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Abstract

The main aim of this work is to derive the g-recurrence relations, g-partial derivative relations
and summation formula of bibasic Humbert hypergeometric function ®; on two independent
bases g and ¢1 of two variables and some developments formulae, believed to be new, by using
the conception of g-calculus.
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1 Introduction

The basic analogous of Appell functions were defined and studied by Jackson [7, 8]. In [18, 20,
19], Srivastava defined and investigated bibasic g-Appell functions. In that paper we had shown
that an Humbert confluent hypergeometric series with two basis can be reduced to an expression
with only one base. We had also given an expansion formula for the Humbert hypergeometric
function. For most of the notations and definitions needed in this work, the reader is referred to
the papers by Agarwal et al. [1], Andrews [2], Thomas Ernst [3, 4], Ghany [6], Sahai and Verma
[13], Jain [10], Purohit [11], Verma and Sahai [22], Yadav et al. [23], Srivastava and Shehata [21],
and to the book by Gasper and Rahman [5]. Recently, Shehata investigated the (p, ¢)-Humbert,
(p, q)-Bessel functions in [15, 16]. In [14, 17], Shehata introduced for basic Horn functions Hs,
H,, Hs and H;. Motivated by the aforementioned work, we derive the g-recurrence relations,
g-derivatives formulas, g-partial derivative relations, and summation formula for these bibasic
Humbert confluent hypergeometric function ®; on two independent bases ¢ and ¢;. We think
these results are not found in the literature.

For 0 < |¢| < 1, g € C, the g-shifted factorial (¢*; q) is defined as

k—1
a ol =q*t7), kE>1;
(% Q) = { HT_O( q*") =

1 k=0

’ ’ 1
_ (1_qa)(1_qa+1)'“(1_qa—i—k—l)’ keN7qa EC\{laq_laq_27"'aql_k}; ( )
] 1, k=0,a€C,

where C and N are the sets of complex and natural numbers.

Let f be a function defined on a subset of the real or complex plane. We define the g-derivative
also referred to as the Jackson derivative [9] as follows

f(z) — f(gz)
(1-q)z

For n > 0 and k > 0, the relation is given by (Rainville [12])

SN Ake,n) =D Ak, n — k). (3)

n=0 k=0 n=0 k=0

D f(z) = ,x # 0. (2)

For0 < |q| < 1,0 < |¢1] < 1, ¢, q1 € C, we define the bibasic Humbert hypergeometric function @4
on two independent bases ¢ and ¢; as follows

(0% Q) err (225 q1)e
(0% @) eri(qr;a1)e(q; Ok

o0
O1(g" 0% a1 y) = Y A LeT g (4)

£,k=0
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2 Main Results

Here we show that these results can be utilized to derive certain formulae results with the basic
analogue of the bibasic Humbert confluent hypergeometric function ®; on two independent bases
q and ¢; of two variables.

Theorem 2.1. The following relations for ®, are true

®1(¢" ¢ a5 q, @1, 7, y)
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Proof. We first prove identity (5). Using the relations

(¢“ @) o1 = (1= ¢V (@" 5 @) ek,

(€% @)1 = (1= )@ @) s,
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we have

®1(¢“ T, @ % a2 y) — @i, a5 0 qr, 2, y)
oo
1-— q“k} (@ @ern(adlsa)e o g
= qa |: x
ZO (

b

Ao L= 1 (@5 a)ern(qus ar)e(g @r
_ a0 dewnldia)e g, 4" i (4" ek (g a)e o,
1—q* 2= (0% Derr1(a15 1) (G Ok 1—q% 2= (0% Dol a1)e(q; a)r

a

= (@%@ ar)e 00 Nk
- qz)"(qy)”",
1—q° eéo (qc; Q)£+k(q1§ Q1)£(Q; Q)k( ( )

"y 1 b ‘
(I)l (qa ,q 1— qa

1 g Vet g g T y) + ®1(q", 475 4% ¢, @1, 7, qy)

a

iU 915 4% 4, 1, 4%, 4y)-

In a similar way to the proof of equation (5), we obtain the relations (6)-(8) O

Theorem 2.2. The relations for ®; hold true

(1—q")®1(¢"", ab5¢% ¢, a1, 2, y)
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Proof. From the definition of (4) and using the relationship

1 _ q071 _ 1 _ qc+5+k71 1
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we get
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e O A L ST ULN S A NI )
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Similarly, we obtain the results (10)-(13). O

Theorem 2.3. The following relations hold true

(1—g)®1(¢" "5 0% 0 a1, 2, y) =®1(¢%, ¢35 4% ¢, @1, 2, )
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— ®1(q", a¥; 4% 4, 1, u s ),
1(¢", a5 4% q, 1,2, y) =P1(q% a¥5 4% 4, 1, 2, Y)
b _ aa 15)
xqi(1 —gq (
(E(_qc))fb @ d g q e y), @ #1,
and
1(¢", a7 5% 0. a1, y) =1(¢%, @3 4% 4 a1 1w, y)
z(1—¢° (16)
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Proof. Using the relation
(@ q) e =1 =)@ a)e= (1= a7 ) (e a)e
and (4), we have
o0
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In a similar manner, we get the subsequent results (15)-(16). O
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Theorem 2.4. The g-derivatives relations for ®; hold

wq}l( a+r _bir
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Iterating this g-derivative on @, for r-times and s-times, we obtain (18) and (19). The g-derivatives
given by (20) can be easily obtained. O
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Theorem 2.5. The g-differential recursion relations for ®, hold

D40, ®1(¢% ¢ 4% 4, 01,7, y)

1- qb a c a c (23>
- (71)1) |:(I)1(q 5ql1)+1;q ;Qaqlaxay) - (I)l(q aqlqu Wﬂha%y)} )
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(1 - (h)
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Proof. From (21) and (16), we get (23). Similarly, we obtain the results (24)-(26). O
Theorem 2.6. the following relations for & hold:
(1—¢"N21(¢*, ¢%:¢° "0, qu, m, 2y) 27)
=(1—¢"HPi(¢*,¢};a% 0. 1, 2, 2y) + (1 — )" 2D, o @1(¢%, 43 4% 4, a1, T, TY),
(1—¢")®1(¢"" ", q¥5¢% ¢, q1, @, 2y) (28)
=(1-q¢)1(¢", 4}:¢% ¢, a1, 2, 2y) + (1 — Q)" w Dy g®1(q%, 675 4% 0, q1, @, 7Y),
(1=g)®1(¢" a7 a% 0. a1, 2, y) (29)
=(1—-g)®1(¢" a¥:¢% ¢ q1.7,y) + ¢?(1 — q1)2 Dy g, ®1(¢%, 433 4% 4, a1, T, Y),
and
1 - )@ (¢ &% ¢, ¢,
(1-q))®1(¢", 7" 5 4% ¢, q1, 2, y) (30)

= (1= q1)2Dy q,®1(¢" a¥5¢% ¢, a1, 7,y) + (1 — ¢)®1(q" ¢¥3 ¢ ¢, q1. 1, ).
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Proof. From (4), we have

(1—¢“HP1(¢*, &0 0, qr, z, 2y)
o0

Z (4% @) err(@2 qn)e Lk k

Y
o (@5 Derr—1(a13 1) (5 )
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>
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= (1= (g%, a1:4% ¢, a1, @, 2y) + (1 = @)¢° ' wDa @1 (q”, 415 4% 4, a1, 7, 2).
Similarly, we obtain the results (28)-(30). O
Theorem 2.7. The summation formula for ®, hold true

o0

z q yq1)e

®1(q" 4% 4% ¢, q1,7,Y) E el qi qli Fo®i (g™, 0;¢° T q,y). (32)
e b

Proof. We start with the definition of ®; and using (3), we have

a+€ b.
s a)k(a1;91)e 2,k
®1(¢% 47545 4 a1, 7, y) 'y
@254 EZO “*",q) (qa)e(@ e~
— (4% 9)e(adsa)e 4 @ as 23
z(c SN A @
=0 Delaa)e = @ Or(G Ok
> a
q59)e\q1591)e
:Z( - Jeldiidi)e o 2®1(q°1, 0,5, y).
= (0% 0)e(a1; 1)
O

3 Concluding remarks

We conclude with the remark that the technique used here can be employed to yield a variety
of interesting results involving the relations of the family for the bibasic Humbert hypergeometric
function @, of two variables. As with the bibasic Humbert hypergeometric function ®,, these
recursion formulas may find applications in numerous branches of mathematics, mathematical
physics, engineering, and associated areas of study.
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