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FUZZIFYING PROXIMITY AND STRONG FUZZIFYING
UNIFORMITY

BY

F. H. KHEDR, K. M. ABD EL-HAKEIM, F. M. ZEYADA AND O. R. SAYED

Abstract. We introduce the concept of a fuzzifying proximity and study some prop-
erties of fuzzifying proximities - in particular we show how a fuzzifying proximity on
a set X naturally induces a fuzzifying topology on the same set. Besides, the concept
of a strong fuzzifying uniformity (which is a certain modification of Ying’s concept
of a fuzzifying uniformity ([4])) is introduced. Some relations between fuzzifying
proximities, strong fuzzifying uniformities and corresponding fuzzifying topologies
are established. In particular, we show that the fuzzifying topology induced by the
fuzzifying proximity and the fuzzifying topology induced by the strong fuzzifying
uniformity are coincide.

Introduction

Ying [3] used the semantic method of continuous valued logic to initiate the
study of the so-called fuzzifying topology and elementally develop topology in the
framework of fuzzy sets from a completely different direction. Briefly speaking,
a fuzzifying topology on a set X assigns to every crisp subset of X a certain
degree of begin open, other than being definitely open or not. Furthermore,
in 1993 Ying introduced the concept of a fuzzifying uniform spaces ([4]) and
established some fundamental properties of it. In the framework of the fuzzifying
topology we introduce and study the concept of fuzzifying proximity. Also, a
fuzzifying topology induced by the fuzzifying proximity is introduced (Theorem
2.1). Since the a-level of the fuzzifying uniformity due to Ying may not be

a classical uniformity (Counterexample 3.1), we introduce a type of fuzzifying
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uniformity stronger than the fuzzifying uniformity due to Ying which satisfies
that the a-level of it is a classical uniformity (Theorem 3.1). Besides, a fuzzifying
topology indued by the strong fuzzifying uniformity is introduce (Theorem 3.2).
Some relations between fuzzifying proximities, strong fuzzifying uniformities and
corresponding fuzzifying topologies are established. In particular, we show that
the fuzzifying topology indued by the fuzzifying proximity and the fuzzifying
topology induced by the strong fuzzifying uniformity are coincide (Theorem 3.5).

1. Preliminaries

In this section we present the fuzzy logical and corresponding set theoretical
notations due to Ying [3]. For any formulae ¢, the symbol [p] means the truth
value of ¢, where the set of truth values is the unit interval [0, 1]. We write
E ¢ if [p] = 1 for any interpretation. The original formulae of fuzzy logical and
corresponding set theoretical notations are:

(1) (a) o] = ala € [0,1)); (b) [ A v] == min([g], [¥]);
(©) o — ] = min(1,1 ~ [g] + [¥]).
(2) If A e F(X), then [x € A] := A(x).
(3) If X is the universe of discourse, [Vxp(x)] := infex[p(z)].
In addition the following derived formulae are given,
(1) [ == o = 0] i= 1 = [ (2) [V @] i= [~ A =9)] 1= max([i], [4]);
(3) o =¥l =l ~ YA [ — o) (4) Brp(a)] = [Vamp(@)] = sup,ex o))
(5) if A, B € F(X), then

(a) [AC B] := [Vz(x € A — z € B)] := infex min(1, 1 — A(z) + B(x));

(b) [A= 5] = [AC B A[B C Al

where F(X) is the family of all fuzzy sets in X.

We do often not distinguish the connectives and their truth value functions
and state strictly our results on formalization as Ying did ([3, 4]). We give now
the following definitions and results in fuzzifying topology which are useful in the

rest of the present paper.

Definition 1.1.([3]) Let X be a universe of discourse, P(X) the family of
all subsets of X and 7 € F(P(X)), i.e., 7: P(X) — [0,1] satisfy the following

conditions:
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() EXernkEoer
(2) forany A, B,=(AeT)N(BeT)— ANBeT;

(3) for any {Ay: A€ A}, EVAA €A — Ay e7) — (Urer 4N) € 7.

Then 7 is called a fuzzifying topology and (X, 7) is a fuzzifying topological spaces.

Remark 1.1.([3]) The conditions in Definiton 1.1 may be rewritten respec-
tively as follows:
(1) 7(X) =1, 7(¢) = 1;
(2) for any A, B, T(ANB) > 7(A) A 7(B);
(3) for any {Ay: A€ A}, 7(Usea Ar) = AxeaT(An).

Definition 1.2.([3]) The family of fuzzifying closed sets, denoted by F €
F(P(X)), is defined as A € F := X ~ A € 7, where X ~ A is the complement
of A.

Definition 1.3.([3]) A fuzzy set A € F(X) is called normal if there exists
z € X such that A(z) = 1.

Definition 1.4.([4]) Let X be a set and v € FN(P(X x X)), ie., u :
P(X x X) — [0,1] and normal. If for any U, V C X x X,
(FUL) = (U €u) = (A CU);
(FU2) Uecu)— (Ut eu);
(FU3) Ueceu)— @V)((VeuN(VoV CU));
(FU4) Ucu)AN(Veu —-UNV e€u);
(FU5) UeuyAN(UCV)— (Veu),

then u is called a fuzzifying uniformity and (X, u) is called a fuzzifying uniform

= ( )
= ( )
= ( )
= ( )

A\
A\
space.

2. Fuzzifying Proximity Space

In this section the concept of fuzzifying proximity spaces is established and
some of its properties are discussed. Also, a fuzzifying topology induced by the

fuzzifying proximity is introduced.

Definition 2.1. Let X be a set and § € F(P(X) x P(X)), ie., § :
P(X) x P(X) — [0,1]. If for any A, B, C' € P(X), the following axioms are
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satisfied:

(FP1) |= ~(X,6) € 5

(FP2) = (A,B) € 6 < (B, A) € 4;

(FP3) F (A, BUC) €« (A,B)edV(A,C) € d;

(FP4) for every A, B C X there exists C' C X such that
E((A,C)edVv(B,X~C)ed) — (A B) € d;

(FP5) = {z} ={y} < ({«},{y}) €4,

then § is called a fuzzifying proximity on X and (X,J) is called a fuzzifying

proximity space.

Theorem 2.1. Let (X,0) be a fuzzifying proximity space. Then, we have
(1) E(A,B)e§ANBC(C — (A,C) € g
(2) (AN B) £ 6— (A, B) €5,
(3) = —d(A,9).

Proof. (1) If [B C C] =0, then the result holds. Suppose that [B C C] = 1.
Then, we have 6(A,C) =6(A,BUC) =0(A,B) V(A ,C) > (A, B).

(2) If [AN B # ¢] = 0, then the result holds. Suppose [ANB # ¢| = 1. Then
there exists x € AN B. Thus, we obtain 1 = §({z},{z}) = é({z},{z}) A[{z} C
Al < 0({z}, A) = 0(A, {z}) = (A, {z}) A[{x} € B] = 6(4, B).

(3) 6(A,¢) = (¢, A) = d(¢, A) N[A C X] < 6(¢, X) = 0. Hence, [-(4,¢) €
5] = 1.

Proposition 2.1. For every a € (0,1], 0, is a prozimity on X, where 6, is
the a-level of 9, i.e., 0o = {(A, B) : 6(A, B) > a}.

Proof. Let a be a fixed value in (0,1].

(P1) Since by (FP1) §(X,¢) = 0, then we have §(X, ¢) < a. So, (X, ) & d4.

(P2) Suppose (A, B) € 6o. Then §(A, B) > o and by (FP2) §(A,B) =06(B,A) >
a. Hence, we obtain (B, A) € d,.

(P3) Using (FP3) we have (A, BUC) € §, if and only if (A, BUC) > « if and
only if 6(A,B) V0(A,C) > « if and only if 6(A,B) > a or 6(A,C) > « if
and only if (A, B) € 04 or (A,C) € d4.

(P4) Let (A,B) ¢ 6o. Then we have 6(A,B) < « and by (FP4) there exists
C € P(X) such that §(A,B) > §(A,C) VvV o(B,X ~ C). Hence, 6(A,C) V
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(B, X ~ C) < « which implies that §(A4,C) < a and §(B, X ~ C) < «a.
So, (A,C) € o and (B, X ~ C) & 0.

(P5) Suppose z = y. Then we have [{z} = {y}] = 1. So, by (FP5) we have
0({z},{y}) = 1. Hence, ({2}, {y}) € de.

Definition 2.2. Let (X, ) be a fuzzifying proximity space. For each a €
(0,1] and A C X, we define the interior operation induced by &, denoted by
ints, :P(X) — P(X), as follows:

ints, (A) = U B,
BEP(X),(B,X~A)#84

Proposition 2.2. For every « € (0,1], the family 75, = {A: A C X and
ints, (A) = A} is a topology on X.

Proof. Let a be a fixed value in (0,1].

(1) Since int(;a (X) :UBEP(X),(B,QS)#CSQB = X and int(;& (QZS) = UBGP(X),(B,X)Q&X B
= ¢, then X €75, and ¢ € 75,,.

(2) Let A,C € 75,. Then, we obtain that

ANC = ints, (A) Nints,, (C) = U BN U G
BeP(X),(B,X~A)¢dn GeP(X),(G,X~C)¢dn
= U (BNG)= U H=ints (ANC).
BNGEP(X),(BNG,X~ANC)&dn HEP(X),(H,X~ANC)¢d4

Hence, ANC € 75,.
(3) Let {Ax : A€ A} C7s,. Now, U Ax= U ints, (Ax) Cints, (U A)), because
AEA A€A AEA
ints, is monotone (Indeed, If AC C, then ints, (A) = U B C
BEP(X),(B,X~A)Zba
B=ints,(C)). Also, ints,( U Ax) C U Ay because ints, (A) =

BEP(X),(B,X~C)&5a AEA XEA
U B = U B = U B = A for any A €
BeP(X),(B,X~A)¢6a  BEP(X),BN(X~A)=¢ BeP(X),BCA

P(X). Hence | Ay € 75,.
AEA

Theorem 2.1. Let (X,d) be a fuzzifying proximity space. The mapping
75 : P(X) — [0,1] defined by: 15(A) = SUDae(0,1),Aers, @ 18 @ fuzzifying topology
and is called the fuzzifying topology induced by the fuzzifying proximity ¢.
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Proof. (1) 75(X) = sup a=175(¢p) = sup a=1
ae(0,1],X eTs,, a€g(0,1],6€7s,,
(2) 5(ANB) = sup a > sup a = sup a A
a€(0,1], ANB € 75, ae(0,1], AeTs,,, BEeTs, a€(0,1),A€ 15,

sup a = 15(A) AN 15(B).
a€(0,1], Bets,
(3) Let {Ax: A€ A} C P(X). Then we have

75 ( U Ay) = sup o> sup o= /{nf\ sup o
AEA a€(0,1],\Jy cp ArETs a€(0,1],Axers, AeA A ae(0,1],A\ETsq
= inf 75(Ay).
AEA 6( )\)

Definition 2.3. Let (X,6) and (Y,6*) be a fuzzifying proximity spaces. A
unary fuzzy predicate PC € F(YX), i.e., PC : YX — [0,1] and YX is the set
of all functions from X to Y, is called a fuzzifying proximal continuity and is
defined as follows: f € PC :=V(A,B)((A,B) € § — (f(A), f(B)) € 6).
Intuitively, the degree to which f is proximal continuous is

P = inf in(1,1 — (A, B *(f(A), f(B))).
CUP = B min(L 1= 6(4,B) +5°(£(A). £(B))
Theorem 2.2.
(1) EVf(f e PC —=VYalae (0,1] — (1 —a)V H*(f))), where

1 dff:(X,0q) — (Y, 5730(f)—(1—a)) is prozimal continuous when
HY(f)=4 PC(f)>1-a ;

0 otherwise

(2) if PC(f) =1, then EVf(f € PC < Va(a € (0,1] — (1 —«a) VvV H*(f)));
) EVf(Va(a € (0,1] — (1 —a) NH(f)) — f € PC).

Proof. (1) Suppose PC(f) = . Then for each (A, B) € P(X) x P(X) such
that (A, B) € d, we have, 1 — §(A, B) + 0*(f(A4), f(B)) > v, 6*(f(A), f(B)) >
v+0(A,B)—1>~v+a—-1=7—(1—a). fy<1—q,theny < (1—a)VH*f)
and if y > 1 —a, then (1 — )V H*(f) = (1 —a) V1 > . Hence, inf e 1)((1 -
&)V H(/)) > 7.

(2) If PC(f) =1, then PC(f) > inf,ec(o1)((1—a)V H*(f)). Using (1) above
we obtain that PC(f) = inf,ec,1)((1 — ) V H*(f)).
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(3)If1—a <+, then (1—a)VH*(f) <~vyandif l—a > =, then (1—a)A0 < 7.
Hence, infoepo1)((1 — o) AH(f)) <.

Corollary 2.1. PC(f) =1 if and only if for each o € (0,1], f : (X,d0) —

(Y,6}) is proxzimal continuous.

Proof. From Theorem 2.2 (2), PC(f) = 1 = inf,¢o1)((1 — ) V H*(f)).
Then for each a € (0,1], (1—a)VH*(f) = 1 implies H*(f) = 1. This implies that
f:(X,0q) — (Y,0}) is proximal continuous. Conversely, if for each a € (0,1]
then function f: (X,d0,) — (Y,0}) is proximal continuous, then H*(f) = 1. So
PC(f) =infoeo((1—a) V1) =1

3. Strong Fuzzifying Uniform Spaces

In this section we give a conuterexample to illustrate that there exists some
a-level of the fuzzifying uniformity in sense of Ying [4] which is not a uniformity.
Then we introduce and study a type of fuzzifying uniformity stonger than Ying’s
one with respect to which each a-level is a uniformity. Besides, a fuzzifying
topology induced by the strong fuzzifying uniformity is introduced. Further, the
connections between the fuzzifying proximity, the strong fuzzifying uniformity

and the corresponding fuzzifying topologies are considered.

Counterexample 3.1. Consider the subsets U and V,, of [0, 1] x[0, 1] defined
as follows: U = [0,1] x [0,1] —{(0,1)} and V, = AU{(n,d) : n € (o,1) and ¢ €
(0,1]}U{(6,¢) : 6 € (0,1] and ¢ € (e, 1)} for each o € (0, 1). Define the fuzzifying

uniformity in sense of Ying on [0,1] as follows:

1, if H € {[0,1] x [0,1,U,U Y, UNU'};
uH)=91—a, ifH=V,orif HOV,and H 2 V. where a > o*;

0, otherwise

We note that V,, = Va_l, ifag > ay. ThenV,, CV,, and V,, C UnU~L. Also,
for each o € (0,1), VooV, C UNU! because (0,1) & Vo0V, and (1,0) & V0V,
For each H D V,, and H 2 V}, where a < o* we have u(H) = u(H!). Now, the
I-level of u denoted by u; = {[0,1] x [0,1],U, U, U N U~'}. There is no subset
G € uq such that Go G C U. So u; is not uniformity.



90 F. H. KHEDR, K. M. ABD EL-HAKEIM, F. M. ZEYADA AND O. R. SAYED

In the following we introduce a fuzzifying uniform space stronger than Ying’s

one.

Definition 3.1. Let X be aset and u € FV(P(Xx X)), i.e., u: P(XxX) —
[0,1] and normal. If for any U,V C X x X,
(FUL) = (U €u) = (A CU);
(FU2) &= (U eu) — (U € u);
FU)*=Ueu) - FV)((VeHCPXxX)ANV euANVoV CU)
where C stands for “a finite subset of”;

(FU4) E (U eu)AN(Veu - UNV eu);

(FU5) E(U eu)AN(UCV)— (Veu),

then w is called strong fuzzifying uniformity and (X, u) is called strong fuzzifying

uniform space.

Remark 3.1. In Counterexample 3.1 u is a fuzzifying uniformity in the

sense of Ying but it is not a strong fuzzifying uniformity.

Theorem 3.1. Let (X,u) be a strong fuzzifying uniform space. Then for

each a € (0,1], the a-level of u denoted by ue is a classical uniformity on X.

Proof. Let o € (0,1]. Since w is normal, then there exists U € P(X x X)
such that u(U) =1 > «a. Thus U € u, and so uy # ¢.

(Ul) Let U € uqy. Then u(U) > « and so from (FU1), we have [A C U] = 1.

(U2) Let U € u,. Then from condition (FU2), u(U™') > u(U) > a. Then
U™l e u,.

(U3) Let U € uq. Then from condition (FU3)*, supy ¢ e pixxx)(u(V)A[VoV C
Ul) >u(U) > a.

Then there exists Vo € H such that u(Ve) A [Ve o Vs C U] > a. Hence, we obtain

that Vy € u, and [Ve o Vo CU| = 1.

(U4) Let U, V € uq. From condition (FU4), w(UNV) > uw(U) Au(V) > a. So,
UNV € u,.

(U5) Let U € uq and [U C V] = 1. Using (FU5) w(V) > w(V)A[U C V] =
u(U) > a. So, V € ug.
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Theorem 3.2. Let (X, u) be a strong fuzzifying uniform space. The fuzzy set
Tu € F(P(X)), defined by: Tu,(A) = SUPae(0,1], Acra ¥ 5 @ fuzzifying topology. It
18 called the fuzzifying topology induced by the strong fuzzifying uniformity u.

Proof. (1) Since X,¢ € 7,, for each a € (0,1], then we have 7,(X) =

sup a=1and 7,(¢) = sup a=1.

OLE(O,H,XGTu& ae(O,l},q&Gma

(2) Tu(ANB)= sup a sup  aA sup o =7y (A)ATy(B).

a€(0,1],ANBETy, a€(0,1],AETy, a€(0,1],BETuq
(3) Tu(Urea Ax) = sup a> sup a=inf  sup a=
a€(0,1],\ycp ArETuq  @€(0,1],AxETuq AEA AEA a€(0,1],AxETuq

inf 7,(Ay).
e i)

Theorem 3.3. Let §,,, be the proximity induced by the uniformity u,. Then

the mapping 6, : P(X)xP(X)—10,1], defined by 6,(A, B)= sup a, is
a€(0,1],(A,B)Ebu,
a fuzzifying proximity. It is called the fuzzifying proximity induced by the strong

fuzzifying uniformity u.

Proof. (FPl) 5u(X, gb) = SupaE(O,l},(X,qb)E(sua a = 0.
(FP2) It is clear that 6,(A, B) = §,(B, A), because (A, B) € 0, if and only if
(B, A) € dy,.

(FP3) 0,(A,BUC) = sup o= sup e
a€(0,1],(A,BUC)Edy,, a€(0,1],(A,B)Edu, O (A,C)Edy,,

= sup aV sup a=0,(A4,B)Vi(AC).
a€(0,1](A,B)Edy,, a€(0,1],(A,C)Ebuqy

(FP4) Assume (A, B) € d,,,- Then there exists C € P(X) such that (4,C) & 6,
and (B, X ~ C) & §,,. So, for every C € P(X) such that (A,C) €
Ou, Or (B, X ~ C) € &, implies (A,B) € 6,,. Therefore, 6,(A,B) =

sup o> sup o= sup aV
a€(0,1],(A,B)Eduq a€(0,1],(A,C)Eduy OF (B,X~C)Ebu, a€(0,1],(A,C)Eduq
sup a=0,(A,C)NI (B, X ~C).

a€(0,1],(B,X~C)Edu,
(FP5) Suppose [{z} = {y}] = 1. Then =z = y. So, ({z},{y}) € ., for any
a € (0,1]. Therefore, 0,({z},{y}) = sup a = 1. Again,
a€(0,1],({z},{y})Eduq
assume [{z} = {y}] = 0. Then = # y. So, ({z},{y}) & 0., for any
a € (0,1]. Hence, 6,({z},{y}) = sup a=0.
a€(0,1],({z},{y})€dua
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Theorem 3.4. The mapping us : P(X x X) — [0,1] defined by us(U) =
sup «a 1s a strong fuzzifying uniformity. It is called the strong fuzzifying
a€(0,1],U€cus,,
uniformity induced by the fuzzifying prozimity J.

Proof. (FU1) If us(U) = supue(o,1],veus, @ > 0, then there exists aq € (0, 1]
such that ae > 0 and U € ug,,. So, A C U. Hence, [A C U] =1 > us(U).
(FU2) us(U) = sup a= sup a=us(U1).
a€(0,1],U€wus,, a€(0,1],U - eus,

(FU3)* us(U) = sup a. Now for each U € us, there exists V € P(X x
a€(0,1],U€us,,
X) such that VoV C U and V € us,. So, us(U) = sup a <
a€(0,1],U€cus,,

sup sup o= sup us(V).
VEHCP(X xX),VoVCU a€(0,1],Veus, VEHCP(XxX),VoVCU
(FU4) usg(UNV) = sup a > sup a > sup a A
ae(0,11,UNVeus, ac(0,1),Ueus,, ,VEus,, a€(0,1],Veus,
sup a=us(U) Nus(V).
ae(0,1],Veus,
(FU5) Suppose [U C V] = 1. Then us(U) = sup a < sup a =
a€(0,1],U€us,, a€(0,1],Veus,
us(V).

Theorem 3.5. Let (X, u) be a strong fuzzifying uniform space, (X,0) be a
fuzzifying proximity space, us be the strong fuzzifying uniformity induced by § and

Oy be the fuzzifying proximity induced by u. Then = T, = 75, .

Proof. 7,,(A4) = SUPag (0,1],A€7ys, & = SUPac(0,1],A€75,, ¥ = Tou (A).
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