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Abstract: In this article, we introduce two new rough set models based on the concept of double
fuzzy relations. These models are called optimistic and pessimistic multi-granulation double fuzzy
rough sets. We discuss their properties and explore the relationship between these new models and
double fuzzy rough sets. Our study focuses on the lower and upper approximations of these models,
which generalize the conventional rough set model. In addition, we suggest that the development of
the multi-granulation double fuzzy rough set model is significant for the generalization of the rough
set model.

Keywords: double fuzzy rough set; optimistic multi-granulation double fuzzy rough set; pessimistic
multi-granulation double fuzzy rough set
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1. Introduction and Preliminaries

The theory of rough sets, introduced by Pawlak [1,2], has become a well-established
mathematical tool for studying uncertainty in a variety of applications and intelligent sys-
tems that deal with incomplete or inadequate information. The equivalence classes defined
by the equivalence relation are used to determine the lower and upper approximations
to approximate undefinable sets. Rough sets have been widely applied in various fields,
including granular computing, graph theory, algebraic systems, partially ordered sets,
medical diagnosis, data mining, and conflict analysis, among others [3-8].

The study of set theory involves a significant exploration of the generalization and
extension of the rough set model. Qian et al. [9,10] introduced the multi-granulation rough
set model, which is defined by a family of equivalence relations, as opposed to Pawlak’s
rough set model, which is defined by only one equivalence relation. The multi-granulation
rough set model includes two types: the optimistic and pessimistic multi-granulation rough
sets. The term “optimistic” is used to refer to the idea that in multi-independent granular
structures, at least one granular structure must satisfy the inclusion relation between the
equivalence class and the undefinable set. Meanwhile, “pessimistic” denotes the idea that
each granular structure must satisfy the inclusion relation between the equivalence class
and the undefinable set. There have been several studies exploring multi-granulation rough
set models based on various types of relations, leading to a number of intriguing ideas,
such as those presented in [11-18].

On the other hand, one of these trends is to combine other theories dealing with uncer-
tain knowledge, such as fuzzy set and rough set theory. The fuzzy set theory addresses po-
tential uncertainties associated with erroneous cases, perceptions, and preferences, whereas
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approximate sets identify uncertainty caused by the ambiguity of information. As both
types of uncertainty can arise in real-world problems, there have been numerous proposed
approaches to combining fuzzy set theory with approximation set theory. Dubois and Prade
introduced rough fuzzy sets and fuzzy rough sets based on approximations of fuzzy sets
by crisp approximation spaces, as seen in [19,20]. Using the same framework, researchers
have developed an approach to enhance coarse fuzzy rough sets and rough fuzzy sets, as
demonstrated in [21-26].

Atanassov [27] proposed the concept of intuitionistic fuzzy sets, which provide mem-
bership and non-membership degrees for an element. This allows for more flexibility and
efficiency when dealing with incomplete or inaccurate information compared with Zadeh'’s
fuzzy sets [28].

The use of the term “intuitionistic” in relation to complete lattice L has generated some
debate regarding its applicability. However, Garcia and Rodabaugh [29] definitively settled
these doubts by demonstrating that this term is not appropriate for mathematics and its
applications. As a result, they have adopted the name “double” for their work in this area.

Inspired and motivated by the recent works [1-30], our aim in this paper is to investi-
gate and enhance the study of multi-granulation double fuzzy approximation spaces by
exploring the double fuzzy upper and lower approximation operators. The framework
focuses on introducing two types of double fuzzy sets using multiple pairs of double fuzzy
relations on U and analyzing their relationship.

Throughout this paper, let U = {x1, x2, ...x, } be a nonempty and finite set of objects
and I = [0,1]. A fuzzy set is a map from U to I. The set of all fuzzy sets on U is denoted
by IY. R is a fuzzy binary relation on U, i.e., R(x,y) € [0,1] for any x,y € U. The set of all
fuzzy binary relations on U is denoted by 1Y,

Definition 1 ([30]). Let U and V be two arbitrary sets. A double fuzzy relation on U x V is a pair
(R,R*) of maps R,R* : U x V — I such that R(x,y) <1 —R*(x,y) forall (x,y) € Ux V.If
R,R*:U x U — I, then (R, R*) is called a double fuzzy relation on U. R(x,y) (resp. R*(x,y)),
referred to as the degree of relation (resp. non-relation) between x and y.

Definition 2 ([30]). Let U be an arbitrary universal set and (R, R*) a double fuzzy relation on U.
Then, for each fuzzy set A on U, the pairs (RgA, Ri:A), (RrA, RgeA) of maps RgA, R A, RgA,
Rp+A : U — I are called double fuzzy lower approximation and double fuzzy upper approximation
of a fuzzy set A, respectively, and are defined as follows: For all x € U,

(RrA)(x) = A (1=R(x,y)) VAY), (RrA)(x) =V (1= R*(x,y) A (1= Ay)))

yeld yel

(ReM)(x) =\ (R, y) AAY)), (Rr-A)(x) = N (R (x,y) V (1= Ay)))-

yeld yel

The quaternary (RgA, RgA, RrA, Rg-A) is called double fuzzy rough set of A. The pairs
(Rr,Ri:), (Rr, Ry+) of operators Ry, R, Rr, R+ : 14 — T4 are called double fuzzy
lower approximation and double fuzzy upper approximation operators, respectively.

Definition 3 ([30]). Forall x,y € U, a double fuzzy relation (R, R*) on U is called as follows:
(1) Double fuzzy reflexive if R(x,x) = 1 and R*(x,x) = 0.
(2) Double fuzzy transitive if R(x,z) > Vyeu(R(x,y) A R(y,z)) and R*(x,z) < Ayeu(R*
(x,y) VR*(y,z)) VzeU.
(3) Double fuzzy symmetric if R(x,y) = R(y, x) and R*(x,y) = R*(y, x).

2. Optimistic Multi-Granulation Double Fuzzy Rough Sets

In this section, we provide some concepts along with an example and discuss the
optimistic multi-granulation double fuzzy rough sets based on multiple double fuzzy
relations.
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Definition 4. Let U be an arbitrary universal set, and (Ry, R}) and (Ry, R}) be double fuzzy rela-
tions on U. Then, for each fuzzy set A on U, the pairs (ORR,+r,A, ORET n R;/\) and (ORR,+r, A,
ORR: 1 rsA) of maps ORR 4Ry A, ORpr i gsA, ORR 4R, A, ORpsygeA = U — Lare called
optimistic two-granulation double fuzzy lower approximation and optimistic two-granulation double
fuzzy upper approximation of a fuzzy set A, respectively, and are defined as follows: For all x € U,

yel yeu

(ORR, +R, M) (%) = { A (1= Ri(x,y)) \//\(y))} v { A (1= Ra(x,y)) vA(y))},-

(ORf: 1y (x) = { V (1= Ri(xy) A1 —A(y»} A { V (1 - R5(x,) A1 —A(y»};

yel yel

(ORR 4R, A) (x) = { V (Ri(x,y) /\/\(y))} A { V (Ra(x,y) /\/\(y))};

yel yeu

(ORR; 4 r5A) (%) = { N Ri(x,y)v1- A(y))} v { N R (x,y) v1— A(y))}-

yel yelu

The quaternary (ORR,+r,A, ORg: ygsA ORR, 4R, A, ORps y gsA) s called optimistic two-
granulation double fuzzy rough set of A (in short, OTGDFRS). The pairs (ORR,+R,, OR};T +R§)
and (ORR1+R210R7{;+R;) of operators ORR, +R,, OR};HR;,ORRﬁRZ,OREHRE U —

I are called optimistic two-granulation double fuzzy lower approximation and optimistic two-
granulation double fuzzy upper approximation operators, respectively.

The OTGDFRS approximations are defined by many separate pairs of double fuzzy
relations, whereas the normal double fuzzy rough approximations are represented by those
produced by only one pair of double fuzzy relations, as can be seen from the preceding
definition. In fact, when (R1, R}) = (Rp, R} ), the OTGDFRS degenerates into a double fuzzy
rough set. Put another way, a double fuzzy rough set model is a subset of the OTGDFRS.

Proposition 1. Let U be an arbitrary universal set, and (Ry, R}) and (Ry, R3) be double fuzzy
relations on U. For each A € IY, the following apply:
(1) ORR,+Ry,A = RrAV Ry, A, and OR}‘{HR;A = ’R*{)L A ’R}E;A,

(2) ORg, 1A = RRyA ARR,A, and ORjy gy A = Ry AV Ry A

Proof. The proofs follow directly from Definitions 2 and 4. [

From Definition 4, it is possible to determine the properties of the optimistic multi-
granulation double fuzzy rough sets, as in the following.

Theorem 1. Let U be an arbitrary universal set, and (R, R}) and (Rp, R}) be double fuzzy
relations on U. For each A € IY, the following apply:

(1) ORgiireh <1 ORjy ggh and ORg1ryd > 1— ORje g

(3) ORR+r,0=0,and ORp. .0 =1

4 ORg1&,(1-24) =1~ ORR oA, and OReyps(1- 1) =T — ORRe s
(

)



Symmetry 2023, 15,1926 4 0f 19

Proof. (1) Foreach x € U, A € IY, we have

(1 (ORg ) ()
- 1- {{ A (Ri(x,y) V1 A(y))} % { N (R3(x,y) v1 A(y))}}
yeu yel

_ {1 - { A Ri(xy) V1 A(y))}} A {1 { A <Rz<x,y>v1A<y>>}}
yel yel

V 1-{Ri(xy)V1 —)\(y)}} A { V 1-{R;(x,y) V1 —)\(y)}}

yel yel

V A{1-Ri(xy) /\A(y)}} A { VA1-R5(xy) M\(y)}}

I
—— S —/

yeu yel
> {\/ (Ri(x,y) /\/\(y))} A { V (Ra(x,y) M(y))}
yeu yel

= (ORR,4+r,A)(x) forall x € U.

(2) Since, for each x € U, 1(x) = 1, we obtain

(ORR 48, 1)(x) = { N (1= Ri(x,y)) v i(y))} v { N (1= Ra(x,y)) v i(y))}
yel yel
=1=1(x),

and

(ORR +R 1—R1 x,y) A1 —=1(y))

{ (1-R3(xy)) Al—T(y))}
—0=

Ol

Therefore, we obtain ORg,+r,1 = 1 and (’)’R}QHR;i =0.

(3) The proof is similar to the proof of (2).
(4) For each x € U, we have
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ORR: gy (1= 2)(x)

= { A (RT(x/y)Vl—(l—)\(y)))} v { A R3(x,y) v1— (1—A(y)))}

yed yeu

{1— { V (1—Ri‘(x,y)A1—A(y))}} V{l— { V (1—R§(x,y)A1—A(y))}}
yel yel

1- {{ V (1Ri‘(x/y)A1A(y))} A{ V (1R§(x/}/)/\1?\(}/))}}
yel yel

= 1-ORg: g A ().

Thus, we obtain ORk: g:(1 = A) = 1— ORk ;A Similarly, we can prove that
ORR 4R, (1 = A) =1— ORg, 4R, A

(5) The proof is similar to the proof of (4). O

Theorem 2. Let U be an arbitrary universal set, and (R, R}) and (Rp, R%) be double fuzzy
relations on U. For each A, u € 1Y, the following apply:

(1)

(2)

3)

4)
(5)

(6)

ORR1+R2 ()\ VAN ]1) < ORR1+R2A AN ORR1+R2}4, and
ORR: gy (A A1) Z ORpey gs AV ORg: s e
ORR1+R2 (/\ \ ]/l) > ORR1+R2)\ V ORR]+R2’Z/I, and

ORR: g (AV 1) < ORpe gy A N ORg: gy e

If A <, then ORR, 4Ry, A < ORR, 4Ry}, and (’)R};HR;/\ > ORET+R§}£.
If/\ S U, then ORR1+R2)\ S ORR1+R2}1, and ORET+R;/\ 2 ORET+R;V
ORR,+R,(AV 1) > ORR 1R, AV ORR, Ry}, and

ORR: g (AV 1) < ORpey gy A N ORR: s
ORR1+R2 (/\ A I’l) < ORR1+R2)\ A ORR1+R2.”/ and

ORR: gy (AN H) Z ORpey gy AV ORg: gs e

Proof. (1) Foreachx € Uand A, u € 1Y, we have

(ORR+R, (A A ) (x)

{A((l—Rl(x,y))v(Mu }v{ l—szy))v(Mu)(y))}
yel yeu

{{/\((1—1{1(”) }A{/\ (1-Ri(x,y)) (#)(y)}}

yeu yel

Vv {{A((l—Rz(x]/) }A{/\ (1—=Ra(x,y)) vV (#)(y)}}
yelu yel
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{(ReM) () A Ry () bV { (R V) () A (R ) () }

{(Re M) () V (RryA) (1) } A (Reyi) () V(R ) () }
(ORR,+rR,A) (X) A (ORR, 4R 1) (%)

IIA

Also, for each x € U, we have

(ORRy g5 (A A1) (%)

V(1 =Ri(x,y)) A1 (AA#)(E/))} A { V(T =R3(x,y)) A1 (AA#)(J/))}

yeld yel

yeld yel

{ V (A =Ri(x,y) A (1 —A(y)} v { V(1= Ri(x,y) A (1- #(1/)}}

yeld yel

= { V(1 =Ri(x,y)) A(1—Ay) V1 —#(J/))} A { V(1 =R3(x,y)) A(1—Ay) V1 —#(J/))}

A {{ V(A =R3(xy) A (1 —A(y)} v { V (1= R3(x,y)) A(l—u(y)}}

yel yeu

= v (Rign) ()} A { Rig () v (Rigm)() |

{®i
> iy W@ by { Rign) () 1 Rig )}
= (0 R1+R2/\)( x) Vv (ORRlJrR;V)(x)

(2) The proof is similar to the proof of (1).
(B)IfA <p,thenforally € U, A(y) < u(y), we get

A A=Ri(x,y) VAY) < A A =Ri(x,y)Vu(y))

yel yeld

and

N\ 1 =Re(x,y) VAY)) < A\ (1 - Re(x,y) Vu(y)).

yel yel
From Equations (1) and (2), we have

{ A (1= Rq(x,y) Wt(y))} Vv { N\ (1= Ra(x,y) \//\(]/))}

yeld yeu

< { N\ (1= Rq(x,y) VV(]/))} Vv { A (1= Ra(x,y) Vﬂ(y))}-

yeld yel

Therefore, ORR,+r,A < ORR, 4R, 1 Also,

V (A-Ri(xy) A1=Ay) =V 1 =Ri(x,y) A1—pu(y))
yel yeu

M

(e

®)
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and

VA=Ri(xy) A1=Ay) = V (1= R3(x,y) AL = u(y))- )
yel yel

From Equations (3) and (4), we have

{ V (1-Ri(x,y) Al —A(y))} A { V (1—R§(x/y)M—A(y))}

yeld yel

> { V (1-Ri(x,y) Al —V(}/))} A { V (@-R3(x,y) A1 u(y))}
yel yel
Hence, OR};%RiA > OR}‘{ﬁR;y.

(4) The proof is similar to the proof of (3).

(5) Since A <AV pand y < AV y, from (3), we have

ORR1+R2)\ < ORR1+R2 (A v ]’l) and ORR1+R2H < ORR1+R2()‘ \ ‘u)

Therefore, ORR, +r,A V ORR 1R H < ORR 4R, (A V ). Also, we have

ORR: 1 gsA 2 ORpsy g5 (AV p) and ORgey gept = ORpey gy (AV ).

This implies that ORT{HR;)‘ A OREHR;V > (’)REHR; (AV ).
(6) The proof is similar to the proof of (5). O

In the following example, we demonstrate that the converse of Theorem 2 (1) is
not true.

Example 1. Let U = {x,y,z}. Define Ry, R{, Ry, R} : U x U — 1 as follows:

02 04 07 01 0.6 02
Ri=1| 09 03 07 Ri=1| 00 06 02

06 03 02 03 00 0.7
0.1 05 0.6 02 03 04
Ry=1| 04 03 038 Ry=1 01 06 01
07 02 03 03 0.6 0.6

Define A, u € 1Y as follows:
A ={(x,05),(y,0.7),(z,0.1)},

u=1{(x,04),(y,0.2),(z,08)},
AN ={(x04),(y,02),(z,0.1)}.

(ORR,+R,(A A p))(x) = 0.4, (ORR, 1R, (A A 1)) (y) = 0.2, (ORR, +r, (A A 1)) (z) = 0.4
Therefore, ORR,+R,(A A 1) # ORR, 4 RyA N ORR, 4R, M-
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(ORR: 1 rgM) (x) = 0.6, (ORR: gy A) (y) = 08, (ORR:  gyA)(2) = 0.5
(ORR; 1 ry 1) (x) = 0.6, (ORRy 4 g5 #)(y) = 0.6, (ORgs s 1)(2) = 0.6
(ORRsyry (A A1) (x) = 0.7, (ORRs g5 (A A W))(y) = 08, (ORR: g5 (A A p))(2) = 0.6.

Therefore, OR gy y g5 (A A i) £ ORpe ygsAV ORpsy s e

Theorem 3. Let (Ry, RY) and (Ry, R3) be double fuzzy relations on an universal set U. Then, the
following statements are equivalent:

(1) (Ry,R}) and (Ry, R3) are double fuzzy reflexive relations.
(2) A< ORRg4rAand1— A > ORE{+R;/\-
(3)  ORR4+rR,A < A, and OR}QHR;A >1- A

Proof. (1) = (2) Let (Ry,R}) and (Ry, R3) be double fuzzy reflexive relations. Then,
Ri(x,x) = 1,and R} (x,x) = O foralli € {1,2} and x € U. Therefore,

Alx) =1TAA(x)
= {R1(x,x) AA(x)} A{Ra(x,x) ANA(x)}

< { V (Ri(x,y) N\(y))} A{ V (Ra(x,y) N\(y))}

yeld yeld
- ORRl +R2)\

and

T—-Ax) =0vIi-A(x)
={Ri(x,x)VI—=A(x)} V{R3(x,x) VI—A(x)}

> { N (Ri(x,y) V1 A(y))} v { N (R3(x,y) V1 A(y))}

yel yeu
_ *
=O0OR T_i_R;)L.

(2) = (1) Suppose that there exist some x € U such that R;(x,x) = a; # 1and R (x,x) =
b; #0foralli € {1,2}; then, we can define fuzzy set dy : U — I as

1, ify=x
5x(y)_{0, ify # x.

Then,

ORR+R0x(x) = { V (Ri(x,y) Aéx(y))} A { V (Ra(x,y) Af5x(y))}

yeld yeld
= Rq(x,x) A Ra(x, x)
=m Nay #1=106,(x)
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and

ORR: 4 r30x(x) = { A (Ri(x,y) v1 —5x(y))} v { A (Ré(x/y)VI—éx(y))}

yel yel
= Ri(x,x) VR3(x,x)
= b Vb #£0=1—6(x).

Therefore 6y £ ORRg,+r,0x and 1 — 6y % ORET TR by. This is a contradiction. Hence,
Ri(x,x) =1,and R} (x,x) = O foralli € {1,2} and x € U.
(2) < (3) Itis easy to show this from Theorem 1 ((4) and (5)). O

Theorem 4. Let (Ry, RY) and (Ry, R}) be double fuzzy relations on an universal set U. Then, the
following statements are equivalent:
(1) (Ry,R}) and (Ry, R}) are double fuzzy transitive relations.
(2) ORR1+R2(ORR1+RZ)\) < ORR1+R2/\, and
ORk; 1r; (1= ORk: 1 g5A) = ORg: gy A-
(3) ORR1+R2(ORR1+R2)\) > ORR1+R2/\, and
ORR: yry (1= ORR:gy) < ORRey gy

Proof. (1) < (2) Foreach A € 1Y,

ORR,+R, (ORR +R,A) (X)

= { V (Ra(x,y) A (ORR1+R2)(y)} A { V (Ra(x,y) A (ORR1+R2)(y)}

yel yeld
=D Vb #0=1—65(x).

O

As part of the extension of the optimistic two-granulation double fuzzy rough set, we
will introduce the optimistic multi-granulation double fuzzy rough set (in short, OMGDFRS)
and its associated properties.

Definition 5. Let U be an arbitrary set and the pairs (R;, R} ), such that 1 < i < m, double fuzzy
relations on U. Then, (U, R, R*) is called the multi-granulation double fuzzy approximation space
(in short, MGDFAS), where R = {Rq, Ry, ...R;} and R* = {R}, R}, ..R}}.

Definition 6. Let (U, R, R*) be an MGDFAS. Then, for each fuzzy set A on U, the pairs
(ORw AORY A) and (ORw A OR% A) of maps ORw A OR% A,
T R; LR} Y R; s R* > R; 3 R*

i=1 i1l i=1 o1l i=1 ot

OR m A, ORY, < A+ U — I are called optimistic multi-granulation double fuzzy lower ap-
i ¥ R}

i=1 i1 !
proximation and optimistic multi-granulation double fuzzy upper approximation of a fuzzy set A,

respectively, and are defined as follows: For all x € U,

(OR ¢ M@ =V A (1= Rimn) v Aw))

1

i=1 i=1yel

(ORY M) =\ V (1 =Ri(xy) Al=Ay)),
ot i=1yel
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<OR*"21R*A)<x =\/ /\ (Rf (x,y) V1= A(y)).

=1’ =1y

The quaternary (OR e A, (972*,n /\ OR n )\, ORYy . A) is called optimistic multi-
i S R¥
i=1 i= 1 :—1 i=1 '
granulation double fuzzy rough set of A (in short, OMGDEFRS).
The pairs (OR w ,OR% ) and (ORw ,OR% ) of operators ORw ,OR% ,
ZRi T R} ZRi ¥ R} L R; ¥ Rf

i

i1 ' =1 ! i=1 i=1

OR B OR*m T U — 1Y are called optimistic multi-granulation double fuzzy lower approxi-
i=1 ! 1 i

mation and optzmzstzc multi-granulation double fuzzy upper approximation operators, respectively.

Proposition 2. Let (U R, R*) be an MGDEAS. For each A € 1Y, the following apply:

m
(1) ORw A= \/ RR/\ and ORY, A=A RLA
ZR; i=1— ZlRf =1 i

i= i=

(Z)ORm )\ /\RR)Land(’)R* A= \/R**

1:1 i= ,:1 l i=1

Proof. The proof is similar to the proof of Proposition 1. [

Theorem 5. Let (U, R, R*) be an MGDEAS. For each A € 1Y, the following apply:
(1) OR m /\ < 1 — OR*W, )\ and OR m )\ Z i — OR*m R A.
LR ¥ R}

1:1 i=1 i 1:1 P

(2) OR m 1 = 1 and OR* i O
T:1 lle

(3) OR w | . O =0,and OR*, 0
¥ R*

1

1.

1:1 i=1

(4)0R,HR(1—A):1—ORM A and OR'y *(1—/\):T—OR*ZR A.
i=1 i=1 11’ i=1

(9ORy (-1 =1-0Ry Aand ORYy (1-1)=1-0Ry A

> R*¥
i=1 i=1 1:1 R i=1 '

Proof. The proof is similar to the proof of Theorem 1.

Theorem 6. Let (U, R, R*) be an MGDEAS. For each A, y € 1Y, the following apply:
(1) OR w ()\/\]/l) S ORw ANORn ", and
¥ R; > R; ¥ R

; i . . i
i=1 i=1 i=1

OR* (AAu)>OR% AVOR?Y, .
Z,ﬁ( u) > . I

i

iz i1 =
(2) OR m ()L\/]/l) > OR m )L\/ORgR]/l, and
i= 1 i= 1 i=1 !

ORY, AVu) <ORY AANORE, .
):R*( y)_ > Rf }:R*y

i

o1 ! ic1 ol
IfFA< h m < m , " )L > "
(3) IfA <y, then OR_ZlRi)L < OR;]R,»V and O’R : ORzR 1.
i= i= i:l i=1

< m < m *Wl > *ﬂl .
(4) IfA <y, then ORZRi)& < ORZRiy, and ORzR%‘A > ORzR*M

i=1 i=1 i=1 ! =1t
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(5) (’)R‘,_anRi()\ Vi) > ORglRiA Vv ORglRi u, and

OR% (AVu)<ORY ANORY o

%R?( u) < R %R*V
m < m m

(6) ORERI_(A Ap) < OREIRI_A A (’)RER]_% and

i

R*

1

i=1 ! i=1 i=1

ORW (AAu)>OR%W AVOR .
ZR*( W= L R; ¥ g

Proof. The proof is similar to the proof of Theorem 2. [J

3. Pessimistic Multi-Granulation Double Fuzzy Rough Sets

In this section, we provide the pessimistic multi-granulation double fuzzy rough sets
based on multiple double fuzzy relations and discuss the relationship between optimistic
multi-granulation double fuzzy rough sets and pessimistic multi-granulation double fuzzy
rough sets.

Definition 7. Let U be an arbitrary universal set, and (Ry, R}) and (Ro, R3) be double fuzzy rela-
tions on U. Then, for each fuzzy set A on U, the pairs (PRR,+r,As PRET R A) and (PRR,+r,A,
PRysyrsA) of maps PRR,+r,A, PRysy g5 A PRR + Ry A, PR: g3 A - U — T are called pes-

simistic two-granulation double fuzzy lower approximation and pessimistic two-granulation double
fuzzy upper approximation of a fuzzy set A, respectively, and are defined as follows: For all x € U,

(PRR+R,A) (X) = { A (1= Ri(x,y)) \//\(y))} A { A (1= Ra(x,y)) V)\(y))};

yel yel

yel yeld

(PR gy (x) = { V (1 - Ri(x,y) A1 —A<y>>} v { V (1 - R5(x,) A1 —A(y»};

yel yel

(PRR,+r,A)(x) = { V (Ri(x,y) /\)\(y))} v { V (Ra(x,y) /\/\(y))};

(PRR: 1+ ryM) (%) = { N Ri(x,y)v1- ?\(y))} A { N R (x,y) v1— ?\(y))}-

yel yeu

The quaternary (PRR,4r,A, PRRsy gsA PRR 4R, A, PRy: gy A) is called pessimistic two-
granulation double fuzzy rough set of A (in short, PTGDFRS). The pairs (PRRg,+R,, PR};T +R§)
and (PRRHRz/PszﬁR;) of operators PRR,+R,, PR}EHR;, PRR1+R2,PR;§T+R; U =1

are called pessimistic two-granulation double fuzzy lower approximation and pessimistic two-
granulation double fuzzy upper approximation operators, respectively.

The PTGDEFRS approximations are defined by many separate pairs of double fuzzy
relations, whereas the normal double fuzzy rough approximations are represented by only
one pair of double fuzzy relations. This can be observed from the above definition. In fact,
when (R1, R}) = (Ry, R}), the PTGDFRS degenerates into a double fuzzy rough set. This
means that a double fuzzy rough set is a subset of the PTGDFRS.

Proposition 3. Let U be an arbitrary universal set, and (Ry, R}) and (Ro, R3) be double fuzzy
relations on U. For each A € 1Y, the following apply:
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(1) PRr+ryA = RryA A RRA, and PRy gy A = Rig AV Rige A.
(2) PRRry+rR,A = RRyAV RpyA, and PRy gsA = Rp:AARp A

Proof. They can be proved using Definition 2 and Definition 7. [

From Definition 7, we can obtain the following result for the pessimistic multi-
granulation double fuzzy rough sets.

Theorem 7. Let U be an arbitrary universal set, and (R, R}) and (Ry, R}) be double fuzzy
relations on U. For each A € IY, the following apply:

(1) PRRy+R,A <1 —PRye peA, and PR 1rA 21— PRy: g
(2) PRRr,4+r,1 =1, and PRE{H{;i =0.
(3) PRgr,+r,0=0,and PR}F{HR;G =1
(4) PRR4R,(1=A) =1~ PRR 4R, A, and PR g5 (1 A)
(5) PRRry+r,(1—A) =1—PRg,4r,yA, and PR;ﬁR; (1-1)

=1 _ *

Proof. (1) Foreachx € U, A € 1Y we have

(1- (m)\))(x)
- 1- {{ A (Ri(x,y) V1 —A(y))} A{ A (R3(x,y) V1 —MW)}}
yeu yed

- {1 - { A (Ri(x,9) v 1 —A(y))}} v {1 - { A <Rz<x,y>v1—A<y>>}}
yeu yel

= { V 1-{Ri(xy) V1 —A(y)}} % { V 1-{R;(xy) V1 —A(y)}}

yel yeld

= { VA{1-Ri(xy) M\(y)}} v { V A{1-R3(xy) A/\(y)}}

yel yeu

> { \/ (Ri(x,y) /\)\(y))} v{ V (Ra(x,y) M(y))}

yeu yel
= (PRg,+r,A)(x) forall x € U.

Hence, PR, 1r,A <1— PRET n RE/\' Similarly, we have
PRR+r,A > 1— PRETJFR;/\.

(2) Since, for each x € U, 1(x) = 1, we obtain

(PRRy 1R, 1) (%) = { A (1= Ri(x,y)) v i(y))} A { N (1= Ra(x,y)) v T(y))}
yeld

=1= 1(.7(),
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(PRR* R* 1

{

=0=

(1-R xy))M—l(y))} {V((l—Ri(xry))M—i(y))}

yeld

Oz m<

Therefore, we obtain PR, +g,1 = 1 and PR};HRET =0.

(3) The proof follows steps similar to those of the proof of (2).
(4) For each x € U, we have

ORR: gy (1= A)(x)

= {/\(Rl(xy)\/1_(1_ } {/\ R3(x,) Vl—(l—A(y)))}

yed yeu

O Y VP
yed yeu

1- {{ V (1Ri‘(x/y)A1/\(y))} \/{ V (1R§(x,y)/\1)\(y))}}
yel yel

= 1- PREHR;/\(JC).

Thus, we obtain PRy g I-A)=1- PRy: ;- Similarly, we can prove PRy, 1, (1-
A) == 1 - PRR1+R2/\.

(5) The proof follows steps similar to those of the proof of (4). [

Theorem 8. Let U be an arbitrary universal set, and (R, R}) and (Rp, R%) be double fuzzy
relations on U. For each A, u € 1Y, the following hold:

(1)

(2)

3)

4)
(5)

(6)

PRR+Ry (A A ) = PRR,+R,A N PRR, 4R, H, and

PR};HK; (AAu) = PR;;%R;/\ v PR};HR;V.

PRR,+R, (A V 1) = PRR+R,A V PRR, <R, i, and

PR}E;%; (AVu)= PRE{-&-R;/\ A PR}EHR;V-

IFA <y, then PRR, +ry,A < PRR Ry, and PRy« gsA = PRy gy 1-
IFA < p, then PRR,+ryA < PRR 4Ry M, and PRy gsA > PRy: g -
PRR+Ry(AV 1) > PRR,+R,AV PRR, 4R, M, and

PRR*JFR*(A V) < PRRsgsA AN PRR: s -

PRR]+R2 (/\ A) < PRRy+RyA A PRR, 4R, 1, and

PRR@R*(A Ap) Z PRy gyAV PRRsy gyt
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Proof. (1) Foreachx € U, A, u € IY,

(1 =Ra(x,y)) V(M) (y)

Ry M) (x) A (Rpyp) (x )} N {(RR2

R, A RR2 )(0) } A { (Rryp) (x) A (Rgt) () }
= PRR1+R2) A (PRRy+Ry 1) (X).

I

ﬁ?l

Also, for each x € U,

(PR ry(AAp))(x)

yeld

= { V(A =Ri(xy)A1- (M\#)(y))} v { V(1= R3(x,y) A1- (M\#)(y))}

A)(x >} V{Rign @ v Rign 0}
= PRR PRy;+r? (PRR Rz ) (X)

(2) The proof follows steps similar to those of the proof of (1).
(B)IfA < p, thenforally € U, A(y) < pu(y). Therefore, we have

A (1 =Ri(xy) VAY) < A\ (1= Ri(xy) Vuy)) @)
yel yelu

and
A (1 =Re(x,y) VAY) < A\ (1—Ra(x,y) V u(y)). (6)

yel yeu
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From Equations (5) and (6), we have

{ A (1= Ri(x,y) V/\(y))} A { /\ (1= Ra(x,y) V/\(y))}

yel yeu

< { A (1R1(x,y)vu(y))} A { A (1Rz(x,y)\/u(y))}

yel yeu

Thus, PRR,+r,A < PRR,+R,} also,

V(A =Ri(x,y) A1T=Ay) >V (1= Ri(x,y) A1—u(y)) @)
yeld yeu

and
V(A=R(x,y) A1=Ay) >\ (1 =R3(x,y) A1—u(y)). ®8)
yel yel

From Equations (7) and (8), we have

{ V (1—RT(xry)A1—)»(y))} v { V (1—R§(x1y)ﬁl—/\(y))}

yel yeu

> { V (1 -Ri(x,y) Al u(y))} v { V (1 -R3(x,y) A1 ﬂ(y))}
yel yeu

ThuS, ’PQET_"_R;A 2 PRET-&-R;V

(4) The proof follows steps similar to those of the proof of (3).

(5)Since A < AVpand y < AV y, by (3), we have

PRRH—RZ)\ < PRR1+R2 ()\ V y) and pRR1+R2V < PRRH—RZ(A \% ;4).

Therefore, PR, +r,A V PRR+R, H < PRR,+R, (A V pt). Also, we have

PRRsirsA = PRRs gy (AV p) and PRysy g pt = PRys gy (AV ).

This implies that PR, gs A A PRy gyt = PResy gy (AV ).
(6) The proof follows steps similar to those of the proof of (5). O

In the following example, we show that the converse of Theorem 8 (5) does not hold
true.

Example 2. Let U = {x,y,z}. Define Ri,R},Rp, Ry : U x U — I as in Example 1 and
A, € IY as in Example 1. Then,

(PRR]+R2/\) (x) =03, (PRR1+R2/\) (y) =02, (PRR1+R2/\) (z) =05,
(PR r,1)(x) = 05, (PR, 1yp) () = 04, (PR, s1,00)(2) = 0.4,

(PRiyrs (A 1)) (x) = 07, (PR, 45, (A V 1)) (1) = 05, (PR, 45, (A V 1)) (2) = 05,
Therefore, PRR,+R, (A V 1) £ PRR,+RyA V PRR, 4Ry H-

(PR r5A) (%) = 0.8, (PREs  gsA) (y) = 0.9, (PRRs g5A)(2) = 05,
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(PRR: 1 r;#) () = 0.7, (PRR: g 1) (y) = 0.6, (PRRs g5 1) (2) = 08,
(PRRy1rs (AV #)(x) = 05, (PRRs 4 g5 (AV 1)) (y) = 0.5, (PRRs g5 (A V 1)) (2) = 05.

Therefore, PRy 4 g (AV 1) 2 PR gsA AN PRRs gy -

We are now extending the pessimistic two-granulation double fuzzy rough set. We
present the pessimistic multi-granulation double fuzzy rough set (in short, PMGDFRS) and
its properties.

Definition 8. Let (U, R, R*) be an MGDFAS such that 1 < i < m. Then, for each fuzzy set A on
U, the pairs (PR w A, PR A)and (PRw A, PR% A)ofmaps PRw APRw A,
> R; Yy R* > R; Y R¥ > R; Y R¥

i

i=1 P i=1 =1t i=1 i=1

PR m A, PR < A+ U — I are called pessimistic multi-granulation double fuzzy lower ap-
i % R}
i=1 i=1 !
proximation and pessimistic multi-granulation double fuzzy upper approximation of a fuzzy set A,

respectively, and are defined as follows: For all x € U,

i-1 ! i=1 yell
(PRy M) =V V Ri(x,y) A Ay))
=1 i=1yel

(PR N =7 A Ri(xy)v1-Aw))

The quaternary (PR o e A, PR* A PR m /\, PR R A) is called pessimistic multi-
i > RY
i=1 i= 1 171 i=1 !
granulation double fuzzy rough set of A ( in short, PMGDFRS).
The pairs (PR w ,PR"% )and (PRw ,PR% ) ofoperators PRw ,PR%
TR ¥ R* TR LR IRy % R

* ; *
i=1 i=1 ! i=1 i=1 !

i=1 i=1 i

PRy PR ol U — 1Y are called pessimistic multi-granulation double fuzzy lower approxi-
. 5 *
i=1 i=1 !
mation and pessimistic multi-granulation double fuzzy upper approximation operators, respectively.

Proposition 4. Let (U, R, R*) be an MGDFAS. For each A € 1Y, the following hold:

(1) PRy A=\ R and PR A=\ RiA.
ElR' =1 ::1R" i=1 i
@ PRy A= \/ Ry and PRY, A= A R

1:1 i=1 1:1 , i=1

Proof. The proof follows steps similar to those of the proof of Proposition 3. [

Theorem 9. Let (U, R, R*) be an MGDEAS. For each A € 1Y, the following apply:
(1) PRm A < 1—7772*,,, A andPRm /\ >1-PRY A
by

1:1 1:1 1 z:1 i=1
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2) PRw 1=1,and PR* 1=0.
by

(3) PR w 6 = O, and PR*W, 6 = i
IEI z‘El
4 PRu G—A):i—PRm AmmPRm u—w):i—PRm A.
iElRi 1:1 i= 1 l_ElR*
(5) PRy (I-2)=1-PRy A, and PRy LI =1-PRY A

> R,’ ! > R¥
i=1 1:1 1:1 R i=1 !

i

Proof. The proof follows steps similar to those of the proof of Theorem 7. [

Theorem 10. Let (U, R, R*) be an MGDFAS. For each A, u € 14, the following apply:
(1) PR m ()\/\]/l) =PRuw AANPRu ]/l, and
> R; > R; X R;

i=1 i=1 i=1

PR*m )\ AN - PR*m )\ V PR*m .
e (ANH) . I

i:1
i= 1
PR . (AVu)

i=1 '

* *
(3) IfA < u,then PRgRiA < PRER,»V’ and PR;:ZR*A >PR%W

i=1 i=1

= PRy ANPRYy
R*

i=1 i=1 i=1 i=1

=PRu AVPRu H, and
2 R; X R;

i=1 i=1

11 111

i L Ry

4) IfA <u,th Ru A<PRum ,and PRY, A > PR*, .
(4) IfA <y, thenP 2 <P ZRl_yan P . P zR*M

i=1 i=1 i=1

i . i
i=1

(5) PRy, (AVW)ZPRy AVPRy i and

i=1

i=1 i=1

R* (AVu)<PR% AAPRY .
73 ZR?‘( ‘u)fp Y R¥ P ):R*y

i=1 ' i=1 i=1 !

(6) PR m ()\/\]/l) < PR m )\/\PR%RP{/ and
i= 1 i= 1 i=1 ]

R* (AAu)>PR% AVPRY .
P EW( w=P ¥ r P ¥ et

Proof. The proof follows steps similar to those of the proof of Theorem 8. [

The following propositions show the relationship between optimistic multi-granulation
double fuzzy rough sets and pessimistic multi-granulation double fuzzy rough sets.

Proposition 5. Let U be an arbitrary universal set, and (Ry, R}) and (Rp, R}) be double fuzzy
relations on U. For eachi € {1,2} and A € IY, the following hold:
(1) PRR+R,A < RrA < ORR 1R A and PRy gsA 2 R A = ORpe po )

(2) PRR,+rRyA = Rr,A > ORR 4+ ryA, and PREHR;A < R*?/\ < OREHR;)"
Proof. Based on Proposition 1 and Proposition 3, we can prove this. [

Proposition 6. Let (U, R, R*) be an MGDFAS. For each A € IY and 1 < i < m, the following

apply:
(DPRw A<SRRALSORwm_ A,and PR% A >RLEA>ORY, A
Y R: 1 > R: s R¥ i ¥ R*
i=1
(2) PRm /\ > RRA >PRw . n A and PR*m )\ S RpA < OR* A
i b

1

1 1 ; ;
=1 i1 =1 ! '

1:1 l:l 1‘:1 i=1 i
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Proof. Based on Proposition 2 and Proposition 4, we can prove this. [

4. Conclusions

In this article, we discover that rough set theory is a potent theory with numerous

applications in the artificial intelligence fields of pattern recognition, machine learning,
and automated knowledge acquisition. In this study, the idea of double fuzzy rough sets,
which are seen as a generalization of fuzzy rough sets, is introduced. The contribution of
this paper is that it has constructed two different types of multi-granulation double fuzzy
rough sets associated with granular computing, in which double approximation operators
are based on multiple double fuzzy relations.
Additionally, we draw the conclusion that rough sets, multi-granulation fuzzy rough sets
models, double fuzzy rough sets models, and multi-granulation rough set models are
special cases of the two types of multi-granulation double fuzzy rough sets by analyzing
their definitions.

The conclusion of the construction of the new types of multi-granulation double fuzzy
rough set models is an extension of granular computing and is meaningful compared with
the generalization of rough set theory.
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