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ABSTRACT. In the present paper, we introduce new types of generalized closed
sets called ij-pre-generalized closed sets and study some of their properties in bi-
topological spaces. Also, we use them to construct new types of separation ax-
ioms. Further, we introduce and study the concepts of pairwise operation pc-open
sets and pairwise operation pc-separation axioms in bitopological spaces. Several
interesting characterizations of different spaces are discussed. The relationships
between these spaces are given.

1. Introduction and preliminaries

The study of bitopological spaces (X, 71,72) was first initiated in [IT]
by J. C. Kelly. This generalization of topological space was noticed, and many
articles were written in this field. The study of pre-open sets and pre-continuity
in topological spaces was initiated by Mashhour et al. [I7]. Analogous to gener-
alized closed sets which were introduced by Levine [16], Maki et al. [I8] intro-
duced the concept of pre-generalized closed sets in topological spaces. In [7],9]
[T4], these concepts were extended to bitopological spaces. In [12], a new class
of pre-open sets called A\,.-open sets in topological spaces were introduced and
studied. Also, by using the notions of A,.-closed and A,.-open sets, the con-

cepts of A\pe — T;(i = 0, %, 1,2) and A\, — R;j(j = 0, 1) spaces were investigated.
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Further, several properties and characterizations of these spaces were obtained.
In 1979, Kasahara [10] introduced the concept of operations on topological spaces
and studied the concept of closed graphs of a function. Ahmad and Hussain [2]
continued studying the properties of operations on topological spaces intro-
duced by Kasahara. Further investigations of these concept were given in [6L21].
Chattopadhyay [4] defined other new types of separation axioms (pre-T;,i =
0,1,2), and Caldas et al. [3] defined pre-R;, and pre-Ry spaces. Also, in [I8], the
space pre—T% was studied. The concept of operations on bitopological spaces was
introduced and studied in [I,[13]. In [13], the authors used a different technique
of that in [I] to study the concepts of operations on bitopological spaces by gen-
eralizing the results obtained in [T0J2T] to such spaces. In [22], the authors intro-
duced and studied the notion of (i, j)-w-preopen sets as a generalization of (4, j)-
-preopen sets in bitopological space. The rest of this paper is organized as follows.
This section contains some necessary concepts and properties. In Section 2 we
introduce a new type of closed sets in bitopological space called #j-pre-generalized
closed set and study some of its properties. In Section [, we define and charac-
terize a pairwise pre-Ty, k = 0, %, 1,2 and a pairwise pre-Ry, k = 0,1 spaces.
Also, for a subset A of bitopological space X, we introduce a new class
of sets denoted by APNi; and investigate some of its properties. The purpose
of Section Ml is to introduce and study the concepts of pairwise operation pc-
open sets. In Section [5l we introduce the concept of ij — gupc-closed set and
study some of its properties. In Section [6] we generalize the results in [12] to the
setting of bitopological space and introduce a new type of separation axioms
called pairwise p,c — T, k € {0, %, 1,2} and pairwise pp. — Ry, k € {0, 1} spaces.
The goal of the last section is to conclude this paper with a succinct but precise
recapitulation of our main findings, and to give some lines for future research.

Throughout this paper, (X, 71, 72) (or X, for short) denotes a bitopological
space (or bispace, for short) on which no separation axioms are assumed unless
otherwise mentioned. For a subset A of X', we shall denote the closure of A and
the interior of A with respect to 7; by i — €l(A) and i — Int(A), respectively,
fori=1,2. Also, i,7 = 1,2 and i # j.

A subset A of a space X is said to be ij-preopen [7I14] if A C i—Jnt(j—€I(A)).
The complement of an ij-preopen set is called ij-preclosed. Equivalently,
a set F is ij-preclosed if i — €[(j — Int(F)) C F. The family of all ij-preopen
(resp. ij-preclosed) sets of X is denoted by ij — PO(X) (resp. ij — PE(X)).
The ij-pre interior set of A [20] denoted by ij — pInt(A) is defined
as the union of all ij-preopen sets contained in A. The intersection of all
ij-preclosed sets containing A is called the ij-pre closure of A [I4] and is
denoted by ij — p€I(A). A subset A of a space X is called an ij-generalized
closed (ij-g-closed, for short) [5] if j — €I(A) € U whenever A C U and U
is 7; -open in X.
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2. 15-pre-generalized closed sets

The purpose of this section is to introduce a new type of closed sets in bispace
called ij-pre-generalized closed set and to investigate some of its properties.

DEFINITION 2.1. A subset A of a bispace X is called ij-pre-generalized closed
(ij-pg-closed, for short) if ji — pC€l(A) C U whenever A C U and U is
an ij-preopen set. If A C X is ij-pg-closed, then it is said to be pairwise pre-
generalized closed (for short, pairwise pg-closed).

The notions of ij-g-closed sets and ij-pg-closed sets are independent. See the
following example.

EXAMPLE 2.1. Let X = {a, 8,7,6}, i = {¢, {a}, {8}, {, B} {a, 8,7}, X'} and

Ty = {(b, {8}, {~,d}, {B,, 6},2(}. If A={p,v,0}, then A is an 12-g-closed set
but it is not 12-pg-closed. Also, if A = {«,~}, then A is 12-pg-closed set but
it is not 12-g-closed.

ProPOSITION 2.1. Every ji-preclosed set is ij-pg-closed.

Proof. A set A C X is ji-preclosed if and only if ji — p€l(A) = A. Thus,
Jji —pCl(A) C U for every U € ij —PO(X) and A C U. O

The following example shows that the union of two #j-pg-closed sets need not
be ij-pg-closed.

EXAMPLE 2.2. Let X = {a,8,7,0}, 1 = {qﬁ,{a},{ﬂ},{a,ﬁ},)ﬁ} and 7 =
{¢,{o,7},{B,0},X}. If A= {a} and B = {7}, then A and B are 21-pg-closed
sets but A U B is not 21-pg-closed set.

ProrosiTION 2.2. If A is an ij-pg-closed set and A C B C ji — p€l(A),
then so is B.

Proof. Suppose that B C U, where U is an ij-preopen set. Since A is ij-pg-
-closed and A C B, A C U. By hypothesis, B C ji—p€Il(A), and so, ji—pCl(B) C
ji — pCl(A) CU. Therefore, B is an ij-pg-closed set. (]

PROPOSITION 2.3. Let X be a bispace. Then for each x € X, either {x} is
ij-preclosed or X\{x} is ij-pg-closed.

Proof. Without loss of all generality, we can assume that {x} is not ij-preclosed
set. Since X'\{x} is not ij-preopen set, the only ij-preopen set containing X'\ {x}
is X. Hence, ji — pCl(X\{x}) C X and X\{x} is ij-pg-closed. O

PROPOSITION 2.4. If A is 7j-pg-closed, then ji—p€l(.A)\.A contains no nonempty
7j-preclosed set.
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Proof. Suppose that F is an ij-preclosed set such that F C ji — p€l(A)\A.
Then, F C X\ A, and so A C X\ F. Since A is ij-pg-closed, ji — p€I(A) C X\ F,
and so F C X\ ji — p€I(A). Thus, F C (X\ji — p€l(A)) N (ji — pCl(A)\A) = ¢.
As a result, F is empty. O

COROLLARY 2.1. Let A be an ij-pg-closed set. Then, A is ji-preclosed if and
only if ji — pCI(A)\A is ij-preclosed.

Proof. If Ais ji-preclosed, then ji —p€l(A)\A = ¢ which is j-preclosed. Con-
versely, suppose that ji — p€l(A)\A is an ij-preclosed set. Then, ji — p€l(.A)\A
does not contain a non-empty ij-preclosed subset. Since ji — pCI(A)\A is
ij-preclosed, ji — pC€I(A)\ A = ¢. Therefore, A is a ji-preclosed set. O

3. Pairwise pre-7}; and pre-R; spaces

In this section, we define a pairwise pre-Tj, k = 0, %, 1,2 and pairwise pre-

Ry, k = 0, 1-spaces and give some of their properties. Also, for a subset A of a
bispace X, we introduce a new class of sets denoted by APNi; and investigate
some of its properties. Also, we use it to give a characterization of a pairwise
pre-Ry-space.

DEFINITION 3.1. A bispace X is said to be:

(1) Pairwise pre-Ty-space (pairwise pTy-space, for short) if for each two distinct
points of X’ there exists an ij-preopen set or a ji-preopen set containing
one of them but not the other;

(2) Pairwise pre-T's -space (pairwise pT'1-space, for short) if every an ij-gp-
-closed set is a ji-preclosed;

(3) Pairwise pre-Tj-space (pairwise pTi-space, for short) if for each two distinct
points x,y € X, there exist an ij-preopen set U/ containing x but not y
and a ji-preopen set V containing y but not x;

(4) Pairwise pre-Th-space (pairwise pTh-space, for short) if for each two distinct
points x,y € X, there exist an ij-preopen set U and a ji-preopen set V
suichxelU,yeVandlU NV = ¢;

(5) Pairwise pre-Rg-space (pairwise pRy-space, for short) if for each an ij-
-preopen set U, x € U implies that ji — pCl({x}) C U;

(6) Pairwise pre-Rp-space (pairwise pRj-space, for short) if for each two dis-
tinct points x,y € X such that ij — pCl({x}) # ji — p€l({y}), there exist

an ¢j-preopen set U and a ji-preopen set V such that y € U, x € V and
Uny =o.

PROPOSITION 3.1. A bispace X is a pairwise pTy-space if and only if for any
x,y € X, such that x # vy, ji — p€l({x}) # ij — pCl({y}).
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Proof. Suppose that X is a pairwise pTp-space and x,y € X, such that x # y.
Then, without loss generality, we can assume that there exists an #j-preopen
set U such that x € U and y ¢ U. Thus, {y} NU = ¢. This means that x ¢
ij —pCl({y}). Since, x € ji —pCl({x}), ji — pCl({x}) # ij —pCl({y}). Conversely,
suppose that for any x,y € X, such that x # vy, ji — pCl({x}) # ij — p€l({y}).
Thus, either y ¢ ji — p€l({x}) or x ¢ ij — p€l({y}). Without loss generality, we
can assume that y ¢ ji — p€l({x}). Hence, there exists a ji-preopen U such that
y €U and {x} NU = ¢, i.e., x ¢ U. Therefore, X is a pairwise pTy-space. O

PROPOSITION 3.2. A bispace X is a pairwise pT% -space if and only if every
singleton set is either ji-preopen or 4j-preclosed.

Proof. Suppose that {x} is not an ij-preclosed set. Then, by Proposition 2.3
X\{x} is an 4j-pg-closed set. Since X is a pairwise pT; -space, X\{x} is ji-
-preclosed and {x} is ji-preopen. Conversely, suppose that F is an ij-pg-closed
set. For any = € ji — pCl(F), {x} is either ji-preopen or ij-preclosed by the
assumption.

CASE 1. Suppose {x} is a ji-preopen set. Since, {x} N F # ¢, x € F.

CASE 2. Suppose that {x} is an ¢j-preclosed set. If x ¢ F, then {x} C
ji — pCl(F)\F which contradicts Proposition [Z4l Thus, x € F. From the above
two cases we conclude that F is a ji-preclosed set. Hence, X is a pairwise
pT% -space. O

PRrROPOSITION 3.3. A bispace & is a pairwise pTi-space if and only if every
singleton is pairwise preclosed.

Proof. Suppose that X is a pairwise pTj-space. For every singleton {x} we
have {x} C ij — pC€l({x}). For every point y € X different from x, there exists
an gj-preopen set U such that y € U and x ¢ U. Thus, {x} NU = ¢ and
y ¢ ij — pCl({x}). Then, {x} = ij — p€l({x}), and hence {x} is ij-preclosed.
Now, for every x # y, we have y € X\{x}. So, there exists a ji-preopen set
Vy such that y € V;, but x ¢ V.. Therefore, y € V;, C X\{x}. Hence, X \{x} is
ji-preopen, and thus {x} is ji-preclosed. Conversely, suppose that every singleton
is pairwise preclosed. Then, for any x € X’ we have {x} = ji—pCl({x}) and {x} =
1j —pCI({x}). Hence for every x,y € X such that x # y, we have X\ ji—pCl({x}),
a ji-preopen set containing y but not x. Similarly, X\ji — p€Il({y}) is an -
-preopen set containing x but not y. Thus, X" is a pairwise pT;-space. O

COROLLARY 3.1. FEvery pairwise pT1-space is pairwise pT%.

Proof. The proof is an immediate consequence of Propositions 3.2 and O
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DEFINITION 3.2. A subset A of a bispace X is said to be an ij-pre-neighborhood
(ij-pre-nbd, for short) of a point x in X if there exists an 4j-preopen set U
containing z and contained in A.

THEOREM 3.1. A bispace X is pairwise pIs if and only if the intersection of all
ij-preclosed ji-pre-npds of a point x € X is reduced to {x}.

Proof. Let X be a pairwise pTs-space and x € X. For each y € X such that
y # x, there exist an 7j-preopen set G and a ji-preopen set ‘H such that x € H,
y € Gand GNH = ¢. Hence, x € H C X\G and y ¢ X'\G. Therefore, X'\G is ij-
-preclosed ji-pre-nbd of x which y does not belong. Consequently, the intersection
of all 4j-preclosed ji-pre-nbds of x is reduced to {x}.

Conversely, suppose that x,y € X such that x # y. Then, there exists an
7j-preclosed ji-pre-nbd U of x which x does not belong. Now, there exists a ji-
-pre open set G such that x € G C U. Thus, G is a ji-preopen set and X\U is
an ij-preopen set, x € G, y € X\U and G N X\U = ¢. Hence, X is a pairwise
pTr-space. (]

PROPOSITION 3.4. A bispace X is a pairwise pre- Ri-space if and only if for each
two point of x,y € X such that ij — pC€l({x}) # ji — p€l({y}), there exist an ij-
-preopen set U and a ji-preopen set V such that ij —p€l({x}) C V, ji—pCl({y}) C
UandUNV = ¢.

Proof. Suppose that X is a pairwise pre-Rj-space and x,y € X such that
ij — pCl({x}) # ji — p€l({y}). Then, there exist an 4j-preopen set U and a ji-
-preopen set V such that x € V,y € U and U NV = ¢. Since every pairwise
pre-Rj-space is pairwise pre-Rp-space, x € V which implies ij — p&l({x}) C V
and ji—pCl({y}) C U. Hence, the result is obtained. The converse is obvious. [J

COROLLARY 3.2. Every pairwise pre-Ri-space is a pairwise pre-Ry.

Proof. Suppose X is a pairwise pre-R;-space, G any ij-preopen set and x€G.
For each point y € X\G, we have ji — pCl({x}) # ij — p€l({y}). So, by Propo-
sition 3.4} there exist an 7j-preopen set Uy, and a ji-preopen set Vy such that
x €Uy,y € Vy and U, NV, = ¢. If A = J{Vy 1 y € X\G}, then X\G C A and
x ¢ A. Since A is a ji-preopen set, ji — p€l({x}) € X\ A C G. Hence, X is a
pairwise pre-Ry-space. O

LeEMMA 3.1. In every bispace X, each singleton is an ij-preopen or a ji-preclosed.

Proof. Suppose that X' is a bispace, x € X and {x} is not a ji-preclosed set.
Then, j — €l(i — Int({x}) € {x}. Thus, i — Int({x}) = {x}. Therefore, {x} is
an ij-preopen set. O

THEOREM 3.2. A bispace X is a pairwise pre-Rg-space if and only if it is a pair-
wise pre-17-space.
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Proof. Suppose that X is a pairwise pre-Rgp-space. For each point x € X,
by Lemma Bl {x} is #j-preopen or ji-preclosed in X. If {x} is ij-preopen, then
we have ji — p€l({x}) C {x} and hence, {x} is ji-preclosed. Thus, pairwise
preclosed. Hence, X is a pairwise pre-Ti-space.

Conversely, assume that U is any 7j-preopen subset of X and x € U. Since {x}
is a pairwise preclosed set, ji — p€l({x}) = {x} C U. Therefore, X is a pairwise
pre-Ry-space. (]

THEOREM 3.3. A bispace X is pairwise pre-Ry if and only if it is pairwise
pre-T5.

Proof. Let X be a pairwise pre-Th-space. Then, X is pairwise pre-T;. If x,y €
X such that ij — p€l({x}) # ji — p€l({y}), then x # y. So, there exist an j-
preopen set U containing x but not y and a ji-preopen set V containing y but
not x. Hence, ji — pCl({x}) = {x} CU and ij — p€l({y}) = {y} C V. Therefore,
X is a pairwise pre-R;-space. Conversely, suppose that X is pairwise pre-Rj.
By Corollary B2, X is pairwise pre-Ry and hence, by Theorem B2] it is pairwise
pre-Ty. Assume that x,y € X such that x # y. Since ij — p€l({x}) = {x} #
{y} = ji — p€l({y}), there exist disjoint #j-preopen set U and ji-preopen set V
such that x € V and y € U. Hence, X is a pairwise pre-T5-space. O

Remark 3.1. From the definitions and previous results, we can get the follow-
ing diagram of implications: Pairwise pT5 = Pairwise pT; = Pairwise pT% =
Pairwise pTy. The converses of this implications are not true in general. See the
following examples.

ExXAMPLE 3.1. Let (X, 71, 72) be a bispace, where X = {«a, 8,7, 0}, 11 =
{¢a {Oé}, {ﬁ}a{aaﬁ}a{aa 57 /y}a X}> and T2 = {¢a {5}7 {/y’ 5}7 {ﬁa v, 5}7 X}

Then, (X, 71, 72) is a pairwise pTy but it is not a pairwise pRy-space.

EXAMPLE 3.2. Let (X,71,72) be a bispace, where X = {«,f,7,d,e}, 71 =
{¢,{E},{Oé,ﬁ},{’y,(S},{Oé,ﬁ,&},{’}/,5,6},{04,ﬁ,’}/,5},/¥}, and T2 = {¢7{a}7{7}3

{e}, {a, v}, {a, e}, {a, e}, {a, v, €}, {a, v, 0, e}, {cv, B, 7y, €}, X}. Then, X is a pair-
wise pTy-space but it is not a pairwise pTi-space.

DEFINITION 3.3. For a subset A of a bispace X', we define APNisi as follows
APNi; = ﬂ{u CACU, U €if —POX)}.
THEOREM 3.4. Let A be a subset of a bispace (X, 71,72). Then,

APAij — (AP/\U)P/\”_
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Proof.

(APAi_j)PAi": MU U € ij —POX), APNi C U
= NU:U€ij —BOX),N{V:VeEij—POX),ACV} CU}
C MU :Ueij—POX), ACU} = AN,

P A
This shows that (,Ap/\u) T APN;
On the other hand, we have A C APNii for each A C X. Thus,

APN; C (AP/\U)PAM. O

LEMMA 3.2. A subset A of a bispace X is ij-pg-closed if and only if
ji — p€l(A) € AP N,

Proof. Let A be an 7j-pg-closed set. Then, for each #j-preopen set U containing
A we have ji — pCl(A) C U. Hence,

ji = pCl(A) C (U U €ij —PO(X), ACU} = AN,

Conversely, assume that ji — p€l(A) € A7\, Then, ji — pCI(A) C U for each
ij-preopen set containing A. This shows that A is an ij-pg-closed set. (I

THEOREM 3.5. For a bispace X, the following statements are equivalent:
(i) X is a pairwise pRoy-space;
(ii) For any x € X,ij — p€l({z}) C {x}PAﬁ ;

(iii) For any x,y € X,y € {x}P/\” if and only if x € {y}P/\ﬁ;

(iv) For any x,y € X,y € ij — pC€l({z}) if and only if x € ji — pC€l({y});

(v) For any ij-preclosed set F and a point x ¢ F, there exists a ji-preopen set
U such that x ¢ U, F CU;

(vi) Each ij-preclosed F can be expressed as the intersection of all ji-preopen
sets containing F;

(vil) Each ij-preopen set U can be expressed as the union of a ji-preclosed sets
contained in U;
(viii) For each ij-preclosed set F, x ¢ F implies ji — p&l({z}) NF = ¢.
Proof.
(i)=(ii): By Definition B3] for any x € X we have {x}p/\-ﬂ =NU:zel,
U € ji —PO(X). Since X is a pairwise pRy-space, each ji-preopen set U
containing x contains ij — p&l({x}). Hence, ij — pCl({z}) C {x}PAﬁ.
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(i) =(iii): For any z,y € X, if y € {#}"Ni, then = € ij — pei({y}).
Since ij — pel({y}) < {y}"N, by (i), = € {y}" .

(iii)=(iv): For any z,y € X if y € ij — p€l({z}), then 2 € {y} N,
Thus, by (iii), y € {x}P/\-"i, and so x € ji — pCl({y}).

(iv)=(v): Let F be an ij-preclosed set and = ¢ F. Then for any y € F,
ij —pel({y}) € F and = ¢ ij — p€l({y}). By (iv), = ¢ ij — p&l({y}) and
y ¢ ji —pC€l({z}). Hence, there exists a ji-preopen set U, such that y € U,
and x ¢ Uy,. Suppose that U = U, c-{Uy : y € Uy and z ¢ U, U, is
ij-preopen}. Then, U is a ji-preopen set such that « ¢ U and F C U.

(v)=(vi): Suppose that F is an #j-preclosed set and H = ({U : F C U,
U is ji-preopen}. Then F C H, and we show that H C F. Let z ¢ F.
Then, by (v), there exists a ji-preopen set U such that x ¢ U and F C U.
Hence, z ¢ H, and so, H C F. Thus, F = H.

(vi)=-(vii): Obvious.

(vii)=-(viii): Suppose that F is an ij-preclosed set and = ¢ F. Then, X'\ F =
U is an ij-preopen set containing z. Then, by (vii), there exists a ji-
preclosed set H such that « € H C U and so, ji — pCl({z}) C U.
Thus, ji — pCl({z})NF = ¢.

(viii)=-(i): Suppose that U is an ij-preopen set and = € U. Then, = ¢
X\U which is gj-preclosed set and, by (viii), ji — pCl({z}) N X\U = ¢
Thus, ji — p€l({x}) C U. Therefore, X is pairwise pRy-space.

4. A pairwise operation pc-open sets

The purpose of this section is to introduce and study the concepts of the
pairwise operation pc-open sets.

DEFINITION 4.1. Let (X, 71, 72) be a bispace. A mapping p : ij — PO(X) —
P(X) is called an ij-p-operation on ij — PO(X) if V C V* | for each nonempty
set V € ij —PO(X) and ¢* = ¢, where V* (or p(V)) is the image of V under p.

EXAMPLE 4.1. Let X = {a, 3,7,6}, 11 = {X, ¢, {a}, {8}, {a, B}, {e. B,7}}, and
= {X,0,{8},{7,6}, {8,7,6}}. Then, 12 = PO(X) = {X, ¢, {a}, {8}, {a, 5},

{B 74 AB. 0} e, 8.7} {a, 8,0}, {B,7,0}}. Let p : 12 — PO(X) — P(X) be
defined by pu(U) =1—€HU) for all U € 12 —PO(X). Then, u is 12-p-operation.

DEFINITION 4.2. A mapping p : 12 — PO(X) U 21 — PO(X) — P(X) is a
pairwise p-operation if A C A* for each A € 12 — PO(X) U 21 — PO(X) and
Pt = ¢.
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EXAMPLE 4.2. Let (X,71,72) be as in Example 4.1. Then, 21 — PO(X) =
{¢a {5}7 {’Y}, {Oé, 5}7 {ﬁa 5}7 {77 5}7 {577}, {Oé, 577}, {Oé, B) 5}7 {5777 5}7 X} Let M
12 — PO(X) U 21 — PO(X) — P(X) be defined by u(Ud) = 2 — C(U) for all
Ue12—PO(X)U21 —PO(X). Then, p is a pairwise p-operation.
DEFINITION 4.3. Let X be a bispace and p : ij — PO(X) — P(X) be an ij-
-p-operation on ij —PO(X). A subset A C X is called ij — py,-open if for each
x € A there exists an ij-preopen set U such that x € U and U* C A.

DEFINITION 4.4. An ij— p,-open subset A of a bispace X’ is called ij — j1pc-open
if for each = € A, there exists a j-closed subset F of X such that z € F C A.
The complement of an ij — ppe.-open set is 7j — ppe-closed. The family of all
ij — pipc-open (resp. ij — ppe-closed) subsets of a bispace X is denoted by ij —
HpeO(X) (resp. ij — ppc@(X) ). If a subset A of a space X is ij — jup.-closed and
Ji — ppe-closed, then it is pairwise fu,.-closed.

EXAMPLE 4.3. Let X = {a, 8,7,6,€}, 1 = {X, ¢, {e}, {o, B}, {7, 6}, {a, B, €},
{77 57 6}7 {a7 57 77 5}}7 a’nd T2 - {X7 ¢7 {a}7 {fy}? {6}7 {a7 fy}? {a7 6}7 {77 6}7 {a7 77 6}7
{av Vs 67 6}7 {av ﬁv s 6}} Then7 12 7§BD(X) = {Xv ¢7 {a}v {7}7 {6}7 {av ﬁ}? {77 5}7
{O[, ’Y}a {O[, 6}) {’Y? 6}7 {O[, ﬁa 6}7 {% 57 6}7 {Oé, 57 ’Y}, {Oé, v, 5}7 {O[, ﬁa v, 5}} Let
w12 —PO(X) — P(X) be defined by p(U)=1-—€lU).

Then) ]‘2 - .[I’ZJD(X) = {X7 ¢7 {6}7 {a7 /6}7 {’y) 5}7 {a7 /87 6}7 {’y) 57 6}7 {a7 /87 ’y) 5}}'
PROPOSITION 4.1. For any bispace X, ij—fipeO(X) Cij—ppyO(X) Cij—PO(X).
Proof. The proof is easy and hence omitted. g

The following example shows that the equality in the above proposition may
not be true in general.

EXAMPLE 4.4. Let X = {«, 8,7,0}, 1 = {X, ¢, {c, 8}, {7,0}} and 7o = {X, ¢,
{a}, v} {a}, {a, 8,0} }. Let pu: 12 — PO(X) — P(X) be defined by pu(A) =
1 — CI(A) for each A € 12 — PO(X). Then, {a, 5} is 12-p,-open but it is not
12-pupc-open. Also, {c, v} is a 12-preopen set but it is not 12-y,-open.

The following example shows that ij — 11p.O(X) is not comparable with
i€ {1,2}.

EXAMPLE 4.5. Let X:{Oé, ﬁ, Y, (5}, T = {X, ¢, {OZ}; {7}7 {Oéa/y}a {57 5}7 {5777 5}7

{o, 8,03}, m={X,0,{a}, {1}, {6}, {B}. {B. 0} {an} {0, 6} {e, B}, {ary, 03,
{B,v,6}} and let p: 12—PO(X) — P(X) be defined by p(A) = 2— €I(A) for all
A €12 —PO(X). Then,

(a) {7} is both 74- and 7e-open set but it is not 12-j,.-open.
(b) {«, 3,0} is a 12-p,.-0pen set but it is not 7o-open.
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PROPOSITION 4.2. In a bispace &X', the union of any collection of ¢j — i,.-open
sets is an 4j — ppc-open set.

Proof. Let {Ay}aer be any collection of ij — jipc-open sets in X'. Since A, is
ij — ppc-open for all o € I, there exists an ij-preopen set U such that p(U) C
Ao € Uper Aa- Therefore, |J,c; Ao is an ij — pyc-open. Suppose that = €
Uael Aq. Then, there exists ag € I such that x € A,, and so, there exists a
j-closed set F such that » € F C Ay, C U,e; Aa- Therefore, |J,c; Aq is an
1] — [pe-open set in X, ([l

The following example shows that the intersection of two ij — p,.-open sets
need not be 7§ — ppe-open.

ExXAMPLE 4.6. Consider the set of integers Z, 7 to be the excluding point
topology on Z, where e = 0, and 75 the cofinite topology on Z, i.e., 71 = {U C
Z:0¢ULU{Z} and 72 = {¢p} U{U C Z : U° is finite}. Then, 12 — PO(X)
is both the set of all infinite subsets of Z and the set of all finite subsets of Z
which is not containing 0. Let p : 12 — BPO(X) — P(X) be defined by u(Ud) =
1—¢Cl(U). Then, 12— p,,—O(X) is the set of all infinite subsets of Z containing 0.
Also, 12 — pipe — O(X) =12 — pp — O(X). The sets A ={...,—-2,—1,0,1} and
B ={-1,0,1,2,...} are both 12-y,.-open subsets of Z but their intersection
is not.

ProrosITION 4.3. A subset A of a bispace X is ij — ppe-open if and only if
for each o € A there exists an ij — p,c-open set B such that x € B C A.

Proof. If Aisanij—p,.-open set, then for eachz € A,z € A C A. Conversely,
suppose that there exists an ij — pp.-open set B, such that x € B, C A. Thus,
A ={JB, and, by Proposition .2 A is an ij — j,.-open set. O

DEFINITION 4.5. Let X be a bispace. An ij-p-operation p is said to be ij-p-
regular if for every two ij-preopen sets U and V containing = € X, there exists
an ij-preopen set ¥ containing z such that u(W) C u(U) N p(V).

THEOREM 4.1. If u is an ij-reqular ij-p-operation on a bispace X, then the
intersection of two ij — ppc-open subsets of X is ij — ppc-open.

Proof. Let u be an ij-regular ij-p-operation on a bispace X', and A and B be
two ij — pipc-open subsets of X'. Let x € AN B. Since A and B are ij — fip.-open
sets, there exist ij-preopen sets U and V such that © € U, () C A, z € V, and
wu(V) C B. Since p is ij-regular, there exists an ij-preopen set W containing z
such that u(W) C pu() N p(V) € AN B. Therefore, AN B is an ij — p,-open
set. Again, for each z € AN B, and since A and B are ij — jipc-open sets, there
exist j-closed sets £ and F such that x € £ C A and x € F C B. Therefore,
reENFCANB. Since ENF is j-closed, AN B is ij—ppe-open subsets of X'.  [J
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DEFINITION 4.6. Let X be a bispace and A C X. A point z € X is called
1j — ppe-limit point of A if every ij — pp.-0pen set containing z contains a point
of mathcalA different from z. The set of all ij — p,.-limit points of A is called
the ij — ppe-derived set of A and is denoted by ij — p1pc0(A). The ij — pipe-closure
of A, denoted by ij — pp€I(A), is the intersection of all ij — p,-closed sets
containing A. The ij — p,-interior of A, denoted by ij — . Int(A), is the union
of all ij — ppc-open sets contained in A.

The following proposition gives the properties of ¢j — ppc-closure of a set.

PROPOSITION 4.4. For subsets A and B of a bispace X, we have:
(1) A Cij — ipe€i(A);
2) 1

ij — ppc€I(A) is an ij — ppe-closed set;
3)

(2)

(3) ij — ppc€l(A) is the smallest ij — ppc-closed set containing A;
(4) Ais ij — ppe-closed if and only if A =ij — 1, CI(A);

(5) ij — 1pe€U(6) = 6 and i — uye€I(X) = X;

(6) If A C B, the ij — ppc€l(A) C ij — ppc€lU(B);

(7) 1) = ppc@UA) Uij — ppe€l(B) C ij — ppcCI(AU B);

(8) i — ppc€UANB) Cij — pupc€l(A) Mij — ppc€l(B).

Proof. The proof, being easy, is omitted. O

In general, equalities in (7) and (8) in the above proposition need not be true
as shown by the following example.

EXAMPLE 4.7. Let X ={a, 8,7,0}, 11 = {X, o, {a}, {7}, {a,7}, {5,0},{8,7,d},
{o. 8,01} and 7 = {X,0,{8}, iy} {0}, {B}. {8, 6}, 1, 0}, {av}t {e, B},
{7,863, {87, 0}}. Let p : 12 — PO(X) U 21 — PO(X) — P(X) be defined
by pu(A) =1—CI(A) for each A € 12 —PO(X) U 21 — PO(X).
(a) Let A={f8,~} and B={v,0}. Then, 21 — p1,.€l(A) =X, 21 — 11, .CI(B) =X
and 21 — 1, €I(A N B) = {v}. Hence,21 — 11, CI(A N B) # 21— 1, CI(A) N
21— e CI(B).
(b) Let A= {v} and B = {3, 6}. Then, 21 — 1, €I(A) = {7}, 21 — p1,,.€((B) =
{,0} and 21 — p,€I(AU B) = X. This shows that 21 — 1, .Cl(AU B) #
21 — ppe@I(A) U 21 — 11, CI(B).

PROPOSITION 4.5. For a subset A of a bispace X, we have ij — p,.Cl(A) =
AUGj — ppcd(A).

Proof. The proof is straightforward. O
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THEOREM 4.2. Let A be a subset of a bispace X and x € X. Then, v € ij —
tpc€l(A) if and only if VN A # ¢ for every ij — ppc-open set V containing .

Proof. Let z € ij — ppc€Il(A) and VN A = ¢ for some ij — ppc-open set V
containing x. Then, X\V is an ij — ppe-closed set and A C X\V. Therefore,
ij — ppc€l(A) € X\V which implies that z € X\V, a contradiction. Thus,
VNA#¢. Conversely, let A C X and x € & such that every ij — j1p.-open V con-
taining z, VNA # ¢. If & ¢ ij— 1, CI(A), then there exist an ij — ji,.-closed set F
such that A C F and z ¢ F. Hence, X'\ F is an ij — jp.-open set containing
with (X\F) N A = ¢, a contradiction. Therefore, x € ij — 11 CI(A). O

PROPOSITION 4.6. For a subset A of a bispace X, we have ij — p€l(A) C
ij — ppc€I(A).

Proof. The proof is straightforward. ([l

The following example shows that the equality in the above proposition need
not be true.

EXAMPLE 4.8. Let (X, 71, 72) be as in Example 7] Let p: 12 —PO(X) U 21 —
PO(X) — P(X) be defined by u(A) = 2—CI(A) for each A € 12—PO(X)U21—
PO(X). Let A = {a, 3}. Then, 21 — p,.Cl(A) = X and 21 — p€l(A) = {a, 8}.

The following proposition gives the properties of ¢j — ppc-interior of a set.

PROPOSITION 4.7. For a subset A of a bispace X', we have:

(1) ij — ppcInt(A) is an ij — ppc-open set;

(2) i) — ppeInt(A) € A

(3) ij — ppcInt(A) is the largest ij — pp,c-open set contained in A;
(4) Ais ij — ppe-open if and only if A = ij — p,.Int(A);

(5) ij — ppeInt(if — ppeInt(A)) = ij — prpcInt(A);

(6) If A C B, then ij — ppcInt(A) C ij — pupeInt(B);

(7) ] — ppeTt(B) = 6,1 — pipeTn(X) = X

(8) ij — ppeInt(A) Uij — ppeInt(B) C ij — ppeInt(A U B);

(9) ij — ppeIt(ANB) Cij — ppInt(A) Nij — ppInt(B).

Proof. The proof is obvious. O

In general, equalities in (8) and (9) in the above proposition need not be true
as shown by the following example.
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EXAMPLE 4.9. Let (X, 71, 72) be as in Example L1 Let p: 12 —PO(X)U21 —
PO(X) — P(X) be defined by p(A) =1 — €I(A) for each A € 12 —PO(X) U
21 — PO(X).

(a) Let A= {a}and B = {7}. Then, 21—, Int(A) = ¢, 21— pp,.Int(B) = {~}
and 21 — pp. Int(A U B) = {«,v}. This shows that 21 — p,,.Int(A) U 21 —
fpeInt(B) U 21 — i Int(A U B).

(b) Let A = {a, 8,7} and B = {«,,0}. Then, 21 — ppInt(A) = {o, 7},
21 — ppeInt(B) = {a, 5,0} and 21 — . Int(A N B) = ¢. This shows that
21 — pipcInt(A) N 21 — ppednt(B) # 21 — ppcInt(A N B).

PROPOSITION 4.8. For a subset A of a bispace X', we have ij — pp.Int(A) C
ij — pInt(A).
Proof. Obvious. 0

The following example shows that the equality in the above proposition need
not be true.

ExXAMPLE 4.10. Let (X, 71,72) be as in Example 4.7. Let p : 12 — PO(X) U
21 — PO(X) — P(X) be defined by pu(A) = 2 — €I(A) for each A € 12 —
PO(X) U 21 —PO(X). Let A = {a, 5,7} Then, 21 — p,Int(A) = {a, 7} and
21 — pInt(A) = {a, 5,7}

PROPOSITION 4.9. For a subset A of a bispace X', we have ij — pp.Int(A) =
A\ij = pipcd(X\A).

Proof. Obvious. (]

The following proposition gives the relations between the ¢j — ppe-closure and
1] — Wpe-interior of a set.

PROPOSITION 4.10. For a subset A of a bispace X', we have:
(a) X\ij — ppeInt(A) = ij — ppc€HAN\A);
(b) i — 1pe@U(A) = X\ij — ppeInt(X\A);
(¢) X\ij — ppe€l(A) = ij — ppcInt(X\A);
(d) i — ppeInt(A) = X\ij — iy €1(X\A)
Proof. Obvious. O

THEOREM 4.3. Let A and B be two subsets of a bispace X and let p : ij —
PO(X) — P(X) be an ij-p-regular ij-p-operation, then:

(a) ij — ppc€l(AUB) = ij — ppc€I(A) Uif — pupcCUB);

(b) ij — pipcInt(ANB) = ij — ppeInt(A) Nij — ppInt(B).

Proof. Obvious. (]
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5. 1j — gup-closed sets

In this section, we introduce the concept of ij — gupc-closed set and study
some of its properties.

DEFINITION 5.1. A subset A of a bispace X is called ij-generalized p,.-closed
(1j — gppe-closed, for short) if ji — ppc€l(A) C U whenever A C U and U is
an ij — fpe-open set in X'. The complement of an ij-generalized pip,.-closed set
is ij-generalized pipc-open (ij — gpipe-open, for short).

THEOREM 5.1. If A is an ij — gpupc-closed subset of a bispace X and B C X
such that A C B C ji — ppc€I(A), then B is ij — gpe-closed.

Proof. Let A be an ij — gpp.-closed set and A C B C ji — 1, €l(A). Let U be
an ij — fipc-open set such that B C Y. Then, A C U and so, ji — p,CI(A) C U.
Now, ji—Jipe€l(A) C ji— tipeCl(B) C ji— el (ji— ppe€l(A)) = ji—pipe€I(A) CU.
This implies that ji — p,.Cl(B) C U and B is ij — gpup-closed. O

LEMMA 5.1. Let p be a pairwise p-operation on a bispace X. Then for each
x € X, {z} is either an ij — ppc-closed or ij — gppc-open set in X.

Proof. Suppose that {} is not an ij — ppc-closed set. Then, X\{z} is not
ij — ptpe-open. So, the only ij — pu,c-open set containing X'\{z} is X'. Thus, X\{z}
is an ij — gppe-closed set and {z} is ij — gppc-open. O

PROPOSITION 5.1. A subset A of a bispace X" is ij — gppc-closed if and only if
ij — ppc€l({z}) N A # ¢, for every x € ji — 1. Cl(A).

Proof. Let U be an ij — pipe-open set such that A C U and z € ji — p1,.CI(A).
Then, there exists z € ij — ppCl({z}) and z € A C U. By Theorem L2 we
have U N {z} # ¢. Hence, x € U and ji — ppCI(A) C U. Therefore, A is
an ij — gupce-closed set. Conversely, suppose that z € ji — p,.Cl(A) such that
ij — ppcCl({x})NA = ¢. Since A C X \ij—ppcCl({x}) and A is an ij — gpip-closed
set, ji—ppc€I(A) C X\ij—ppcCl({x}). Hence, x ¢ ji—pu,Cl(A), a contradiction.
Therefore, ij — ppCl({x}) N A # ¢. O

THEOREM 5.2. Let A be an ij — gppc-closed subset of a bispace X. Then, ji —
tpc€L(A)\A does not contain any nonempty ij — pipe-closed set in X.

Proof. Let A be F be two ij — gpupc-closed sets in X such that F C ji —

ppeCI(A)\A. Then, A C X\F. Hence, ji — i, €I(A) C X\F and so, F C X\ ji—
1pe€I(A). Therefore, F C (X\ji — ppc€l(A)) N (i — ppeCl(A)) = ¢ . O
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6. Pairwise p,. — T}, and p,. — R;, spaces

In this section, we introduce a new type of separation axioms in bispaces

called pairwise pp. — T, k € {0, %, 1,2} and pairwise p1p. — Ry, k € {0, 1} spaces.

DEFINITION 6.1. A bispace (X, 71, 72) is said to be:

(1) Pairwise pp. — Tp if for each two distinct points x,y € X, there exists
either an ij — pp.-open set containing = but not y or an ji — pp.-open set
containing y but not x;

(2) Pairwise jppe — T 1 if every a ij — gppc-closed set is ji — pipc-closed;

(3) Pairwise pp,. — T4 if for each two distinct points z,y € X, there exist an
1j — Upe-open set U containing & but not y and a ji — pp.-open set V
containing y but not x;

(4) Pairwise pp,. — T if for each two distinct points z,y € X, there exist an
1j — Wpe-open set U containing = but not y and a disjoint a j¢ — ppe.-open
set V containing y but not z.

PROPOSITION 6.1. Every pairwise p,. —T;-space is pairwise pT; for ¢ = 0, %, 1,2,
but not conversely.

Proof. Obvious. (]

EXAMPLE 6.1.
Let X = {a,8,7,0}, m = {X, ¢, {a}, {7}, {a,7}, {8, 6}, {8, 7,0}, {e, B, 0}} and

T2 = {Xa ¢7 {ﬁ}a {7}7 {5}3 {B)ry}) {ﬁa 5}7 {Oéa’Y}a {’Y, 5}7 {Oé, Bary}a {Oéafy’ 5}7 {ﬁaf}/a 5}}
Let u(A) =1 — €I(A). Then, X is a pairwise pTp-space but it is not pairwise

ppe — 1o -

EXAMPLE 6.2. Let X = {a,ﬁ,’y,é} , T1 = {X7¢7 {ﬁary}a{aaﬁav}a{ﬁfﬁa}}a
= {X,¢,{a,6},{c,7,6}, {c,3,0}} and p(A) = 1 — €l(A) N2 — CI(A).

Then, X is a pairwise pTs-space but it is not pairwise pp. — T5.

THEOREM 6.1. A bispace X is a pairwise i, —T% if and only if every singleton
set is either ji — [ipc-open or ij — iy.-closed.

Proof. Suppose that x € X such that {«} is not an ij — pp.-closed set. Then,
by Lemma 5.1, X\{x} is an ij — gpp-closed set. Since X is a pairwise fipe — T, -
space, X\{x} is a ji — pp-closed set and so, {x} is ji — ppe-open. Conversely,
suppose that F is an ij — gupe-closed set in X. For any = € ji — pupcCl(F),
{z} is either a ji — ppc-open or an ij — pupc-closed set. If {x} is ji — ppe-open,
then {x} N F # ¢ and so, x € F. If {x} is an ij — ppc-closed set and x ¢ F,
then {z} C ji — p,CI(F)\F, which contradicts Theorem Therefore, z € F.
Hence, ji — ppc€U(F) C F and F is ji — ppe-closed. Therefore, X is a pairwise
tpe — T1-space. O
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PROPOSITION 6.2. A bispace X' is pairwise p,. — Ty if and only if for any two
distinct points x,y € X, ji — ppc€l({x}) # ij — ppcCl({y}).

Proof. Let X be a pairwise y,. —To-space and x,y € X such that x # y. Then,
there exists an ij — ppe-open set U such that = € U and y ¢ U.
Thus, {y} NU = ¢ and = ¢ ij — ppc€l({y}). Since = € ij — ppCl({x}),
Ji — ppc@l({x}) # ij — ppe€l({y}). Conversely, suppose that z,y € X such
that = # y. Then, ji — ppc€l({z}) # ij — ppc€l({y}) which implies that either
y & ji — ppe@l({z}) or @ & ij — ppc€l({y}). It y & ji — ppe€l({a}), there ex-
ists a ji — ppc-open set U such that y € U and {z} NU = ¢ , ie., z ¢ U.
If © ¢ ij — ppe€l({y}), there exists an ij — pye-open set V such that z € V and
{y}NV =¢,1ie., y ¢ V. Inboth cases, X is a pairwise i, — To-space. O

THEOREM 6.2. A bispace (X is pairwise pip. — Ti-space if and only if every
singleton set in X is pairwise pp.-closed.

Proof. Let X be a pairwise pp. — Th-space and z € X. For each y # x, there
exists an ij — ppc-open set U containing y but not z. Then, {z} NU = ¢ and
y & 1j — ppe€l({z}). Then, {z} = ij — p,pcCl({z}), and {x} is an ij — p,.-closed
set. Now, for every y # =, y € X\{z}. So, there exists a ji — p,.-open set V),
such that y € V, and = ¢ V,. Therefore, y € V, C X\{z}. Hence, X\{z} is
an ji — fipc-open set and {x} is ji — ppe-closed set. Conversely, let {z} = ji —
ppc€l({z}) for every x € X and z,y € X with « # y. Then, X'\ ji — pp,.Cl({x}) is
a ji— fipc-open set containing y but not z. Similarly, if {y} = ij—upc€l({y}), then
X\ij — ppc€l({y}) is an ij — ppe-open set containing = but not y. Thus, X is a
pairwise pp. — Th-space. (]

THEOREM 6.3. Every pairwise jip. — T1-space 1s pairwise tpe — T; .

Proof. Let X be a pairwise . — T7-space. It suffices to show that a set which
is not ji — ppc-closed is also not ij — gu,c.-closed. Suppose that A C A’ is not
a ji — pipe-closed set and x € ji — ppcCI(A)\A. Then, {z} C ji — ppCI(A)\A.
Since X is a pairwise p,. — Ti-space, {x} is ij — ppe-closed. Therefore,
by Theorem 5.2 A is not ij — gp,.-closed. (]

COROLLARY 6.1. Fuvery pairwise fipc — T% -space s pairwise [y — Tp.
Proof. It follows from Theorems and d

Remark 6.1. From the definitions and previous results, we can get the following
diagram of implications: Pairwise pp,. — 1o = Pairwise p,. — 17 = Pairwise
tpe — T 1= Pairwise g, — Tp. The converses of this implications are not true
in general. See the following example.
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EXAMPLE 6.3. Let (X, 71, 72), where X is an infinite set containing e, 71 = {U C
X:iedULU{X} and o = {¢p} U{U C X : U° is finite}. Consider the identity
map p:ij —PO(X) — P(X). Then X is a pairwise p,,. — To-space but it is not
fpe — T1.
DEFINITION 6.2. A bispace & is said to be a pairwise fip.-symmetric space if
for x,y € X, x € ij — ppcCl({y}) implies y € ji — ppcCl({x}).
THEOREM 6.4. Let X be a pairwise pyc-symmetric space. Then, the following
are equivalent:

(1) X is pairwise ppe — To;

(2) X is pairwise ppe — T ;

(3) X is pairwise ppe — 1.
Proof. We only prove (1) = (3). Assume that z # y and x € U C X\{y}
for some U € ij—ppeO(X). Then, z ¢ ij—p,cCl({y}). Hence, y & ji—pipCl({x}).
Therefore, there exists V € ji — p,O(X) such that y € V C X\{z} and X is
a pairwise f,. — T1-space. O

DEFINITION 6.3. For a subset A of a bispace X, we define A%#re as follows
Alitre = (WU : ACU, U € ij — 115D (X)}.

THEOREM 6.5. Let A be a subset of a bispace X. Then, AHre = (AWHpe)idbpe,

Proof. The proof is similar to that of Theorem [3.4 O

LEMMA 6.1. A subset A of a bispace X is ij — gpupe-closed if and only if
Ji — ppe@l(A) C AWtve,

Proof. Let A C X be an ij — gupc-closed set and = ¢ A“Fre. Then, there
exists U € 1j — ppeO(X) such that ¢ U and A C Y. Hence, ji — 1, .CI(A) CU.
Therefore, © ¢ ji — p,c€l(A) and so, ji — ppCI(A) C A%#Hre. The converse is
obvious. (]

DEFINITION 6.4. Let X be a bispace. For each © € X we define
{a}THve = ﬂ{u €ij — ppeO(X) iz €Ul ={y:x €ij — ppe€l({y})}.

DEFINITION 6.5. A bispace X is said to be pairwise p,. — Ro-space if for each
ij — ppe-open set U and x € U implies ji — ppCl({z}) C U.

THEOREM 6.6. Let X be a bispace. The following statements are equivalent:
(1) X is a pairwise pi,. — Ro-space;
(2) For any x € X, ij — ppe({x}) C {x}"r;
(3) For any z,y € X, y € {&}7"" if and only if v € {y} " ;

118



OPERATION PC-OPEN SETS AND OPERATION PC-SEPARATION AXIOMS

(4) For any x,y € X, y € ij — ppcCl({z}) if and only if x € ji — ppc€l{y});
(5) For any ij — pipc-closed set F and a point x ¢ F, there exists a ji— fipc-open
set U such that x ¢ U and F C U;

(6) Each ij — ppe-closed set F can be expressed as the intersection of all
Ji — lpe-open sets containing F;

(7) Each ij— pipc-open setU can be expressed as the union of all ji— pu,.-closed
sets contained in U;

(8) For each ij — pipe-closed set F, x ¢ F implies ji — ppcCl({z}) N F = ¢.
Proof. It is similar to that of Theorem [35l O

THEOREM 6.7. Let X be a bispace and p be a pairwise p-operation on X. Then,
X is pairwise p,e — 11 if and only if it is both pairwise p,. — Ry and pairwise
Hpc — Ty.

Proof. Let X be a pairwise pp. — T1-space. By Theorem [6.2] every singleton
set {z} is pairwise pp.-closed. Let z,y € X with & # y. Then, {z} and {y}
are pairwise pp.-closed and hence, X\{z} is an ij — ppc-open set containing y
but not z. This shows that & is a pairwise u,. — Tp-space. Again, if z,y € X
with « # y, then ij — p,€l({z}) # ji — ppcCl({y}). Also, ij — ppcCl({x}) N ji —
tpc€l({y}) = ¢. Thus, by Theorem 6.6 X is a pairwise p,. — Ro-space. O

7. Conclusion

In this paper, we proved that a pairwise pre-Rp-space is equivalent to
a pairwise pre-Ti-space (Theorem Also, we showed that both a pairwise
pre-Rj-space and pairwise pre-Tp-space are equivalent (Theorem [B3)).

In Definition 3] in case p is the identity mapping, the concept of ij — pu,-open
coincides with the concept of ij-preopen. In case pu(A) = j — €I(A), the concept
of ij — pp-open is called ij — 6-preopen set. In case p(A) =i — Jnt(j — €I1(A)),
the concept of ij — p,-open is called ij — d-preopen. These special cases will
be the object in further study. We hope that the results of our paper will be
a starting point for a sufficiently general but simple theory of objects that
are suitable for modelling various aspects of computation and useful in mod-
ern applications of closed sets to general topology and mathematical analysis.
Also, we may once more emphasize the importance of ij-pre-generalized closed
sets for the possible application in computer and quantum [8[15]19].
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