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Abstract  The main objective of this paper is to construct new analogous definitions
of the families of Humbert functions using the generating function method as the starting
point. We study a class of various results in the family of Humbert functions with the
help of the families of generating functions, explicit representations, especially differential
recurrence relations and study some of the significant properties of this family of func-

tions.
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1 Introduction

In [3,4,7,9], the Humbert functions are defined by the generating function

exp {g (u—l—t— %)} = Z Tomn (z)u™t".

m,n=-—o0
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It is a well-known fact that the Humbert function is defined as
m—+n 3
T 1 T
Jm.n = | = — I} 1, 1;—
2@=(5) troreey (o)

3
[e5s} (_1)k; T m+n-+3k
,; m+k+1)r(n+k+1)(§) '

We now make use of the Mellin-Barnes contour integral for the Gamma function (see, for details, ( [5, p.
17, equation 2.7(4)], | and [8, p. 219, Equation 4.1(5)]):
1 1 o+ioco

- t,—a
[(a) 2mi bt

T —100

where Re(a) > 0 and o > 0, the contour in the complex s-plane is of the familiar Mellin-Barnes type.
The subject of generating relations plays an important role in the development and study of special
functions. We will further generalize the class of Bessel functions, by using the same approach as
exposed above, to define the family of generalized Humbert functions of different types.

2 Definitions of new Humbert functions and their properties

In this section, we apply the generating functions to get explicit formulas for the family of general-
ized Humbert functions of different types and discuss some interesting significant properties for these
functions as the generalizations of the above mentioned identities.

Definition 2.1. The product of symmetric exponential functions is defined by the generating function

e}

. . — z 1 o ,q,1l mn
Fi(z;u,t;p,q,1) = exp [m (up +17 — W)} = Z I (@)u™t". (2.1)

m,n=—0o0

From (2.1), we have
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Explicitly, we obtain the explicit expression of Humbert function an’flﬁl (z) as

> —l)k T > q
JhEt @) = ( ( ) . 2.2
n (@) — mkl n+kl p+q+l (2:2)
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Theorem 2.2. The Humbert function Jﬁ{?ﬁl (z) satisfy the relations

d
(0 + 0+ ) T2 ) = RO (@) + T () — T (), (2.3
m+DP+e+l) a, 4,
Ot DALY jrat () = pI5h o) 4 L a2, (24)

and
(n+1)(Pp+qg+1)

,q,1 ,q,1 ,q,1
T Jr’;w,?n#»l(l‘) = qJ’rZ:L,qnfq+1(w) + lJﬁLj—l,n-{—l—‘—l(x)' (25)

Proof. In (2.1), we start to derive with respect to z in the generating functions

1 p q 1 z p q 1 _ o inq,l myn
p+q+l<u +t (ut)l)eXp [p+q+l(u +t b = Z dem,n(ac)u t".

m,n=—oo

after explicating the Lh.s., we obtain (2.3).
By differentiating with respect to v and ¢ in (2.1), separately, we have:

T

[ pu’k1 + ! ;| exp r uf +t? — L ; = Z Jf;;%l(m)mumflt”.
p+qg+1 u(ut) p+q+l (ut)
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and by equating the same power of the indexes, we obtain the recurrence relations (2.4) and (2.5). O

Theorem 2.3. The Humbert function Jﬁ;flﬁl (z) satisfies the multiplication formula:

) k

,q,l m+n z(1 _MSZ ,q,l

IhE(pa) = p o Z <77(+ q+ l) anfbilk,n+lk(‘r)’ (2.6)
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Proof. Substituting, in fact, yuz with z in equation (2.1) and by expanding the exponential function,
we get:
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Setting h — s = n and k — s = m, after equating the same power of n and m, we get the multiplication
formula:
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Note that for p = —1, we get the relation:

oo k
a5l 1 n 7pq,l 2z mepnt2lk 1
i (—2) = Z Tl @) ()™ (p )" Th% (—x) = <m) (=) g ik (@)
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Theorem 2.4. The Humbert function Jﬁ;?ﬁl (z) satisfies the addition formula:
TR @ +y) Z T (@) TR (y). (2.7)
Proof. From (2.1), we have
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after explicating the Lh.s., we obtain the relation (2.7). O
Theorem 2.5. The Humbert function Jﬁ;q,;l (z) satisfies the integral
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Proof. Starting from the formula
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and substituting the above expression into the series expression of the Humbert function given in (2.1)
it follows that
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Definition 2.6. Let us define the product of symmetric exponential functions as the generating func-
tion
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From (2.9), we have
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Now, replace m by pr — lk and n by qi — lk to get
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Explicitly, we obtain the explicit form of Humbert function J%,%/!(z) as the series
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Theorem 2.7. The following integral holds true for the Humbert function Jf,;?;f (z):
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Definition 2.8. Let us consider the product of symmetric exponential functions by the generating
function
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Now, replace m by pr — Ik and n by qi — lk to get
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Explicitly, we state the explicit form of Humbert function as the power series
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Theorem 2.9. The integral representation of the Humbert function Jﬁ{?,;l(x) is given by
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3 Generalized Humbert functions

Here, we discuss and derive explicit formulas and some interesting relations linking the various families

of Humbert functions of three variables by using the techniques of generating functions.

Definition 3.1. Let us define the product of exponential functions as the generating function

ut

1 oo
F4(l', Y,z u, t7p3 q, l) = exXp {m ((‘ru)p + (yt)q - (i)l>:| = Z JTZZ{:ZT"LZ(I’ Y, Z)umtn

m,n=—o0
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Explicitly, we get the explicit formula for Humbert function J,’,’{fl,;l(a:, Y, z) as the power series

> (_1)k $m+kl n+klzk:l
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Theorem 3.2. The Humbert function Jﬁ;?ﬁl (z,y,2) satisfies the relations
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Proof. By deriving in equation (3.1) separately with respect to z, we have
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By following the same procedure, we can obtain the recurrence relations (3.4) and (3.5). O

Theorem 3.3. The Humbert function Jﬁ;fl,;l (z,y,2) satisfy the properties
0 1o}
qu 16 Jf:{i;lzn(m7y7 Z) :pl‘ aiy‘]rz:iqnlqtq(xvyv Z)7 (36)

2t (g 2) 4 e (e,z) =0, (37)
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0 10
L g Tma(® 9, 2) + Y’ IR (@,y,2) = 0. (3.8)

We now define another kind of generalized Humbert functions J’,’,;?;Ll (z,y, z) of three variables by the
approach of generating functions in the next definition:

Definition 3.4. The generating function of the Humbert functions J%;%/(z,vy, z) is defined by the
relation
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From (3.9), we have

Fs(z,y, z;u,t;p,q,1) = exp (
1

—

*
*o e -
*ME BPAS

PUBLICATIONS

Bulletin of Pure and Applied Sciences Section E - Mathematics € Statistics, Vol. 39 E, No. 1, January-June, 2020



Generating relations involving generalized Humbert functions ... 109

Now set pr — lk = m and qi — lk = n to get
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Explicitly, we get the explicit expression of Humbert function J%%!(z,vy, ) as the power series
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Theorem 3.5. For the Humbert function Jﬁ;‘f;f (z,y,2), we have
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Proof. We start by partially differentiating with respect to x both sides of (3.9):
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and by equating the same power of the indexes, we get the recurrence relation (3.11). The relations
(3.12) and (3.13) follow in the same manner. O

Theorem 3.6. The Humbert function Jf,;‘f;f (z,y,2) satisfies the derivative relations

g—1 p—1
0 T 9
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4  Concluding remarks

We have seen some interesting particular cases of functions that can be considered belonging to the
many families of Humbert functions and consequences of our results have been discussed. Further
investigations will be carried out in the future in other fields of interest and this will be another open
problem for further studies and applications in mathematics and physics.

References

[1] Clemente, Cesarano (2016). Some special classes of Bessel functions and modified Humbert func-
tions, International Journal of Pure and Applied Mathematics, 111(4), 589-604.

[2] Clemente, Cesarano, Claudio Fornaro (2017). Generalized Bessel functions in terms of generalized
Hermite polynomials, International Journal of Pure and Applied Mathematics, 112(3), 613—-629.

[3] Humbert, P. (1930). Les fonctions de Bessel du troisieme ordre, Atti. Pont. Acad. della Scienza,
Anno., Vol. LXXXIII (Sess. III del 16 Febbraio, 1930), 128-146.

[4] Humbert, P. (1934). Nouvelles remarques sur les fonctions de Bessel du troisieme ordre, Atti. Pont.
Acad. della Scienza, Anno., Vol. LXXXVII (Sess. IV del 18 Marzo, 1934), 323-331.

[5] Luke, Y.L. (1969). The Special Functions and Their Approximation, Vol. I, Mathematics in Sci-
ence and Engineering, Vol. 53-1, A Series of Monographs and Textbooks, Academic Press, New
York/London.

[6] Mondal, Saiful R. and Akel, Mohamed S. (2018). Differential equation and inequalities of the
generalized k-Bessel functions, Journal of Inequalities and Applications 2018:175.

[7] Pasricha, B.R. (1943). Some integrals involving Humbert function, Proceedings of the Indian
Academy of Sciences, 18, 11-18.

[8] Srivastava, H.M. and Manocha, H.L. (1984). A Treatise on Generating Functions,
Halsted Press (Ellis Horwood Limited, Chichester), John Wiley and Sons, New
York/Chichester/Brisbane/Toronto.

[9] Varma, R.S.: On Humbert functions, The Annals of Mathematics, 42, 429-436.

*
80
*ME BPAS

B
= PUBLICATIONS

Bulletin of Pure and Applied Sciences Section E - Mathematics € Statistics, Vol. 39 E, No. 1, January-June, 2020



	1 Introduction 
	2  Definitions of new Humbert functions and their properties
	3  Generalized Humbert functions 
	4  Concluding remarks 

