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Abstract

The main aim of this work is to derive the q-recurrence relations, q-partial derivative relations
and summation formula of bibasic Humbert hypergeometric function Φ1 on two independent
bases q and q1 of two variables and some developments formulae, believed to be new, by using
the conception of q-calculus.
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1 Introduction

The basic analogous of Appell functions were defined and studied by Jackson [7, 8]. In [18, 20,
19], Srivastava defined and investigated bibasic q-Appell functions. In that paper we had shown
that an Humbert confluent hypergeometric series with two basis can be reduced to an expression
with only one base. We had also given an expansion formula for the Humbert hypergeometric
function. For most of the notations and definitions needed in this work, the reader is referred to
the papers by Agarwal et al. [1], Andrews [2], Thomas Ernst [3, 4], Ghany [6], Sahai and Verma
[13], Jain [10], Purohit [11], Verma and Sahai [22], Yadav et al. [23], Srivastava and Shehata [21],
and to the book by Gasper and Rahman [5]. Recently, Shehata investigated the (p, q)-Humbert,
(p, q)-Bessel functions in [15, 16]. In [14, 17], Shehata introduced for basic Horn functions H3,
H4, H6 and H7. Motivated by the aforementioned work, we derive the q-recurrence relations,
q-derivatives formulas, q-partial derivative relations, and summation formula for these bibasic
Humbert confluent hypergeometric function Φ1 on two independent bases q and q1. We think
these results are not found in the literature.

For 0 < |q| < 1, q ∈ C, the q-shifted factorial (qa; q)k is defined as

(qa; q)k =

{ ∏k−1
r=0(1− qa+r), k ≥ 1;

1, k = 0,

=

{
(1− qa)(1− qa+1) . . . (1− qa+k−1), k ∈ N, qa ∈ C \ {1, q−1, q−2, . . . , q1−k};
1, k = 0, a ∈ C,

(1)

where C and N are the sets of complex and natural numbers.

Let f be a function defined on a subset of the real or complex plane. We define the q-derivative
also referred to as the Jackson derivative [9] as follows

Dqf(x) =
f(x)− f(qx)

(1− q)x
, x 6= 0. (2)

For n ≥ 0 and k ≥ 0, the relation is given by (Rainville [12])

∞∑
n=0

∞∑
k=0

A(k, n) =

∞∑
n=0

n∑
k=0

A(k, n− k). (3)

For 0 < |q| < 1, 0 < |q1| < 1, q, q1 ∈ C, we define the bibasic Humbert hypergeometric function Φ1

on two independent bases q and q1 as follows

Φ1(qa, qb1; qc; q, q1, x, y) =

∞∑
`,k=0

(qa; q)`+k(qb1; q1)`
(qc; q)`+k(q1; q1)`(q; q)k

x`yk, qc 6= 1, q−1, q−2, . . . . (4)
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2 Main Results

Herewe show that these results can be utilized to derive certain formulae results with the basic
analogue of the bibasic Humbert confluent hypergeometric function Φ1 on two independent bases
q and q1 of two variables.

Theorem 2.1. The following relations for Φ1 are true

Φ1(qa+1, qb1; qc; q, q1, x, y)

= Φ1(qa, qb1; qc; q, q1, x, y) +
qay

1− qc
Φ1(qa+1, qb1; qc+1; q, q1, x, y)

+
qa

1− qa
Φ1(qa, qb1; qc; q, q1, x, qy)− qa

1− qa
Φ1(qa, qb1; qc; q, q1, qx, qy), qa, qc 6= 1,

(5)

Φ1(qa+1, qb1; qc; q, q1, x, y)

=
1

1− qa
Φ1(qa, qb1; qc; q, q1, x, y)− qa

1− qa
Φ1(qa, qb1; qc; q, q1, qx, y)

+
qay

1− qc
Φ1(qa+1, qb1; qc+1; q, q1, qx, y), qa, qc 6= 1,

(6)

Φ1(qa, qb1; qc−1; q, q1, x, y)

= Φ1(qa, qb1; qc; q, q1, x, y) +
qc−1(1− qa)y

(1− qc−1)(1− qc)
Φ1(qa+1, qb1; qc+1; q, q1, x, y)

+
qc−1

1− qc−1
Φ1(qa, qb1; qc; q, q1, x, qy)− qc−1

1− qc−1
Φ1(qa, qb1; qc; q, q1, qx, qy), qc, qc−1 6= 1,

(7)

and

Φ1(qa, qb1; qc−1; q, q1, x, y)

=
1

1− qc−1
Φ1(qa, qb1; qc; q, q1, x, y)− qc−1

1− qc−1
Φ1(qa, qb1; qc; q, q1, qx, y)

+
qc−1(1− qa)y

(1− qc−1)(1− qc)
Φ1(qa+1, qb1; qc+1; q, q1, qx, y), qc, qc−1 6= 1.

(8)

Proof. We first prove identity (5). Using the relations

(qa; q)`+k+1 = (1− qa)(qa+1; q)`+k,

(qc; q)`+k+1 = (1− qc)(qc+1; q)`+k,
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we have

Φ1(qa+1, qb1; qc; q, q1, x, y)− Φ1(qa, qb1; qc; q, q1, x, y)

= qa
∞∑

`,k=0

[
1− q`+k

1− qa

]
(qa; q)`+k(qb1; q1)`

(qc; q)`+k(q1; q1)`(q; q)k
x`yk,

=
qa

1− qa

∞∑
`,k=0

(qa; q)`+k+1(qb1; q1)`
(qc; q)`+k+1(q1; q1)`(q; q)k

x`yk+1 +
qa

1− qa

∞∑
`,k=0

(qa; q)`+k(qb1; q1)`
(qc; q)`+k(q1; q1)`(q; q)k

x`(qy)k

− qa

1− qa

∞∑
`,k=0

(qa; q)`+k(qb1; q1)`
(qc; q)`+k(q1; q1)`(q; q)k

(qx)`(qy)k,

=
qay

1− qc
Φ1(qa+1, qb1; qc+1; q, q1, x, y) +

qa

1− qa
Φ1(qa, qb1; qc; q, q1, x, qy)

− qa

1− qa
Φ1(qa, qb1; qc; q, q1, qx, qy).

In a similar way to the proof of equation (5), we obtain the relations (6)-(8)

Theorem 2.2. The relations for Φ1 hold true

(1− qa)Φ1(qa+1, qb1; qc; q, q1, x, y)

= (1− qa+1−c)Φ1(qa, qb1; qc; q, q1, x, y) + qa+1−c(1− qc−1)Φ1(qa, qb1; qc−1; q, q1, x, y),
(9)

Φ1(qa, qb1; qc+1; q, q1, x, y)

= qcΦ1(qa, qb1; qc+1; q, q1, qx, qy) + (1− qc)Φ1(qa, qb1; qc; q, q1, x, y),
(10)

Φ1(qa−1, qb1; qc; q, q1, x, y)

= qa−1Φ1(qa−1, qb1; qc; q, q1, qx, qy) + (1− qa−1)Φ1(qa, qb1; qc; q, q1, x, y),
(11)

(1− qa)Φ1(qa+1, qb1; qc+1; q, q1, x, y)

= (1− qa−c)Φ1(qa, qb1; qc+1; q, q1, x, y) + qa−c(1− qc)Φ1(qa, qb1; qc; q, q1, x, y),
(12)

and

q−c(1− qa)Φ1(qa+1, qb1; qc+1; q, q1, x, y)

= (1− qa−c)Φ1(qa, qb1; qc+1; q, q1, qx, qy) + q−c(1− qc)Φ1(qa, qb1; qc; q, q1, x, y).
(13)

Proof. From the definition of (4) and using the relationship

1− qc−1

(qc−1; q)`+k
=

1− qc+`+k−1

(qc; q)`+k
=

1

(qc; q)`+k−1
,

we get
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qa+1−c(1− qc−1)Φ1(qa, qb1; qc−1; q, q1, x, y)

=

∞∑
`,k=0

(qa+1−c − qa+`+k)(qa; q)`+k(qb1; q1)`
(qc; q)`+k(q1; q1)`(q; q)k

x`yk,

=

∞∑
`,k=0

(1− qa+`+k)(qa; q)`+k(qb1; q1)`
(qc; q)`+k(q1; q1)`(q; q)k

x`yk −
∞∑

`,k=0

(1− qa+1−c)(qa; q)`+k(qb1; q1)`
(qc; q)`+k(q1; q1)`(q; q)k

x`yk,

= (1− qa)Φ1(qa+1, qb1; qc; q, q1, x, y)− (1− qa+1−c)Φ1(qa, qb1; qc; q, q1, x, y).

Similarly, we obtain the results (10)-(13).

Theorem 2.3. The following relations hold true

(1− qb1)Φ1(qa, qb+1
1 ; qc; q, q1, x, y) =Φ1(qa, qb1; qc; q, q1, x, y)

− qb1Φ1(qa, qb1; qc; q, q1, q1x, y),
(14)

Φ1(qa, qb+1
1 ; qc; q, q1, x, y) =Φ1(qa, qb1; qc; q, q1, x, y)

+
xqb1(1− qa)

(1− qc)
Φ1(qa+1, qb+1

1 ; qc+1; q, q1, x, y), qc 6= 1,
(15)

and

Φ1(qa, qb+1
1 ; qc; q, q1, x, y) =Φ1(qa, qb1; qc; q, q1, q1x, y)

+
x(1− qa)

(1− qc)
Φ1(qa+1, qb+1

1 ; qc+1; q, q1, x, y), qc 6= 1.
(16)

Proof. Using the relation

(qb1; q1)`+1 = (1− qb1)(qb+1
1 ; q1)` = (1− qb+`

1 )(qb1; q1)`

and (4), we have

(1− qb1)Φ1(qa, qb+1
1 ; qc; q, q1, x, y) =

∞∑
`,k=0

(qa; q)`+k(qb1; q1)`
(qc; q)`+k(q1; q1)`(q; q)k

x`yk

− qb1

∞∑
`,k=0

(qa; q)`+k(qb1; q1)`
(qc; q)`+k(q1; q1)`(q; q)k

(q1x)`yk,

= Φ1(qa, qb1; qc; q, q1, x, y)− qb1Φ1(qa, qb1; qc; q, q1, q1x, y).

(17)

In a similar manner, we get the subsequent results (15)-(16).
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Theorem 2.4. The q-derivatives relations for Φ1 hold

Dr
x,q1Φ1(qa, qb1; qc; q, q1, x, y) =

(qa; q)r(qb1; q1)r
(1− q1)r(qc; q)r

Φ1(qa+r, qb+r
1 ; qc+r; q, q1, x, y), (18)

Ds
y,qΦ1(qa, qb1; qc; q, q1, x, y) =

(qa; q)s
(1− q)s(qc; q)s

Φ1(qa+s, qb1; qc+s; q, q1, x, y), (19)

and

Dr
x,q1D

s
y,qΦ1(qa, qb1; qc; q, q1, x, y) =

(qa; q)r+s(q
b
1; q1)r

(1− q1)r(1− q)s(qc; q)r+s
Φ1(qa+r+s, qb+r

1 ; qc+r+s; q, q1, x, y).

(20)

Proof. Using the q-derivative in (3), we get

Dx,q1Φ1(qa, qb1; qc; q, q1, x, y) =

∞∑
`,k=0

1− q`1
1− q1

(qa; q)`+k(qb1; q1)`
(qc; q)`+k(q1; q1)`(q; q)k

x`−1yk,

=

∞∑
`,k=0

1

1− q1

(qa; q)`+k+1(qb1; q1)`+1

(qc; q)`+k+1(q1; q1)`(q; q)k
x`yk,

=
(1− qa)(1− qb1)

(1− q1)(1− qc)

∞∑
`,k=0

(qa+1; q)`+k(qb+1
1 ; q1)`

(qc+1; q)`+k(q1; q1)`(q; q)k
x`yk,

=
(1− qa)(1− qb1)

(1− q1)(1− qc)
Φ1(qa+1, qb+1

1 ; qc+1; q, q1, x, y).

(21)

and

Dy,qΦ1(qa, qb1; qc; q, q1, x, y) =

∞∑
`=0,k=1

1

1− q

(qa; q)`+k(qb1; q1)`
(qc; q)`+k(q1; q1)`(q; q)k−1

x`yk−1,

=
(1− qa)

(1− q)(1− qc)

∞∑
`,k=0

(qa+1; q)`+k(qb1; q1)`
(qc+1; q)`+k(q1; q1)`(q; q)k

x`yk,

=
(1− qa)

(1− q)(1− qc)
Φ1(qa+1, qb1; qc+1; q, q1, x, y).

(22)

Iterating this q-derivative onΦ1 for r-times and s-times, we obtain (18) and (19). The q-derivatives
given by (20) can be easily obtained.
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Theorem 2.5. The q-differential recursion relations for Φ1 hold

xDx,q1Φ1(qa, qb1; qc; q, q1, x, y)

=
(1− qb1)

(1− q1)qb1

[
Φ1(qa, qb+1

1 ; qc; q, q1, x, y)− Φ1(qa, qb1; qc; q, q1, x, y)

]
,

(23)

xDx,q1Φ1(qa, qb1; qc; q, q1, x, y)

=
(1− qb1)

(1− q1)

[
Φ1(qa, qb+1

1 ; qc; q, q1, x, y)− Φ1(qa, qb1; qc; q, q1, q1x, y)

]
,

(24)

Dy,qΦ1(qa, qb1; qc; q, q1, x, y)

=
1

1− q

[
(1− qa−c)

(1− qc)
Φ1(qa, qb1; qc+1; q, q1, x, y) + qa−cΦ1(qa, qb1; qc; q, q1, x, y)

]
, qc 6= 1,

(25)

and

Dy,qΦ1(qa, qb1; qc; q, q1, x, y)

=
1

1− q

[
qc(1− qa−c)

(1− qc)
Φ1(qa, qb1; qc+1; q, q1, qx, qy) + Φ1(qa, qb1; qc; q, q1, x, y)

]
, qc 6= 1.

(26)

Proof. From (21) and (16), we get (23). Similarly, we obtain the results (24)-(26).

Theorem 2.6. the following relations for Φ1 hold:

(1− qc−1)Φ1(qa, qb1; qc−1; q, q1, x, xy)

= (1− qc−1)Φ1(qa, qb1; qc; q, q1, x, xy) + (1− q)qc−1xDx,qΦ1(qa, qb1; qc; q, q1, x, xy),
(27)

(1− qa)Φ1(qa+1, qb1; qc; q, q1, x, xy)

= (1− qa)Φ1(qa, qb1; qc; q, q1, x, xy) + (1− q)qaxDx,qΦ1(qa, qb1; qc; q, q1, x, xy),
(28)

(1− qb1)Φ1(qa, qb+1
1 ; qc; q, q1, x, y)

= (1− qb1)Φ1(qa, qb1; qc; q, q1, x, y) + qb1(1− q1)xDx,q1Φ1(qa, qb1; qc; q, q1, x, y),
(29)

and

(1− qb1)Φ1(qa, qb+1
1 ; qc; q, q1, x, y)

= (1− q1)xDx,q1Φ1(qa, qb1; qc; q, q1, x, y) + (1− qb1)Φ1(qa, qb1; qc; q, q1, q1x, y).
(30)
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Proof. From (4), we have

(1− qc−1)Φ1(qa, qb1; qc−1; q, q1, x, xy)

=

∞∑
`,k=0

(qa; q)`+k(qb1; q1)`
(qc; q)`+k−1(q1; q1)`(q; q)k

x`+kyk,

=

∞∑
`,k=0

(1− qc+`+k−1)(qa; q)`+k(qb1; q1)`
(qc; q)`+k(q1; q1)`(q; q)k

x`+kyk,

=

∞∑
`,k=0

(1− qc−1 + qc−1(1− q`+k))(qa; q)`+k(qb1; q1)`
(qc; q)`+k(q1; q1)`(q; q)k

x`+kyk,

= (1− qc−1)Φ1(qa, qb1; qc; q, q1, x, xy) + (1− q)qc−1xDx,qΦ1(qa, qb1; qc; q, q1, x, xy).

(31)

Similarly, we obtain the results (28)-(30).

Theorem 2.7. The summation formula for Φ1 hold true

Φ1(qa, qb1; qc; q, q1, x, y) =

∞∑
`

(qa; q)`(q
b
1; q1)`

(qc; q)`(q1; q1)`
x`

2Φ1(qa+`, 0; qc+`; q, y). (32)

Proof. We start with the definition of Φ1 and using (3), we have

Φ1(qa, qb1; qc; q, q1, x, y) =

∞∑
`,k=0

(qa; q)`(q
a+`; q)k(qb1; q1)`

(qc; q)`(qc+`; q)k(q1; q1)`(q; q)k
x`yk,

=

∞∑
`=0

(qa; q)`(q
b
1; q1)`

(qc; q)`(q1; q1)`
x`
∞∑
k=0

(qa+`; q)k
(qc+`; q)k(q; q)k

yk,

=

∞∑
`=0

(qa; q)`(q
b
1; q1)`

(qc; q)`(q1; q1)`
x`

2Φ1(qa+`, 0; qc+`; q, y).

(33)

3 Concluding remarks

We conclude with the remark that the technique used here can be employed to yield a variety
of interesting results involving the relations of the family for the bibasic Humbert hypergeometric
function Φ1 of two variables. As with the bibasic Humbert hypergeometric function Φ1, these
recursion formulas may find applications in numerous branches of mathematics, mathematical
physics, engineering, and associated areas of study.
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