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Abstract

In this paper, a new type of generalized closed sets in ideal

bitopological spaces is introduced and studied. Some applications of

these sets in connection with certain separation axioms are given.

1. Introduction and Preliminary

In their paper [1], the authors have studied the concept of generalized

closed sets in ideal bitopological spaces. In fact, this study is a study in an

ideal topological space. The topology defined is nothing but the topology

resulting from the intersection of the two topologies of the bitopological

space  .,, 21 X  Hence, this is not a study in bitopological spaces. The

main definition that the authors relied on in formulating the results in their
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paper [1] is the definition of 21 -closed and 21 -open sets. Their

definition stated that a subset A of a bitopological space is 21 -closed if

  .21 AclclA  In fact this definition means that A is 21 -closed

if and only if A is 1 -closed and 2 -closed. To show this, if

  ,21 AclclA   then A is 1 -closed and   AAcl 2  which

implies that A is also 2 -closed. On the other hand if A is 1 -closed and 2 -

closed, then   .21 AclclA  Therefore if the topology induced by

this definition is , then .21    So, all the definitions and results is [1]

are in the ideal topological space and was studied in [2-4]. Therefore the

study in [1] is in the ideal topological space  IX ,,   not in the ideal

bitopological space  .,,, 21 IX 

In this paper, a new type of generalized closed sets in ideal bitopological

spaces is introduced and studied. Some applications of these sets in

connection with certain separation axioms are given.

Bitopological spaces were introduced by Kelly [5] in 1963 as an

extension of topological spaces. A bitopological space  21,, X  is a

nonempty set X equipped with two topologies 1  and .2  The concept of

ideal topological spaces was initiated by Kuratowski [6] and

Vaidyanathaswamy [7]. An Ideal I on a topological space  ,X  is a

nonempty collection of subsets of X which satisfies: (i) If IA   and AB 

then IB   and (ii) If IA   and IB  then .IBA   If  XP  is the set

of all subsets of X, in a topological space  ,, X  a set operator

     XPXP   :  called the local function of A with respect to  and

I and is defined as    .,,:, UxUIAUXxIA  

 IA ,  is written in short .A  A Kuratowski closure operator  cl  for a

topology  ,, I finer than , called the *-topology [6], and is defined by

    .AAAcl   is written for  ., I  Let A be a subset of a
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bitopological space  .,, 21 X  The closure of A and the interior of A with

respect to i  are denoted by  Acli   and  ,int Ai   respectively, for

.2,1i  A bitopological space  21,, X with an ideal I on X is called an

ideal bitopological space and is denoted by  .,,, 21 IX  In an ideal

bitopological space  ,,,, 21 IX   the local function of XA   with

respect to i  and I is denoted by ,iA  that is,  UXxA i :

.,, UxUIA i   Also,   ii AAAcl    and, in this case, the *-

topology is denoted by ,i  for .2,1i  The members of i  are called i -

open. The complement of an i -open set is called i -closed. The closure and

the interior of XA  with respect to i  are denoted by  Acli   and

 ,int Ai   respectively. Fukutake [8] introduced the notion of generalized

closed sets in bitopological spaces.

The aim of this paper is to introduce two new classes of generalized

closed sets in ideal bitopological spaces, termed gji  -closed and Igij  -

closed. Several characterizations of gji  -closed and Igij  -closed sets

are given. Characterizations of pairwise regular and pairwise normal spaces

in terms of gji  -closed sets are given. Finally, two new kinds of

separation axioms in ideal bitopological spaces in terms of gji  -closed

and Igij  -closed sets are introduced and investigated. Throughout this

paper, 2,1, ji and .ji 

Definition 1.1 [8]. A subset A of a bitopological space  21,, X  is

called gij  -closed if   UAclj   whenever UA   and U is i-open.

Definition 1.2 [5]. A bitopological space  21,, X  is called pairwise

regular if for each Xx  and each i-closed set F not containing x, there

exist an i-open set U and a j-open sets V such that VFUx  ,  and

.VU 
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Definition 1.3 [5]. A bitopological space  21,, X  is called pairwise

normal if for each disjoint pair of an i-closed set F and a j-closed set H, there

exist an i-open set U and a j-open sets V such that ,UH  VF   and

.VU 

Definition 1.4 [9]. A bitopological space  21,, X  is called a

pairwise 0R  space if iUx  implies that    .Uxclj 

2. ji -Generalized Closed Sets

Definition 2.1. Let  IX ,,, 21   be an ideal bitopological space

and .XA   Then A is called ji -generalized closed  gji  -closed

for ,short if   UAclj   whenever UA   and U is i -open. The

complement of an gji  -closed set is called gji  -open.

Definition 2.2. Let  IX ,,, 21   be an ideal bitopological space and

.XA   Then A is called Igij  -closed if   UAclj    whenever

UA  and U is i-open. The complement of an Igij  -closed set is called

Igij  -open.

Remark 2.1. Since every i-open set is i -open in any ideal bitopological

space  ,,,, 21 IX   one may deduce the following diagram for different

kinds of sets.

closed.closedclosedclosed  
Igijgijgjij

But the converses may not be true as can be shown by the following

example:

Example 2.1. Consider the ideal bitopological space  ,,,, 21 IX 

where  ,,,, dcbaX      ,,,,,,1 dcbaX   ,,,,2 cbX

 da,  and   ., aI   Then  dca ,,  is g21 -closed but not 2-
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closed.  ca,  is g12 -closed but not g21 -closed and  a  is Ig12 -

closed but not g12 -closed.

Theorem 2.1. In an ideal bitopological space  ,,,, 21 IX  the union

of a finite number of gji  -closed (resp. Igij  -closed) sets is gji  -

closed (resp. Igij  -closed).

Proof. Let A and B be two gji  -closed sets in  .,,, 21 IX 

Suppose ,UBA   where U is an i -open set. Then UA   and UB 

which implies, by hypothesis, that   UAclj  and   .BBclj 

Therefore       UBcljAcljBAclj    and so BA   is

gji  -closed. The case of Igij  -closed is similar. 

Remark 2.2. The intersection of two gji  -closed sets need not be

gji  -closed as can shown by the following example.

Example 2.2. Consider the ideal bitopological space  IX ,,, 21   as

in Example 2.1. Then  ba,  and  ca,  are g12 -closed but their

intersection  a  is not g12 -closed.

The following result gives a characterization of gji  -closed sets.

Proposition 2.1. Let  IX ,,, 21  be an ideal bitopological space and

.XA  If A is gji  -closed, then   AAclj \ contains no nonempty i -

closed set.

Proof. Let F be an i -closed set such that   .\ AAcljF   Since A is

gji  -closed and ,\FXA   then   .\FXAclj   Thus  jXF \

 Acl  and therefore       .\  AcljXAcljF  

Remark 2.3. The converse of Proposition 2.1 is not true, since in the

ideal bitopological space of Example 2.1, If  ,aA   then   AAcl \2 
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 d  not contains any nonempty i -closed set, although A is not g21 -

closed.

Proposition 2.2. Let  IX ,,, 21  be an ideal bitopological space. If A

is Igij  -closed, then   AAclj \ contains no nonempty i-closed set.

Proposition 2.3. If A is an gji  -closed set in an ideal bitopological

space  ,,,, 21 IX  then      Axcli  for each  .Acljx 

Proof. Suppose  .Acljx   If possible, let    .  Axcli 

Then   xcliXA  \ which implies that     .\ xcliXAclj 

Then      ,  xcliAclj   a contradiction. 

Proposition 2.4. If A is an Igij  -closed set in an ideal bitopological

space  ,,,, 21 IX  then     Axcli  for each  .Acljx 

Theorem 2.2. Let  IX ,,, 21  be an ideal bitopological space and

XBA , such that  AcljBA  and A is gji  -closed. Then B

is gji  -closed.

Proof. Let ,UB   where U is i -open. Then UA   and so  Aclj 

.U  This implies that   UBclj   and so B is gji  -closed. 

Theorem 2.3. Let  IX ,,, 21  be an ideal bitopological space and

XBA , such that  AcljBA  and A is Igij  -closed. Then B

is Igij  -closed.

Theorem 2.4. Let  IX ,,, 21  be an ideal bitopological space and

XA  be gji  -closed. Then A is j-closed if and only if   AAclj \ is

i -closed.
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Proof. If A is j-closed, then    AAclj \  and so   AAclj \  is i -

closed. Conversely, Suppose   AAclj \  is i -closed. Then, by Proposition

2.1,    AAclj \  and so A is j-closed. 

Theorem 2.5. Let  IX ,,, 21  be an ideal bitopological space and

XA  be Igij  -closed. Then A is j -closed if and only if   AAclj \

is i-closed.

Theorem 2.6. For an ideal bitopological space  ,,,, 21 IX  the

following statements are equivalent:

(a) Every i -open set is j-closed.

(b) Every subset of X is gji  -closed.

Proof. (a)  (b): Let XA   and ,UA   where U is i -open. By (a),

U is j-closed and so     .UUcljAclj   This shows that A is

gji  -closed.

(b) (a): Suppose U is an i -open set. By (b), U is gji  -closed and

hence   .UUclj   Therefore U is j-closed. 

Corollary 2.1. In an ideal bitopological space  ,,,, 21 IX  if a

subset A is i -open and gji  -closed, then it is j-closed.

Theorem 2.7. For an ideal bitopological space  ,,,, 21 IX  the

following statements are equivalent:

(a) Every i-open set is j -closed.

(b) Every subset of X is Igij  -closed.
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Theorem 2.8. Let  IX ,,, 21  be an ideal bitopological space and

.XA  Then A is gji  -open if and only if  AjF int whenever

AF  and F is an i -closed set.

Proof. Suppose A is gji  -open and ,AF   where F is i -closed.

Then .\\ FXAX  Since AX \  is gji  -closed, we have  AXclj \

FX \  which implies that  .int AjF   Conversely. suppose the

condition holds. Let ,\ UAX   where U is i -open. Then ,\ AUX 

where UX \  is i -closed and so, by hypothesis,  .int\ AjUX   This

implies that   UAXclj  \  and AX \  is gji  -closed. Therefore A is

gji  -open. 

Corollary 2.2. If A is a j-open set in an ideal bitopological space

 ,,,, 21 IX  then A is gji  -open.

Theorem 2.9. Let  IX ,,, 21  be an ideal bitopological space and

.XA  Then A is Igij  -open if and only if  AjF  int whenever

AF  and F is an i-closed set.

Theorem 2.10. Let  IX ,,, 21  be an ideal bitopological space and

XBA , such that   .int ABAj  If A is gji  -open, then B is

gji  -open.

Proof. Follows from Theorem 2.2. 

Theorem 2.11. Let  IX ,,, 21  be an ideal bitopological space. For

each  xXx , is either i -closed or gji  -open.

Proof. Let Xx   such that  x  is not i -closed. Then X is the only i -

open set containing  ,\ xX  and so  xX \  is gji  -closed. Therefore  x

is gji  -open. 
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Theorem 2.12. Let  IX ,,, 21  be an ideal bitopological space. For

each  xXx , is either i-closed or Igij  -open.

Theorem 2.13. Let  IX ,,, 21  be an ideal bitopological space and

.XA  If A is gji  -closed, then A can be written in the form ,\NFA 

where F is j-closed and N contains no nonempty i -closed set.

Proof. Suppose A is gji  -closed. By Proposition 2.1,   AAclj \

N  contains no nonempty i -closed set. Let  ,AcljF   then NF \

     .\\ AAAcljAclj  

Theorem 2.14. Let  IX ,,, 21  be an ideal bitopological space and

.XA  If A is Igij  -closed, then A can be written in the form ,\NFA 

where F is j -closed and N contains no nonempty i-closed set.

Now we prove two results providing characterizations of pairwise

regular and pairwise normal spaces in term of gji  -open sets.

Theorem 2.15. For an ideal bitopological space  ,,,, 21 IX  the

following statements are equivalent:

(a)  21,, X is pairwise regular.

(b) For each i-closed set F and ,Fx  there exist i-open set U and

gji  -open set V such that VFUx  , and .VU 

(c) For each XA  and each i-closed set F with ,FA  there

exist an i-open set U and gji  -open set V such that VFUA  ,

and .VU 

Proof. (a) (b). Follows from the fact that every j-open set is gji  -

open.
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(b)  (c): Let XA   and F an i-closed set with .FA   By (b),

for each ,Ax   there exist an i-open set U and an gji  -open set V such

that VFUx  ,  and .VU   Thus VFUA  ,  and

.VU 

(c)  (a): Let F be an i-closed set and .Fx   Then, by (c), there exist

an i-open set U and a gji  -open set V such that VFUx  ,  and

.VU   Since VF   and V is gji  -open, by Theorem 2.7, we have

 .int VjF   Put   .int WVj   Then we have ,, WFUx   where

U is i-open, W is j-open and .VU   This shows that X is pairwise

regular. 

Theorem 2.16. For an ideal bitopological space  ,,,, 21 IX  the

following statements are equivalent:

(a)  21,, X is pairwise normal.

(b) For each pair of disjoint an i-closed set F and a j-closed set K, there

exist disjoint gji  -open set U and gij  -open set V such that UF 

and .VK 

(c) For each i-closed set F and a j-open set V containing F, there exists

gji  -open set U such that   .VUcliUF 

(d) For each i-closed set F and each gji  -open set V containing F,

there exists gji  -open set U such that    .int VjUcliUF 

(e) For each gij  -closed set F and each j-open set V containing F,

there exists gji  -open set U such that    UcliUFcliF 

.V

Proof. (a) (b): Follows from the fact that every j-open set is gji  -
open.
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(b)  (c): Let F be i-closed and V is j-open with .VF   Then VX \  is

a j-closed set and   .\ VXF   Then, by (b), there exist an gji  -

open set U and a gij  -open set W such that WVXUF  \,  and

.WU   Now W is gij  -open and WVX \  which implies that

 ,int\ WiVX  by Theorem 2.8. Thus    iUcliUF

  .\ VWXcl 

(c) (d): Let F be i-closed and ,VF   where V is gji  -open. Then

 VjF int and hence, by (c), there exists gji  -open set U such that

   .int VjUcliUF 

(d) (e): Let F be gij  -closed and ,VF   where V is j-open. Then

  VFcli  and, by (d), there exists gji  -open set U such that

    .int VVjUcliUF 

(e)  (a): Let F be an i-closed set and K a j-closed set such that

.KF   Then KXF \  and F is gij  -closed, therefore, by (e),

there exists gji  -open set U such that   .\KXUcliUF 

Since F is i-closed and ,UF   where U is gji  -open, by Theorem 2.8,

we have  .int UjF   Put   GUj  int  and   .\ HUcliX   Then

G is j-open, H is i-open, HKGF  ,  and .HG   This means that

 21,, X  is pairwise normal. 

3. Pairwise 0R  and Pairwise 0RI  Spaces

The notion of pairwise 0R - spaces first has been studied in [9]. In this

section we introduce two kinds of separation axioms one being stronger and

another weaker than pairwise 0R -spaces.
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Definition 3.1. An ideal bitopological space  IX ,,, 21   is called

(1) pairwise 0R - space if for every i -open set U and each ,Ux 

we have   .Uxclj   Equivalently every singleton is gji  -closed.

(2) pairwise 0RI  -space if for every i-open set U and each ,Ux   we

have   .Ux j   Equivalently every singleton is Igij  -closed.

Remark 3.1 (a) Since every i-open set is i -open, it follows that every

pairwise 0R -space is pairwise .0R  But the converse may not be true.

(b) Since every gij  -closed set is Igij  -closed, it follows that every

pairwise 0R  space is pairwise .0RI 

The following three theorems give some characterizations of pairwise

0R spaces.

Theorem 3.1. For an ideal bitopological space  ,,,, 21 IX  the

following statements are equivalent:

(a) X is pairwise .0R

(b) For each i -closed set F and ,Fx  there exists a j-open set U such

that UF  and .Ux 

(c) For each i -closed set F and ,Fx  we have    . xcljF 

(d) For any two distinct points x and y of X, we have   yclix 

implies       .  yclixclj 

Proof. (a)  (b): Let F be i -closed and .Fx   Then FXx \  and

so, by (a),    FXxclj \  which implies that   .\ xcljXF   Put

   .\ UxcljX   Then U is a j-open set such that UF   and .Ux 
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(b)  (c): Let F be i -closed and .Fx   Then, by (b), there exists a j-

open set U such that UF   and .Ux   Thus     xcljU   and

hence    . xcljF 

(c) (d): It is clear.

(d)  (a): Let U be an i -open set and .Ux   Then for each ,Uy 

  yclix  and hence, by (d),         yclixclj   for each

.Uy   Then          .\:   UXyyclixclj   Now U is i -

open and UXy \  which implies that       UXcliycliy \ 

.\UX  Thus     .\:\ UXyycliUX    Therefore    xclj 

,\ UX  i.e.,    .Uxclj   Hence X is pairwise .0R 

Theorem 3.2. For an ideal bitopological space  ,,,, 21 IX  the

following statements are equivalent:

(a) X is pairwise .0R

(b) For each nonempty subset A of X and i -open set U with

,UA  there exists a j-closed set F such that FA  and

.UF 

(c) For each i -open set U, we have  .,-: UFclosedjisFFU  

(d) For each i -closed set F, we have  .,-: UFclosedjisUUF  

Proof. (a)  (b): Let XA   be such that ,UA   where U is i -

open set. Now Ux  implies that    .Uxclj   Let    ,Fxclj 

then F is j-closed with FA   and .UF 

(b)  (c): Let U be i -open. Now   .,closed-is: UUFjFF 

Let ,Ux   by (b) there exists a j-closed F containing x and .UF   Thus
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 .,closed-is: UKjKKFx    Therefore, for each i -open set

 .,closed-is:, UFjFFUU  

(c) (d): It is clear.

(d)  (a): Let U be i -open and .Ux   We need to show that

   .Uxclj   If not, let   xcljy   such that .Uy   Since U

is i -open neighborhood of each of its points, it follows that

   .  Uycli  Now   ycli  is i -closed and hence, by (d),

    is: VVycli   j-open and    .Vycli    Therefore,

  VV :  is j-open and       UVycli   and this means that

 VVx :  is j-open and    .Vycli    Then there exists a j-open set

V such that Vx   and    .Vycli    As V is a j-open set containing y

such that ,Vx   we have   ,xcljy   a contradiction. 

Theorem 3.3. For an ideal bitopological space  ,,,, 21 IX  the

following statements are equivalent:

(a) X is pairwise .0R

(b) For any two distinct points ,, Xyx  we have   yclix  if

and only if   .xcljy 

Proof. (a)  (b): Let   yclix   and U a j-open set containing y.

By (a), we have    .Uycli   Thus       .Uycliycli  

Therefore Ux   which implies that   .xcljy   Again, let  jy

  xcl  and U be any i -open set containing x. Then, by (a), we have

   Uxclj   which implies that Uy   and thus   .yclix 
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(b)  (a): Let U be an i -open set and .Ux   If ,Uy   then ix 

  ycl  and hence   .xcljy   This shows that    Uxclj   and

therefore X is pairwise 0R  space. 

The following theorem gives some characterizations of pairwise 0RI 

spaces.

Theorem 3.4. For an ideal bitopological space  ,,,, 21 IX  the

following statements are equivalent:

(a) X is a pairwise 0RI  space.

(b) For each i-open set U and ,Ux  we have    .Uxclj  

(c) For each i-closed set F and ,Fx  there exists a j -open set U

such that UF  and .Ux 

(d) For each i-closed set F and ,Fx  we have    .  xcljF 

(e) For any two distinct points ,, Xyx  if   ,yclix  then

      .  yclixclj 

Proof. (a) (b): Let U be an i-open set and .Ux   Then    .Ux j 

Therefore    .Uxxxclj j   

(b)  (c): Let F be an i-closed set and .Fx   Then FXx \  and, by

(b),    FXxclj \   and therefore   .\ xcljXF   Put jXU \

  .xcl  Then U is j -open such that UF   and .Ux 

(c) (d): Let F be an i-closed set and .Fx   By (c), there exists a j -

open set U such that UF   and .Ux   Therefore      xcljU 

and consequently    .  xcljF 
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(d) (e): it is clear.

(e)  (a): Let U be an i-open set and .Ux   Then, for each UXy \

we have   .yclix   Therefore, by (e),         yclixclj 

for each .\UXy   This implies that           yyclixclj :

 .\ UX  Therefore        UXxclj \ which implies that

   Uxclj    and so X is a pairwise 0RI   space. 
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