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Abstract

In this paper, a new type of generalized closed sets in ided
bitopological spaces is introduced and studied. Some applications of
these sets in connection with certain separation axioms are given.

1. Introduction and Preliminary

In their paper [1], the authors have studied the concept of generalized
closed sets in ideal bitopological spaces. In fact, this study is a study in an
ideal topological space. The topology defined is nothing but the topology
resulting from the intersection of the two topologies of the bitopological
space (X, 11, T2). Hence, this is not a study in bitopological spaces. The
main definition that the authors relied on in formulating the results in their
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paper [1] is the definition of tyt,-closed and tyt,-open sets. Their
definition stated that a subset A of a bitopological space is tyt,-closed if
A =11 —cl(ty — cl(A)). In fact this definition means that A is ;15 -closed
if and only if A is t1-closed and rt,-closed. To show this, if
A =1y —cl(ty —cl(A)), then A is 1;-closed and 1, — cl(A) = A which
impliesthat Aisaso t,-closed. On the other hand if Aiis t;-closed and 75, -
closed, then A =1, —cl(t, — cl(A)). Therefore if the topology induced by
this definition is t, then © = 11 1 5. So, al the definitions and results is [1]
are in the ideal topological space and was studied in [2-4]. Therefore the
study in [1] is in the ideal topological space (X, t, 1) not in the idea
bitopological space (X, 14, 15, I).

In this paper, a new type of generalized closed setsin ideal bitopological

spaces is introduced and studied. Some applications of these sets in
connection with certain separation axioms are given.

Bitopological spaces were introduced by Kelly [5] in 1963 as an
extension of topological spaces. A bitopological space (X, 14, 12) is a
nonempty set X equipped with two topologies t; and t,. The concept of
ideal topological spaces was initiated by Kuratowski [6] and
Vaidyanathaswamy [7]. An Ideal | on a topological space (X, 1) is a
nonempty collection of subsets of X which satisfies: (i) If A1 and Bc A
then Be | and(ii)If Ael and Be | then AUB e |. If P(X) isthe set
of all subsets of X, in a topological space (X, 1), a set operator

()" : P(X) > P(X) called the local function of A with respect to t and
| and is defined as A'(r,1)={xe X:UNAgl,VU e, xeU
A(t, ) iswritten in short A". A Kuratowski closure operator cl*(-) for a
topology t*(t, I), finer than 1, called the *-topology [6], and is defined by

d*(A)= AU A". " is written for t"(t,1). Let A be a subset of a
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bitopological space (X, 11, 15). The closure of A and the interior of A with
respect to t; are denoted by i —cl(A) and i —int(A), respectively, for
i =1, 2. A bitopological space (X, 11, T2) with anideal | on X iscalled an
ideal bitopological space and is denoted by (X, tq, 15, |). In an ideal
bitopological space (X, 11, 12, 1), the local function of Ac X with
respect to t; and | is denoted by A", that is, A" ={xe X:UN
Agl, VU et xeU}. Also, cd*(A)= AU A" and, in this case, the *-
topology is denoted by <, for i =1, 2. The members of i are called i”-

open. The complement of an i*-open set is called i* -closed. The closure and
the interior of A < X with respect to t; are denoted by i —cl*(A) and
i —int*(A), respectively. Fukutake [8] introduced the notion of generalized
closed setsin bitopological spaces.

The aim of this paper is to introduce two new classes of generalized
closed setsin ideal bitopological spaces, termed i j — g -closed and ij — g; -
closed. Several characterizations of i*j — g-closed and ij — g, -closed sets
are given. Characterizations of pairwise regular and pairwise normal spaces
in terms of i"j — g-closed sets are given. Findly, two new kinds of
separation axioms in ideal bitopological spaces in terms of i*j — g -closed
and ij — g, -closed sets are introduced and investigated. Throughout this
paper,i, j =1L 2andi = |.

Definition 1.1 [8]. A subset A of a bitopological space (X, 14, 15) is
caled ij — g-closed if j —cl(A) c U whenever Ac U and U isi-open.

Definition 1.2 [5]. A bitopological space (X, 11, T5) is called pairwise
regular if for each x e X and each i-closed set F not containing X, there
exist an i-open set U and a j-open sets V such that xe U, F <V and

unv =a.
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Definition 1.3 [5]. A bitopological space (X, 11, T5) is called pairwise
normal if for each digoint pair of ani-closed set F and aj-closed set H, there
exist an i-open set U and a j-open sets V such that H cU, F <V and

unv =a.
Definition 1.4 [9]. A bitopological space (X, 11, 1) is caled a
pairwise Ry spaceif x e U e t; impliesthat j —cl({x}) c U.

2. i"j -Generalized Closed Sets

Definition 2.1. Let (X, 1q, 1o, 1) be an idea bitopological space
and Ac X. Then A is caled i"j-generalized closed (i*j — g -closed
for short), if j—cl(A)cU whenever AcU and U is i*-open. The

complement of an i*j — g-closed setiscalled i*j — g-open.

Definition 2.2. Let (X, 1y, 1o, |) be an ideal bitopological space and
Ac X. Then A is cdled ij — g, -closed if j—-c*(A)cU whenever
Ac U and U isi-open. The complement of an ij — g, -closed set is called
ij — g, -open.

Remark 2.1. Since every i-open set is i -open in any ideal bitopological
space (X, 11, 19, 1), one may deduce the following diagram for different
kinds of sets.

j—closed = i*j — g - closed = ij — g — closed = ij — g; — closed.

But the converses may not be true as can be shown by the following
example:

Example 2.1. Consider the ideal bitopological space (X, 11, 1o, |),
where X ={a, b, c,d}, 11 ={d, X, {a b}, {c,d}}, 15 ={F, X, {b, c},
{a,d}} and | ={@, {a}}. Then {a, c,d} is 1"2—- g-closed but not 2-
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closed. {a, ¢} is 12 - g -closed but not 1°2 — g-closed and {a} is 12 - g, -
closed but not 12 — g -closed.

Theorem 2.1. In an ideal bitopological space (X, 11, T2, |), the union
of a finite number of i*j — g-closed (resp. ij — g -closed) setsis i*j — g-
closed (resp. ij — g, -closed).

Proof. Let A and B be two i*j — g-closed sets in (X, 11, 1o, |).

Suppose AU B c U, whereU isan i*-open set. Then AcU and B c U
which implies, by hypothesis, that j-cl(A)cU and j-cl(B)c B.
Therefore j—c(AUB)=j-c(A)Uj-c(B)cU and so AUB is
i"j — g-closed. The case of ij — g, -closed issimilar. O

Remark 2.2. The intersection of two i*j — g-closed sets need not be
i*j — g-closed as can shown by the following example.

Example 2.2. Consider the ideal bitopological space (X, 11, 15, 1) as
in Example 2.1. Then {a, b} and {a, c} are 21— g-closed but their

intersection {a} isnot 2"1 - g -closed.
The following result gives a characterization of i*j — g -closed sets.

Proposition 2.1. Let (X, 14, 15, |) be anideal bitopological space and
Ac X. IfAisi”j - g-closed, then j — cl(A)\A contains no nonempty i -
closed set.

Proof. Let F bean i*-closed set such that F < j — cl(A\A Since Ais
i"j —g-closed and Ac X\F, then j—cl(A) c X\F. Thus F ¢ X\j —
cl(A) and therefore F < (j —cl(A)N (X\j —cl(A))) = &. O

Remark 2.3. The converse of Proposition 2.1 is not true, since in the
ideal bitopological space of Example 2.1, If A={a}, then 2-cl(A)\A
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= {d} not contains any nonempty i"-closed set, although A isnot 12 — g-
closed.

Proposition 2.2. Let (X, 11, 15, | ) bean ideal bitopological space. If A

isij — g, -closed, then j — cl*(A)\A contains no nonempty i-closed set.

Proposition 2.3. If Aisan i*j — g-closed set in an ideal bitopological

space (X, 11, To, 1), then i —d*({x}) N A= & for each x € j —cl(A).

Proof. Suppose x e j—cl(A). If possble, let i —c*({x}))N A= .
Then Ac X\i —cl*({x}) which implies that j —cl(A) c X\i —c*({x}).

Then j —cl(A)Ni -c*({x}) = &, acontradiction. a

Proposition 2.4. If Alisan ij — g, -closed set in an ideal bitopological
space (X, 11, To, 1), theni —cl({x})N A= @ for each x e j —cl*(A).

Theorem 2.2. Let (X, 11, 12, |) be an ideal bitopological space and
A Bc X suchthat Ac Bc j—cl(A) and Ais i*j — g-closed. Then B
isi*j — g-closed.

Proof. Let B c U, whereU is i*-open. Then Ac U andso j —cl(A)

c U. Thisimpliesthat j —cl(B) c U andsoBisi*j — g-closed. O

Theorem 2.3. Let (X, 11, 12, |) be an ideal bitopological space and
A Bc X suchthat Ac Bc j—c*(A) andAis ij — g, -closed. Then B
isij — g, -closed.

Theorem 2.4. Let (X, 11, 12, |) be an ideal bitopological space and
Ac X bei"j - g-closed. Then Aisj-closed if and only if j — cl(A)\A is
i* -closed.
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Proof. If Aisj-closed, then j — cl(A\A =@ andso j — cl(A\A isi”-
closed. Conversely, Suppose j — cl(A)\A is i*-closed. Then, by Proposition
21, j—cl(A\A= andso Aisj-closed. O

Theorem 2.5. Let (X, 11, 12, |) be an ideal bitopological space and

Ac X beij - g -Closed. Then Ais j*-closed if and only if j —cl*(A)\A
isi-closed.

Theorem 2.6. For an ideal bitopological space (X, tq, 1o, |), the

following statements are equivalent:
(a) Every i*-open set is j-closed.
(b) Every subset of X is i*j — g-closed.

Proof. (@) = (b): Let Ac X and Ac U, whereU is i*-open. By (a),
U is j-closed and so j—cl(A)c j—cl(U)=U. This shows that A is

i*j — g-closed.

(b) = (a): Suppose U isan i*-open set. By (b), Uisi*j — g-closed and
hence j — cl(U) — U. Therefore U isj-closed. O

Corollary 2.1. In an ideal bitopological space (X, 14, 15, |), if a
subset Ais i*-openand i*j — g-closed, then it isj-closed.

Theorem 2.7. For an ideal bitopological space (X, tq, 1o, |), the

following statements are equivalent:
(a) Every i-open set is j* -closed.

(b) Every subset of Xis ij — g, -closed.
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Theorem 2.8. Let (X, 11, 12, |) be an ideal bitopological space and
Ac X. Then Aiis i"j — g-open if and only if F < j —int(A) whenever
F c AandFisan i”-closed set.

Proof. Suppose A is i*j — g-open and F = A, where F is i*-closed.

Then X\Ac X\F. Since X\A is i*j — g-closed, we have j —cl(X\A)
< X\F which implies that F < j —int(A). Conversely. suppose the

condition holds. Let X\Ac U, where U is i*-open. Then X\U c A,
where X\U is i*-closed and so, by hypothesis, X\U < j —int(A). This
impliesthat j — cl(X\A) c U and X\A is i*j — g-closed. Therefore A is
i*j — g-open. a
Corollary 2.2. If A is a j-open set in an ideal bitopological space
(X, 11, 19, 1), thenAisi*j — g-open.
Theorem 2.9. Let (X, 11, 12, |) be an ideal bitopological space and

Ac X. Then Ais ij — g, -open if and only if F < j —int"(A) whenever
F < A andF isani-closed set.

Theorem 2.10. Let (X, tq, 1o, |) be an ideal bitopological space and
A Bc X suchthat j—int(A)c Bc A If Aisi*j — g-open, then B is
i*j — g-open.

Proof. Follows from Theorem 2.2. O

Theorem 2.11. Let (X, 19, 15, |) be an ideal bitopological space. For
each x e X, {x} iseither i*-closed or i*j — g -open.

Proof. Let x e X suchthat {x} isnot i*-closed. Then X isthe only i*-
open set containing X\{x}, and so X\{x} isi"j — g-closed. Therefore {x}
isi*j— g-open. a
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Theorem 2.12. Let (X, 19, 15, |) be an ideal bitopological space. For
each x € X, {x} iseither i-closed or ij — g, -open.

Theorem 2.13. Let (X, 1y, 1o, |) be an ideal bitopological space and

Ac X. IfAisi*j — g-closed, then A can bewritten intheform A = F\N,

where F isj-closed and N contains no nonempty i*-closed set.

Proof. Suppose A is i*j — g-closed. By Proposition 2.1, j — cl(A\A
= N contains no nonempty i*-closed set. Let F = j —cl(A), then F\N =
j —cl(A\(j —cl(ANA) = A O

Theorem 2.14. Let (X, 1y, 1o, |) be an ideal bitopological space and
Ac X. IfAisij — g -closed, then A can be written in theform A = F\N,

whereF is j*-closed and N contains no nonempty i-closed set.

Now we prove two results providing characterizations of pairwise

regular and pairwise normal spacesin termof i*j — g-open sets.

Theorem 2.15. For an ideal bitopological space (X, 11, 19, |), the
following statements are equivalent:

(@ (X, 11, 12) ispairwiseregular.

(b) For each i-closed set F and x ¢ F, there exist i-open set U and
i"j —g-opensetVsuchthat xeU, F cV andU NV = @.

(c) For each Ac X and each i-closed set F with AN F = &, there
exist an i-open set U and i*j — g-open set Vsuchthat ANU = &, F c V

andU NV =@.

Proof. (a) = (b). Follows from the fact that every j-open setisi*j — g-

open.
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(b) = (c): Let Ac X and F ani-closed set with A\ F = &. By (b),
for each x € A, there exist an i-open set U and an i*j — g-open set V such
that xeU,FcV and UNV =Y. Thus ANU =, FcV and
unv =a.

(c) = (8): Let F beani-closed set and x ¢ F. Then, by (c), there exist
an i-open set U and a i*j — g-open set V such that xeU, F cV and
UNV =@&. Since F cV andVisi*j — g-open, by Theorem 2.7, we have
Fcj-int(V). Put j—int(V)=W. Thenwehave x e U, F c W, where
U is i-open, W is j-open and U NV = . This shows that X is pairwise
regular. O

Theorem 2.16. For an ideal bitopological space (X, 11, 12, |), the
following statements are equivalent:

(@ (X, 11, 12) ispairwise normal.

(b) For each pair of disjoint an i-closed set F and a j-closed set K, there

exist disjoint i*j — g-open set U and j*i — g-open set V suchthat F — U
and K < V.

(c) For each i-closed set F and a j-open set V containing F, there exists
i"j — g-openset Usuchthat F cU ci-cl(U)c V.

(d) For each i-closed set F and each i*j — g-open set V containing F,

thereexists i*j — g-openset Usuchthat F c U ci—cl(U) c j —int(V).

(e) For each |"i — g-closed set F and each j-open set V containing F,
there exists i*j — g-open set U such that F ci—cl(F)cU ci-cl(U)
c V.

Proof. (a) = (b): Follows from the fact that every j-open setis i*j — g-
open.
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(b) = (c): Let F bei-closed and Visj-open with F V. Then X\V is

a j-closed set and F N (X\V)=@. Then, by (b), there exist an i*j — g-
open set U and a ji — g-open set W such that F cU, X\V c W and

UNW =@. Now Wis ji — g-open and X\V « W which implies that
X\V ci-int(W), by Theorem 28. Thus FcUci-cU)ci-
c(X\W) c V.

(c) = (d): Let F bei-closedand F <V, whereVisi*j — g-open. Then
F < j—int(V) and hence, by (c), there exists i*j — g -open set U such that
FcUci-cdU)c j-int(V).

(d) = (e): Let Fbe j*i — g-closed and F < V, whereV isj-open. Then
i—cl(F)cV and, by (d), there exists i*j — g-open set U such that
FcUci-cdU)c j-int(V)=V.

(e) = (a): Let F be an i-closed set and K a j-closed set such that
FNK=@. Then F « X\K and F is j%i — g-closed, therefore, by (e),
there exists i"j — g-open set U such that F cU ci—-c(U)c X\K.

Since Fisi-closed and F — U, where U is i*j — g -open, by Theorem 2.8,
wehave F c j—int(U). Put j—int(U)=G and X\i —cl(U)=H. Then
Gisj-open, Hisi-open, F c G, K ¢ H and G\ H = &. This means that

(X, 11, T2) Isparwise normal. O
3. Pairwise * —R; and Pairwise | — R, Spaces

The notion of pairwise R- spaces first has been studied in [9]. In this

section we introduce two kinds of separation axioms one being stronger and
another weaker than pairwise R;-spaces.
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Definition 3.1. Anideal bitopological space (X, tq, 15, |) iscalled

(1) pairwise * —Ry- space if for every i*-open set U and each x e U,
we have j —cl(x)  U. Equivalently every singletonis i*j — g -closed.

(2) pairwise | — Ry-space if for every i-open set U and each x e U, we
have (x)*j c U. Equivaently every singleton is ij — g, -closed.

Remark 3.1 (&) Since every i-open set is i*-open, it follows that every
pairwise * —Ry-space is pairwise R,. But the converse may not be true.

(b) Since every ij — g-closed set is ij — g, -closed, it follows that every

pairwise Ry spaceispairwise | — Ry.

The following three theorems give some characterizations of pairwise
* —Ry spaces.

Theorem 3.1. For an ideal bitopological space (X, 11, 10, |), the

following statements are equivalent:

(a) Xispairwise * —R,.

(b) For each i*-closed set F and x ¢ F, there exists a j-open set U such
that F cU and x ¢ U.

(c) For each i*-closed set Fand x ¢ F, wehave F (N j — c({x}) = @.
(d) For any two distinct points x and y of X, we have x ¢ i —cl*({y})
implies j —cl({x})Ni-d*({y}) = @.

Proof. (a) = (b): Let F be i*-closed and x ¢ F. Then x e X\F and
so0, by (a), j —cl({x}) € X\F which implies that F < X\j —cl({x}). Put
X\j—c({x}) =U. ThenU isaj-openset suchthat F —cU and x ¢ U.
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(b) = (c): Let F be i*-closed and x ¢ F. Then, by (b), there exists a j-
open set U such that F cU and x¢U. Thus U j-cl({x}) =2 and
hence F N j — c({x}) = &.

(c) = (d): Itisclear.

(d) = (a): Let U be an i*-open set and x € U. Then for each y ¢ U,
x¢i—d*({y}) and hence, by (d), j —d({x})Ni-d*({y}) =D for each
yeU. Then j—c((x)NUG-cd*({y}):ye X\WU)]=@. Now U isi*-
open and y e X\U which implies that {y} i —c*({y}) ci—c*(X\U)
= X\U. Thus X\U = U{i —d*({y}):y e X\U}. Therefore j - cl({x})N
X\U =¢, i.e, j—cd({x}) c U. Hence X ispairwise * —R,. O

Theorem 3.2. For an ideal bitopological space (X, 11, 10, ), the
following statements are equivalent:

(a) Xispairwise * —R,.

(b) For each nonempty subset A of X and i*-open set U with

ANU = O, there exists a j-closed set F such that ANF = & and
F cU.

(c) For each i -open set U, we have U = U{F : Fis j-closed, F c U}.
(d) For each i*-closed set F, we have F =N{U :U isj-closed,F cU}.

Proof. (8) = (b): Let Ac X besuchthat ANU = &, whereU isi”-
open set. Now x e U impliesthat j —cl({x}) cU. Let j—cl({x}) =F,
then Fisj-closed with ANF = and F < U.

(b) = (c): Let U be i*-open. Now U {F : F is j-closed, F c U} c U.
Let x e U, by (b) there exists a j-closed F containing x and F < U. Thus
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xe F cU{K:Kis j-closed, K c U}. Therefore, for each i*-open set
U,U =U{F : Fis j-closed, F c U}.

(c) = (d): Itisclear.

(d = (a): Let U be i"-open and xeU. We need to show that
j—c({x})cU. If not, let ye j—cl({x}) such that yeU. Since U
is i"-open neighborhood of each of its points, it follows that
i—c*({yhNU =@. Now i—-cl*({y}) is i*-closed and hence, by (d),
i—d*({y)=N{V:Vis jopen and i-d*({y})cV}. Therefore,
(N{V :V isj-open and i —c*({y}) cV})NU = and this means that
xgN{V :V isj-openand i — c*({y}) c V}. Then there exists a j-open set
Vsuchthat x ¢V and i —cl*({y}) c V. AsV is aj-open set containing y

suchthat x ¢ V, wehave y ¢ j — cl({x}), acontradiction. O

Theorem 3.3. For an ideal bitopological space (X, 11, 10, ), the
following statements are equivalent:

(a) Xispairwise * —R,.

(b) For any two distinct points x, y € X, we have x i —cl*({y}) if
andonlyif y e j —cl({x}).

Proof. (@) = (b): Let x i —c™({y}) and U aj-open set containing y.

By (&), we have i—d({y}))cU. Thus i-c*({y}) ci-c(y}) cU.
Therefore x e U which implies that y € j —cl({x}). Again, let ye j-

c({x}) and U be any i*-open set containing x. Then, by (a), we have

j —d({x}) cU whichimpliesthat y e U andthus x € i —cl*({y}).
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(b) = (@): Let Ubean i"-openset and xeU. If yeU, then x ¢ i

—d*({y}) and hence y ¢ j — cl({x}). Thisshowsthat j —cl({x}) c U and

therefore X is pairwise * —Ry space. O

The following theorem gives some characterizations of pairwise | — R,
spaces.

Theorem 3.4. For an ideal bitopological space (X, 11, 10, ), the

following statements are equivalent:

(a) Xisapairwise | — Ry space.
(b) For eachi-openset U and x € U, wehave j —cl*({x}) c U.

(c) For each i-closed set F and x ¢ F, there exists a j* -open set U
suchthat F —c U and x ¢ U.

(d) For eachi-closed set Fand x ¢ F, wehave F N j —d*({x}) = @.

(e) For any two distinct points x, y e X, if xgi—cl({y}), then
j =™ () Ni-d(iy}h) = 2.

Proof. (a) = (b): Let U be ani-open set and x € U. Then ({x})*j cU.
Therefore j — ol *({x}) = xU x*1 < U.

(b) = (c): Let F be ani-closed set and x ¢ F. Then x € X\F and, by

(b), j —c*({x}) ¢ X\F and therefore F < X\j —c™({x}). Put U = X\]j

—cd*({x}). ThenU s j"-opensuchthat F c U and x ¢ U.

(c) = (d): Let F beani-closed set and x ¢ F. By (C), thereexistsa j* -
open set U suchthat F cU and x ¢ U. Therefore U N j —cl*({x}) = &

and consequently F N j - c*({x}) = @.
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(d) = (e):itisclear.

(e) = (a): Let U beani-open set and x € U. Then, for each y € X\U

we have x ¢ i—cl({y}). Therefore, by (6), j—cl*({x)Ni-d({y}) =0
for each y e X\U. This implies that j—c*({x})N U {i —c({y}):ye

X\WU)=@. Therefore j-cl*({x})N(X\WU)=@ which implies that

j—c*({x}) cU andsoXisapairwise | — Ry space. O
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