⊗ (LPC(X, τ))2 ⊗NPX

x (U) > λ > 0. Then, for any
x ∈ X there exists C such that

TP
2 (X, τ) +NPX

x (C) + (LPC(X, τ))2 +NPX

x (U)− 3 > λ.(4.2)

Since (X, τ) is fuzzifying P -topological space,

NPX

x (C) +NPX

x (U)− 1 ≤ NPX

x (C)⊗NPX

x (U)

≤ NPX

x (C) ∧NPX

x (U)

≤ NPX

x (C ∩ U) =
_

x∈W⊆C∩U
τP (W ).

Therefore, there exists W such that x ∈ W ⊆ C ∩ U, and TP
2 (X, τ) +

(LPC(X, τ))2+τP (W )−2 > λ. By Lemmas 3.3 and 3.5 we have TP
2 (X, τ) ≤

TP
2 (C, τ/C) and

TP
2 (C, τ/C) +ΓP (C, τ/C)− 1 ≤ TP

2 (C, τ/C)⊗ΓP (C, τ/C) ≤ TP
3 (C, τ/C).

Thus, TP
3 (X, τ) + ΓP (C, τ/C) + τP (W )− 2 > λ. Since for any x ∈W ⊆ U,

we have

TP
3 (C, τ/C) ≤ 1− τP/C(W ) +

_
G⊆C

⎛⎝(NPC

x (G) ∧
^

y∈C−W
NPC

y (C −G))

⎞⎠ ,



72 O. R. Sayed and Adem Kiliçman

so there exists G,x ∈ G ⊆W such that⎛⎝(NPC

x (G) ∧
^

y∈C−W
NPC

y (C −G))

⎞⎠
≥ TP

3 (C, τ/C) + τP/C(W )− 1 ≥ TP
3 (C, τ/C) + τP (W )− 1

and ⎛⎝(NPC

x (G) ∧
^

y∈C−W
NPC

y (C −G))

⎞⎠+ ΓP (C, τ/C)− 1 > λ.

Thus,

NPC

x (G) =
_

D∩C=G
NPX

x (D) = NPX

x (G∪Cc) > λ0 = λ+1−ΓP (C, τ/C) ≥ λ.

Furthermore, for any y ∈ C −W,

NPC

y (C −G) =
_

D∩C=C∩Gc

NPX

y (Gc ∪Cc) = NPX

y (Gc) > λ0

and

NPX

x (G) = NPX

x ((G ∪ Cc) ∩ C) ≥ NPX

x (Gc) ∧NPX

x (C) > λ0.

Since NPX

y (Gc) =
W

x∈Bc⊆Gc
τP (B

c) > λ0, for any y ∈ C −W, there exists

Bc
y such that y ∈ Bc

y ⊆ Gc and τP (B
c
y) > λ0. Set Bc =

S
y∈C−W

Bc
y. Then

C −W ⊆ Bc ⊆ Gc and

τP (B
c) ≥

^
y∈C−W

τP (B
c
y) ≥ λ0.

Again, set V = B∩C, then V ⊆ (C−W )c∩C = (Cc∪W )∩C = C ∩W =
W ⊆ U∩C and V c = Bc∪Cc. Since (X, τ) is fuzzifying P -topological space,

NPX

x (V ) = NPX

x (B ∩C) ≥ NPX

x (B) ∧NPX

x (C)

≥ NPX

x (G) ∧NPX

x (C) > λ.(4.3)

By (4.2) and Theorem 3.3,

τP (C
c) ≥ TP

2 (X, τ)⊗ ΓP (C, τ/C) ≥ TP
2 (X, τ) + ΓP (C, τ/C)− 1 ≥ λ0.
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So
τP (V

c) = τP (B
c ∪ Cc) ≥ τP (B

c) ∧ τP (Cc) ≥ λ0,

i.e., τP (V
c) + ΓP (C, τ/C)− 1 ≥ λ and

ΓP (V, τ/V ) = ΓP (V, (τ/C)/V )

≥ τP/C(C − V ) + ΓP (C, τ/C)− 1
≥ τP (V

c) + ΓP (C, τ/C)− 1 ≥ λ(4.4)

Finally, ^
y∈Uc

NPX

y (V c) ≥
^

y∈V c

NPX

y (V c) = τP (V
c) ≥ λ(4.5)

Thus, by (4.3), (4.4) and (4.5), for any x ∈ U , there exists V ⊆ U such that

NPX

x (V ) > λ,
V

y∈Uc
NPX

y (V c) ≥ λ and ΓP (V, τ/V ) ≥ λ. So
W

V⊆X
(NPX

x (V )∧V
y∈Uc

NPX

y (V c) ∧ ΓP (V, τ/V )) ≥ λ. 2

Theorem 4.4. For any fuzzifying P -topological space (X, τ),

|= TP
2 (X, τ)⊗ (LPC(X, τ))2 → TP

3 (X, τ).

Proof. By Theorem 4.3, for any x ∈ U, we have_
x∈V⊆U

(NPX

x (V ) ∧
^

y∈Uc

NPX

y (V c)

≥ [TP
2 (X, τ)⊗ (ΓP (C, τ/C))2 ⊗NPX

x (U)].

Thus,
1−NPX

x (U) +
_

x∈V⊆U
(NPX

x (V ) ∧
^

y∈Uc

NPX

y (V c)

≥ [TP
2 (X, τ)⊗ (ΓP (C, τ/C))2],

i.e.,
[TP
3 (X, τ)] ≥ [TP

2 (X, τ)⊗ (ΓP (C, τ/C))2].
2

Theorem 4.5. For any fuzzifying P -topological space (X, τ),

|= TP
3 (X, τ)⊗ LPC(X, τ) → ∀A∀U(U ∈ NPX

A ⊗ ΓP (A, τ/A)
→ ∃V (V ⊆ U ∧ U ∈ NPX

A ∧ τP (V c) ∧ ΓP (V, τ/V ))),
where

U ∈ NPX

A := (∀x)(x ∈ A ∧ U ∈ NPX

x ).
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Proof. We only need to show that for any A,U ∈ P (X),

[TP
3 (X, τ)⊗ LPC(X, τ)⊗ ΓP (A, τ/A)⊗NPX

A (U)]

≤
_
V⊆U

(NPX

A (V ) ∧ τP (V c) ∧ ΓP (V, τ/V )).

Indeed, if

[TP
3 (X, τ)⊗ LPC(X, τ)⊗ ΓP (A, τ/A)⊗NPX

A (U)] > λ > 0,

then for any x ∈ A, there exists C ∈ P (X) such that

[TP
3 (X, τ)⊗NPX

x (C)⊗ ΓP (C, τ/C)⊗ ΓP (A, τ/A)⊗NPX

A (U)] > λ.

Since (X, τ) is fuzzifying P -topological space,_
x∈W⊆C∩U

τP (W ) = NPX

x (C ∩ U) ≥ NPX

x (C) ∧NPX

x (U)

≥ NPX

x (C) ∧NPX

A (U)

≥ NPX

x (C)⊗NPX

A (U).

Then, there exists W such that x ∈W ⊆ C ∩ U, and

[TP
3 (X, τ)⊗ τP (W )⊗ ΓP (C, τ/C)⊗ ΓP (A, τ/A)] > λ.

Therefore,

[TP
3 (X, τ)] + τP (W )− 1 > λ+ 2− ΓP (C, τ/C)− ΓP (A, τ/A)] = λ0 ≥ λ.(4.6)

Since for any x ∈W,

[TP
3 (X, τ)] ≤ 1− τP (W ) +

_
B⊆W

(NPX

x (B) ∧
^

y∈W c

NPX

y (Bc)),

we have _
B⊆W

(NPX

x (B) ∧
^

y∈W c

NPX

y (Bc)) > λ0.

Thus, there exists Bx such that x ∈ Bx ⊆W ⊆ C ∩U and for any y ∈W c,
we have

NPX

y (Bc
x) > λ0, NPX

x (Bx) > λ0.
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Since

NPX

y (Bc
x) =

_
x∈Gc⊆Bc

x

τP (G
c) > λ0,

then for any y ∈W c, there exists Gxy such that

x ∈ Gc
xy ⊆ Bc

x and τP (G
c
xy) > λ0.

Set

Gc
x =

[
y∈W c

Gc
xy,

then W c ⊆ Gc
xy ⊆ Bc

x and τP (G
c
x) ≥

V
y∈W c

τP (G
c
xy) ≥ λ0. Since Gx ⊇ Bx,

NPX

x (Gx) ≥ NPX

x (Bx) > λ0, i.e.,
W

x∈H⊆Gx

τP (H) > λ0. Thus, there exists

Hx such that x ∈ Hx ⊆ Gx and τP (Hx) > λ0. Hence, for any x ∈ A,
there exists Hx and Gx such that x ∈ Hx ⊆ Gx ⊆ U, τP (Hx) > λ0 and
W ⊇ S

x∈A
Gx ⊇

S
x∈A

Hx ⊇ A. We define < ∈ =(P (A)) as follows:

<(D) =

⎧⎨⎩
W

Hx∩A=D
τP (Hx), there exists Hx such that Hx ∩A = D,

0, otherwise.

Let ΓP (A, τ/A) = µ > µ− ( > 0). Then 1−KP (<, A) +
W

℘≤<
[K(<, A)⊗

FF (℘)] > µ− , where

[K(<, A)] =
^
x∈A

_
x∈B

<(B) =
^
x∈A

_
x∈D

<(D)

=
^
x∈A

_
x∈D

_
Hx0∩A=D

τP (Hx0) ≥ λ0

and [< ⊆ τP \A] =
V

B⊆X
min(1, 1 − <(B) + τP\A(B)) =

V
B⊆X

min(1, 1 −W
Hx∩A=B

τP (Hx) +
W

H∩A=B
τP (H)) = 1. So, KP (<, A) = [K(<, A)] ≥ λ0. By

(4.6), [K(<, A)⊗FF (℘)] > µ− − 1+KP (<, A) ≥ µ− − 1+ λ0 ≥ λ− .

Thus,
V
x∈A

W
x∈E

<(E) + 1−V{δ : F (℘δ)}− 1 > λ− , andV
x∈A

W
x∈E

<(E) > λ− +
V{δ : F (℘δ)}.
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Hence, there exists β > 0 such that F (℘β) and
V
x∈A

W
x∈D

<(D) > λ− +β.

Therefore for any x ∈ A, there exists Dx ⊆ A such that ℘(Dx) > λ− + β
and

S
x∈A

Dx ⊇ A. Suitably choose such that λ − > 0, then ℘(Dx) >

β > 0. Since <(Dx) ≥ ℘(Dx) > 0, Dx = Hx0 ∩ A, i.e., Hx0 ∩ A ∈ ℘β. By
F (℘β), there exists finite Hx01

,Hx02
, ...,Hx0n such that

Sn
i=1Hx0i

⊇ A andSn
i=1Hx0i

⊆ Sn
i=1Gx0i

.

Set V =
Sn
i=1Gx0i

, and V c =
Tn
i=1G

c
x0i
, A ⊆ V ⊆ U, and τP (V

c) ≥V
1≤i≤n

τP (G
c
x0i
) ≥ λ0 > λ. Since for any x ∈ A, Gx ⊆ W ⊆ C ∩ U ⊆ C, we

have V =
Sn
i=1Gx0i

⊆W ⊆ C. Because τP\C(C−V ) =
W

D∩C=C∩V c
τP (D) ≥

τP (V
c) ≥ λ0. Thus by (4.6), τP \C(C−V )+ΓP (C, τ/C)−1 > λ. By Theorem

5.1 in [24], ΓP (V, τ/V ) = ΓP (V, τ/C/V ) ≥ [ΓP (C, τ/C)⊗ τP\C(C − V )] >
λ.

Finally, we have for any x ∈ A,
NPX

x (V ) = NPX

x (
Sn
i=1Gx0i

) ≥ NPX

x (
Sn
i=1Hx0i

) ≥ τP (
Sn
i=1Hx0i

) ≥ V
1≤i≤n

τP (Hx0i
) ≥

λ0 > λ. So, NPX

A (V ) =
V
x∈A

NPX

x (V ) ≥ λ. Therefore, NPX

A (V ) ∧ τP (V c) ∧

ΓP (V, τ/V ) ≥ λ.

Thus,
W

V⊆U
(NPX

A (V ) ∧ τP (V c) ∧ ΓP (V, τ/V )) ≥ λ. 2

Theorem 4.6. Let (X, τ) and (Y, σ) be two fuzzifying topological space
and f ∈ Y X be surjective. Then |= LPC(X, τ)⊗CP (f)⊗O(f)→ LC(Y, σ).
For the definition of O(f), see [32].

Proof. If [LPC(X, τ)⊗CP (f)⊗O(f)] > λ > 0, then for any x ∈ X,there

exists U ⊆ X, such that [NPX

x (U)⊗ΓP (U, τ/U)⊗CP (f)⊗O(f)] > λ. Since

NPX

x (U) =
W

x∈V⊆U
τP (V ), so there exists V

0 ⊆ X such that x ∈ V 0 ⊆ U

and [τP (V
0) ⊗ ΓP (U, τ/U) ⊗ CP (f) ⊗ O(f)] > λ. By Theorem 8 in [1],

[ΓP (U, τ/U)⊗ CP (f)] ≤ [Γ(f(U), σ/f(U))] and
[τ(V 0)⊗O(f)] = max(0, τ(V 0)+O(f)−1) = max(0, τ(V 0)+ V

V⊆X
min(1, 1−

τ(V 0)+σ(f(V )))−1) ≤ max(0, τ(V 0)+1−τ(V 0)+σ(f(V ))−1) = σ(f(V )) ≤
N

Y

f(x)(f(V
0)) ≤ N

Y

f(x)(f(U)).
Since f is surjective,
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LC(Y, σ) = LC(f(X), σ) =
V

y∈f(x)⊆f(X)

W
U 0=f(U)⊆f(X)

[N
Y

y (U
0)⊗[Γ(U 0, σ/U 0)]

≥ V
y∈f(x)⊆f(X)

[N
Y

f(x)(f(U))⊗ [Γ(f(U), σ/f(U))]

≥ V
y∈f(x)⊆f(X)

[τ(V 0)⊗O(f)⊗ ΓP (U, τ/U)⊗ CP (f)] ≥ λ. 2

Theorem 4.7. Let (X, τ) and (Y, σ) be two fuzzifying topological spaces
and f ∈ Y X be surjective. Then |= LPC(X, τ) ⊗ IP (f) ⊗ OP (f) →
LPC(Y, σ).

Proof. By Theorem 9 in [1], the proof is similar to the proof of Theorem
4.6. 2

Theorems 4.6 and 4.7 are a generalization of the following corollary.

Corollary 4.2. Let (X, τ) and (Y, σ) be two topological spaces and f :
(X, τ)→ (Y, σ) be surjective mapping. If f is a pre-continuous (resp. pre-
irresolute), open (resp. pre-open) and X is locally strong compact, then Y
is locally compact (resp. locally strong compact) space.

Theorem 4.8. Let {(Xs, τs) : s ∈ S} be a family of fuzzifying topological
spaces, then
= LPC(

Q
s∈S

Xs,
Q
s∈S
(τP )s)→ ∀s(s ∈ S∧LPC(Xs, (τP )s)∧ ∃T (T < S∧∀t(t ∈

S − T ∧ ΓP (Xt, τt))).

Proof. It suffices to show that

LPC(
Y
s∈S

Xs,
Y
s∈S
(τP )s)

≤
^
s∈S
[LPC(Xs, (τP )s) ∧

_
T<S

^
t∈S−T

ΓP (Xt, τt)].

From Theorem 4.7 and Lemma 3.1 we have for any t ∈ S,

LPC(
Y
s∈S

Xs,
Y
s∈S
(τP )s)

= [LPC(
Y
s∈S

Xs,
Y
s∈S
(τP )s)⊗ CP (pt)⊗OP (pt)] ≤ LPC(Xt, τt).

So, ^
t∈S−T

LPC(Xt, τt) ≥ LPC(
Y
s∈S

Xs,
Y
s∈S
(τP )s).
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By Theorem 3.2 we have

_
T<S

^
t∈S−T

ΓP (Xt, τt)

≥ [
_

U⊆
Q
s∈S

Xs

ΓP (U,
Y
s∈S
(τP )s\U)⊗

_
X⊆

Q
s∈S

Xs

NPX

x (U))]

≥
_

U⊆
Q
s∈S

Xs

_
X⊆

Q
s∈S

Xs

[ΓP (U,
Y
s∈S
(τP )s\U)⊗NPX

x (U))]

≥
^

X⊆
Q
s∈S

Xs

_
U⊆

Q
s∈S

Xs

[ΓP (U,
Y
s∈S
(τP )s\U)⊗NPX

x (U))]

= LPC(
Y
s∈S

Xs,
Y
s∈S
(τP )s).

Therefore,

LPC(
Y
s∈S

Xs,
Y
s∈S
(τP )s)

≤ [
^

t∈S−T
LPC(Xt, τt) ∧

_
T<S

^
t∈S−T

ΓP (Xt, τt)].

2

We can obtain the following corollary in crisp setting.

Corollary 4.3. Let {Xλ : λ ∈ Λ} be a family of nonempty topological
spaces. If

Q
λ∈Λ

Xλ is locally strong compact, then each Xλ is locally strong

compact and all but finitely many Xλ are strong compact

Conclusion: The present paper investigates topological notions when
these are planted into the framework of Ying’s fuzzifying topological spaces
(in semantic method of continuous valued-logic). It continue various inves-
tigations into fuzzy topology in a legitimate way and extend some funda-
mental results in general topology to fuzzifying topology. An important
virtue of our approach (in which we follow Ying) is that we define topologi-
cal notions as fuzzy predicates (by formulae of ÃLukasiewicz fuzzy logic) and
prove the validity of fuzzy implications (or equivalences). Unlike the (more
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wide-spread) style of defining notions in fuzzy mathematics as crisp pred-
icates of fuzzy sets, fuzzy predicates of fuzzy sets provide a more genuine
fuzzification; furthermore the theorems in the form of valid fuzzy implica-
tions are more general than the corresponding theorems on crisp predicates
of fuzzy sets. The main contributions of the present paper are to give char-
acterizations of fuzzifying strong compactness. Also, we define the concept
of locally strong compactness of fuzzifying topological spaces and obtain
some basic properties of such spaces. There are some problems for further
study:

(1) One obvious problem is: our results are derived in the ÃLukasiewicz
continuous logic. It is possible to generalize them to more general
logic setting, like residuated lattice-valued logic considered in [34-35].

(2) What is the justification for fuzzifying locally strong compactness in
the setting of (2, L) topologies.

(3) What is the justification for fuzzifying locally strong compactness in
(M,L)-topologies etc.
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