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The main object of the present paper is to construct new (p, g)-analogy definitions of various families of (p, g)-Humbert functions
using the generating function method as a starting point. This study shows a class of several results of (p, q)-Humbert functions
with the help of the generating functions such as explicit representations and recurrence relations, especially differential

recurrence relations, and prove some of their significant properties of these functions.

1. Introduction

In the last quarter of 20th century, g-calculus appeared as a
connection between mathematics and physics. We have also
a generalization of g-calculus with one more parameter, we
can say it is a two-parameter quantum calculus. Generally,
it is called (p, q)-calculus. The theory of (p, q)-calculus or
post quantum calculus has recently been applied in many
areas of mathematics, physics and engineering, such as biol-
ogy, mechanics, economics, electrochemistry, probability
theory, approximation theory, statistics, number theory,
quantum theory, theory of relativity, and statistical mechan-
ics, etc. For more details on this topic (p, g)-calculus, see, for
example, [1-6]. Burban and Klimyk [3], Duran et al. [7-10],
Jagannathan [11], Jagannathan and Srinivasa [12], Sahai and
Yadav [13] have earlier investigated some properties of the
two parameter quantum calculus. Sadjang [14-16] intro-
duced the two ((p,q)-analogues of the Laplace transform,
two (p,q)-Taylor formulas for polynomials, (p,q)-Appell
polynomials and developed some their properties. Mursaleen
et al. [17, 18] investigated the (p, q)-analogues of Bernstein
operators and approximation properties of (p, g)-Bernstein
operators that are a generalization of g-Bernstein operators.
Khan and Lobiya [19] have nicely discussed a lot of applica-
tions in different approximation theory areas, such as per
Weirstarass approximation theorems, basic hypergeometric

functions, orthogonal polynomials and can be used in differ-
ential equations as well as computer-aided geometric designs.
Recently, Pasricha and Varma presented and introduced the
Humbert function J,, ,(x) in [20, 21]. In [22], Srivastava and
Shehata have earlier studied the g-Humbert functions. The
motivation of these generalizations g-Humbert functions is
to provide appropriate application areas of mathematical,
physical and engineering such as numerical analysis, approx-
imation theory and computer-aided geometric design (see
the recent papers [1, 6, 19, 23] and the references therein).
The main purpose of this paper is to obtain explicit for-
mulas for the various families of (p, q)-Humbert functions
for 0 <|q| < |p| <1 for p, g in C. We mainly use the (p, q)-cal-
culus in the theory of special functions. This work is orga-
nized as follows. More precisely, we define the numerous
(known or new) (p, q)-Humbert functions and discuss some
significant properties such as explicit representations, recur-
rence relations and some new generating functions in Section
2. In Section 3, especially recurrence relations and some
interesting differential recurrence relations for the (p,q)-
Humbert functions are discussed. In Section 4, the conclu-
sion and perspectives are given to illustrate the main results.

1.1. Basic Definitions and Miscellaneous Results. To conve-
nience of the reader, we provide a summary of the mathemat-
ical notations and some basic definitions of (p, q)-calculus
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where 0 < |g] < |p| <1 for p, g € C, operations and notations
we need to be used in this work. We use the following
standard notations: N=1,2,3,---, N, =NuU {0} ={0,1,2,
3, ++-}. The symbols N and C denote the sets of natural num-
bers and complex numbers, respectively.

The g-number [«], and g-factorial [n] ! are defined as

follows: (see [22])

[a]q_11—_‘1;,0<|q|<1;qe<(:—{1};aec (1)
- n ) o 1-¢* .

= LT, = 0,2, b, =TT imem

(2)

q'=1,0<|q|<1;9eC-{1}. (3)

In [22], the g-Humbert functions is defined by

00 1)k x
Z [m+k} Sk (5

k0 Pq

m+n+3k
1) X | q )

The (p,q)-number (bibasic number or twin-basic
number) is denoted by [a],, and is defined by the follow-

ing notation [15]

P -q"
- p_q’0<|‘J|<|P|S1;p,q,txe(C. (5)

[

For p,q,a€C and 0<|gq|<|p|<1 for p,q, € C, the
(p, q)-number and (p,q)-factorial are given as follows:
(see [11, 12, 15])

, nelN;
[, =9 P4
0, n=0
" (6)
(' = |1 Koy = [l =10, - (2], 7
k=1
>1land [O]p,q! =0

The (p, q)-number [n],
the g-number in (3) such that

is a natural generalization of
tim{,, = 1], )

The (p,q)-number satisfies the following addition
properties
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The (p, q)-factorial is denoted by [n], ! and is defined

by (see [6, 11, 12])

. Q[k]p,q:((p’({];i%’n@)"’ ne1 o
1, n=0,
where
T —bg)  n>0;
(@) p)y=1 1, weos  (10)
! n<0.

[1o(ap~ —bg™)’

As in the g-case, there are many definitions of the (p, q)-
exponential function. The following two (p, g)-analogues
of exponential function will be frequently used throughout
this paper:

The (p, q)-exponential function is defined by (see [12, 16])

9
o \2) .k (11)
€ q(x) = gopk—'

oa'

The (p, q)-complementary exponential function is defined

by
k

[K]pq!

Ep’q (x) =
k=0

It is easy to see that (see [15, 16])

(13)

Let f be a function defined on a subset of real or complex
plane. The (p, q)-derivative operator of the function f is
defined as follows (see [15, 24, 25])

fpx) ~ f(q%)

Gar 70 (14

D, f(x) =

and (D, .f)(0) = f'(0), provided that f is differentiable at
0, which satisfies the following relations (see [14, 16])

Dy gepq(bx) = ac, 4 (upx), (15)

D, E, (ux) =aE, ,(uqx), u € C. (16)
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The (p, q)-derivative operator satisfy the following
product rules as follows: (see [11, 12, 14, 15])

Dy i ()12 (30)] = £2(02) Dy g {f1 ()} + £1(4%) Dy g {f5(x) }

(17)
Dp,q[fl(x) 2 (X)f5(x)] = f3(px)f,(px) D, o 1S1(%)}
+ f3(p%)f1(4%)D, 4 { (%)}
+ f1(q%)f5(9%)Dy o { f3(x)}-
(18)

Our purpose is to generalize the class of Bessel functions,
by using the same approach exposed above and is to define
our main problem on the generalized (p, q)-Humbert func-
tions. In particular, we will present some particular cases of
functions which are belonging to the family of (p, gq)-Hum-
bert functions which are introduced as the third (p, g)-Hum-
bert functions.

2. Definitions of New (p, g)-Analogue of the (p,
q)-Humbert Functions and Some
Basic Properties

Here we apply the notion of (p, q)-analogue of the generating
function to obtain explicit formulas for generalized (p, q)-
Humbert functions and give some interesting significant
properties for these functions.

Definition 1. Let us define the product of symmetric (p, q)-
exponential functions as the generating function of the
(p, g)-Humbert functions of the first kind as follows:

XU xt x
Fi(x;ut|p,q)= €q (?) €pq 3 €pa (_ ﬂ)

(o]
= Y JWD(x|pqumt
m,n=—00

(19)

Remark 2. Note that in eq. (19), if we put p =1, then (p, g)-
Humbert functions reduces to the q-Humbert functions
defined in [22].

(e8]

Tiuh(x1p>q) =

Remark 3. When g — p =1, the (p, q)-Humbert functions
reduce to the classical Humbert functions defined in [20, 21].

From (19) and using (11), we have

XU xt X
Fi(xsu,tlp,q)=e,, (?) pa\ 3 )a (_ %)

_ ozo:pr(r—l)/z (ﬂ)r pii-nr2
r=0 [r}p,q' 3 i=0 [i]pq'
pklk=1)r2 (_L)k
3ut

i.r k=0 K] pq! [0 [7]pq
f k+i+rur—ktz’—k
3
(20)
Replace r by m + k and i by n + k to get
<m+k> <n+k> (k)
S} 2 2 2 m+n+3k
Z Z : (f) U
m,n=—00 k=0 }pq[m-i—k] [I’l+k]p)q 3
S It
(21)

Explicitly, we get the explicit expression of (p, g)-Hum-
bert functions J ﬁnl)n (x| p, q) as the following power series

m+k n+k k
LN

Tunlx1pa) = 2, K], + K, T + K],

X\ m+n+3k
6

(22)

k=0

By (9), the series expansions of the (p, g)-Humbert func-
tions J S,pn (x| p, q) are given as

b )

1
(P2 o) (P a)s (o), g()«p,q);u: ) ((P’”“

") (0 @) (P ) 5 () <(P—3f1)x>m+"+3k’

(23)
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el 2 )

equivalently, we have

1 x m+"x = (r-9)
pa(m+ 1)1 (n+1) (3(17—‘1)) ,;(( 24) 5 (0> ) (0™ q™ 1) 5 (P> 9))i ((P”“)Q””)i(P,Q))k( 3 ) ’

(24)

sl )

((pm+l)qm+l);( q))m((pnﬂ n+l) (P, q)> § Z

1) _ p,
Ton*1-4) (0 0D (D) (D)o

Lemma 4. Let n and m are integers, then the function
J (x| p,q) satisfies the following relations

O (x10.9) = (1) Tahem(x | P, ) (26)

T (1) = (=) Torbmm(x 1 5, q)- (27)

Proof. From the definition of (p,q)-Humbert functions
]ﬁi,)n(x | p,q), we have

-m+k n+k k
~ m(_l)kp< 2 >+< 2 )+(2>

[k]p,q![—m + k}M![n + k]M!

MEVIEIN

k]pq [-m +K],,

X\ —m+n+3k
G)

k=0

g

Pt [n+k]Pq

(28)
Replacing s =k — m, we obtain
s n+m+s m+s
+ +
s+mp 2 2 2

s+m]Pq'[n+m+s}pq!

Jxlpa)=YC

S=

o'l

0
(;f) dminads ]m o192

(29)

The equation (27) can be proved in a like manner.

= (P a)s (P> )) ((P’”+1 ") (0, q)) ("

X\ —m+n+3k
R

q")s (P ) ((P —3‘1)") "

(25)

Lemma 5. The function ]
properties

).(x | p, q) satisfies the following

(1) a) = (—1)" D ,
Joa(x1pg)=(-1) JT,m_n(xlp q) (30)
=(-1)"1),.(x1p,q),

where n and m are integers.

Proof. From the definition of (p, q)-Humbert functions J{})
(x1p,q), we have

(m+k> <n+k> <k>
00 (71)kp 2 ' 2 ' 2 x\ —m-n+3k

M (xlpag)= x
Jonn(*1p:4) ,;) K, Jom+ K], Ton K, | ()

(—m+k> (—n+k> (k>
e (—l)kp 2 2 2 x\ —m-n+3k

2 K], -m + K], [+ ], T ()

k=max {n,m}

(31)
Upon setting s = k — m in the Eq. (31), we get

N m—-n+s m+s
+ +
s+m 2 2 2 X\ 2m—n+3s

Im-n+s ! (5)

M'[ Pq
= (71)m]m,m—n(x |p’ q)

7m7n x p q

MMg

[m+s}

(32)



Journal of Function Spaces

Upon setting s = k — n in the Eq. (31), we get

2 )G

]Eli'L,fn(xlp’q) = Z [S}
s=0 P4

X\ 2n—m+3s
G)

(33)

![n—m+s]P)q![n+s]P)q!
:(_ ) n— mn(xlp q)

Now, we define that the generating function of (p, q)-
Humbert functions of the second kind.

Definition 6. The generating function F,(x;u,t|p,q) of
(p, q)-Humbert functions of the second kind is defined by

XU xt qx
Past1920) = Eg () Bna (3 ) (- 5)

L))
Y q\2/ \2/7® (x| p,q)umt”

m,n=—00

(34)

From the generating function of the (p,g)-Humbert
functions J2) (x| p, q), we have

XU xt qx
Fy(x;u,t|p,q)= qu(3)EP’q 3 ENG@)

1

@) (x|p, q) =
]m,n( |p q> ((p’q),(p,q)) (@aQ))(P’q))n

(3k=1+2(m+n))

(_l)qu/Zk

5
020: (_1)qu(r—l)+i(i—1)+k(k+1)/2
) i,r,k=0 [k]p,q![i]p,q![rhy,q!
k+i+r .
. (g) urfktz—k.
(35)

Now, substituting r by m +k and i by n + k in the last
equation, we obtain the following equality

0 _1>k (m+k) (m+k=1)+(n+k)(n+k=1)+k(k+1)/2 X\ mn+3k
Z Z q ' ' ' (_) U™
wio W, MmN K, 3
[eS)
— Z qm(m—1)+n(n—l)/2]£r21)n (X |p, q)umtn.
m,n=—00 '
(36)

Explicitly, we get the explicit expression of (p, g)-Hum-
bert functions J2),(x | p, q) as the following power series

1)k 1/2k(3k=1+2(m+n))
il

) (xlpay =y "D
]m,n( Ip’q) ];)[k]})q m+k] [n+k]

(x> m+n+3k

(37)

equivalently, we have

X Z ) ) ((pm+1

)5 (),

q"); (P a); <(P _3q>x) o

1 x m+n
L (m+ 1)L, (n+1) (3(17—61))

© (—l)k 1/2k

q

(3k=1+2(m+n))

L@
(( m+1 m+1)

Q) (" ") 5 (s
)OO(( n+1 n+1) (P q))

(p-q)x\™
2)) (@™ q™h) 5 ( ’q))k< 3 )

((pq); (PQ))OO((
q

<)

(3k—1+2(m+n))

Q) (P 49)eo

00 (—l)k 12k

= ((pa); (P 9)) (™

q"h)s (@) (™

e ()



Lemma 7. The connection between generating functions of the

(p,q) -Humbert functions ]fé’)n(xlp, q) and ]ﬁi)n(xlp, q) is
given by

n m
1 1/3("+m)+<2>+<2>
Thn (q“3x| P 5) =4 Jiinlx 1P a)

(39)
Proof. If we set that
x=qVxt=q"Ptu=q"u (40)

in (19) and using ey, ,,(x) = E, ;(x), we get

Pa
3y, 13,
F, (q x5 q

_ 11 XU xt qx
q Pt -E (—)E Ve ( )
| P q> Pa 3 Pa 3 1201 3ut
i ]Eé)n <q1/3x | 1}), %) q—1/3(m+n)umtn

mn=—00

(41)
and (34), we obtain (39).

Definition 8. The generating function Fy(x;u,t|p,q) of the
(p>q) -Humbert functions of the third kind J\3), (x| p,q) is
given by

Fy(x;utlp,q)=e,, (%) Cpa (x?t) Epq ( th)

> Tan(xlpqut”

m,n=—00

(42)

1

((p-9); (p9)),((P9); (P 9)),

J9 (x| p.q) =

X

<m+k> (
(-1)fp\ 2
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Using (42), (11) and (12), we have

F3(x;u,t]p,q)
~ OOpr(r—l)IZ XUN T OOpz'(i—l)/Z t i 0 qk(k—l)/2 ~ gx k
‘Z i (?) Z 1,0 \3 2. k], ! ( %)

k=0 p.q°

(43)

Substituting r by m + k and i by n + k in the last equa-
tion, we obtain the following equality

ol )

X\ m+n+3k mon
m;m;) K], [[m + K], N[+ K], ! (50w
Z T, x| p, qyut"
| (44)

Explicitly, we get the explicit expression of (p, g)-Hum-
bert functions Ji?) (x| p,q) of the third kind as the follow-

ing power series

<m+k) <n+k> <k+1>
& C1yfp\ 2 2 )\ 2

G T N T TR

(X) m+n+3k
- b
k=0 3

(45)

o' [m+k}

or, equivalently, we get

n+k> <k+1>
2 2
q

18

k

((P q) )m+n+3k
5 (0:@); (0 @) (™ g™ )5 (@) (0™ g™ 1) 5 (@) \ 3

1 X m+n
- Fp,q(m+ l)rp,q(” +1) <3(p_‘I))

m+k
><2

>+<n+k> (k-l—l) (46)
2 q 2 (p-1q) 3k

X 3 (
g(( Q) (P> @), (P
((pm+1 m+l)

q")s (P ) (P
) (( n+1 qn+1) (P q))

9 (P 9))x ( 3 x)

4q)
((pa); (PQ))OO((P a); (P,

D)oo

<m+k> (
00 (—l)kp 2

n+k> <k+1>
2 q 2

: k;)(@, )5 (P @) (P

((P q) )m+n+3k.
) (0 ) (™ a7 ) s () 3
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Definition 9. A fourth generating function F,(x;u, t|p,q) of r i k

the (p, q) -Humbert functions J\2) (x | p, q) of the fourth kind ( >+< > ( )

is defined by S (-1)q 2 2/ p\2/ g+
el Flpg'[lpa']pq'

. ~ qxu qxt x . (f) B rkgik
Fy(xsu.tlp,q)=E,, (T)Epvq (3) “pa (_ ﬂ) 3 o

e o (48)
Y Tanxlp gt
n=Teo Replace r by m + k and i by n + k to get
(47)
<m+k+1> <n+k+1> (k)
+
Using (47), (11) and (12), we have o 2 2 2 m+n+3k
g (47), (11) and (12) ZZ p ({)**umtn
m,n=—00 k=0 }pq[m-'_k] [Vl+k] 3
00 _r(r-1)12 , 00 i(i-1)/2 i
_\'4 qxu q qxt z ] (x| p,q)u™t".
Fixsutlpa) = By (%) P
4 ;0 [r]p)q! ( 3 ) ;; [1]1),4! 3 =
oopk(k—l)/2< x )k (49)
LI 3ut Explicitly, we obtain the explicit expressions of (p, q)

-Humbert functions J$) (x| p, q) as

(k) <m+k+l> <n+k+l>
(_1)kp 2 q 2 2

(K], + K], Tn + K], T @ "

IO (xlpa)=Y

k=0 Pq’

1

(L) (1,9),((p9)5 (P-q)),

(k) <m+k+1> <n+k+1>
00 (—l)kp 2 q 2 2

y (P q) m+n+3k
;) (2 9)s (2 @) (@™ g™ ) 5 (P 9))i((P™ 15 4"1) 5 (P> ) ( 3 )

I“p)q(m + I)Fp,q(n +1)\3(p—q)

(k) <m+k+1> <n+k+1>
00 (_1)kp 2 q 2 2

y (p-ax\™
;;)((Pq S (0 )i ((P™ 4 5 (P @) (P ”“);(P"J))k< 3 )

(( m+1 )’ ) (( n+1 qn+1) (P q))
(( ) (P 9)) oo (P 4) 5

(k) <m+k+1> n+k+1)
\ (-
(

y <(p q) >m+n+3k.
= (@) (0 @), (2™ ’”“ D)™ g™ ) s (pg))e N 3




Definition 10. The generating function Fs(x;u, t|p,q) of the

(p,q) -Humbert functions ]33 (x|p,q) of the fifth kind is
defined as

Fs(x;u,t|p,q)= €pq (?) EP»Q (qTxt) Ep’q( 3qlft)

(o)

— Z q%n(n—l)

m,n=—00

T (x| p, qyu™t"
(51)

Using (11) (12) and (51), we have

Fs(x;u,t]p,q)

r(r- xuy 7 & i1
=,§0[r] '<? Z

<m+k> <n+k+1> (
OO(—l)kp 2 q 2
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000,

_ (7)k+z+ru k k.
i,r,k=0 [k}Pﬂ! [i]P’q : [r]P’q! 3

(52)

Upon setting r =m + k and i — n + k in the above equa-
tion, we get

ko L)

X\ m+n+3k n

m;mzo ], Jm+ K, Jn + ] G
Z q< >I<5 (x| p,q)u™

(53)

Explicitly, we obtaln the explicit representations of (p, )

-Humbert functions J) (x| p, q) of the fifth kind as the fol-
lowing power series

)0

2
6 (x [ p.q) =
14 = 2, K, Jm+ K, [+,
1
C(p9) (P 2), () (P 9),

el GG

2

X\ m+n+3k
G)

0 kp
* Lo <pq>

(™

1 x m+n
ST (m+ 1), (n+1) (3(p - q))

G

<)

q"h)s (@) (™

<(p _3q>x) m+n+3k

45 (@)

= (2 )s (0 @) (P
) ((pm+1 m+1) )

q"1)5 (p9)) (P
(( n+1 n+1) <p q))

775 (0, D) ((p;q>x)3k

B D)oo((P

X

L ("”‘“) )G

o ((pq )(P,q)k (P, q "’“

D)5 () <(p_3q)x)m+"+3k.
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Definition 11. The generatmgfunction Fe(xsu,t|p,q) of the
(p,q) -Humbert functions J'S) (x| p,q) of the sixth kind is
defined by

Fe(x;u,t|p,q) = qu<q§ ) p»q(};t)Equ( jjt)

00
—mm 1)
= qz

m,n=—090

Thn (x| p g™t

From (55), (11) and (12), we have

<n+k> <m+k+l> (
(-fp\ 2 Sq\ 2

Y

Substituting r by m + k and i by # + k in the last equation,
we get the following equality

<n+k> <m+k+1> <k+1>
0 i(_l)kp 2 q 2 2

Z [k]p’q![m + k}P,q![n + k]p,q!

(f) m+n+3kum o
3

m,n=—00 k=0

Z q< ) (x| py q)u™t".

Explicitly, we obtain the explicit representations of (p, q)-
Humbert functions J© (xl p,q) of the sixth kind as the
following power series

(57)

© (xlpq)= Y
Ton¥12-4) ,;O K, fm+ K, |
1
((p-9)5 (p-9)), (P 4) 5 (P 9)),

)G

X\ m+n+3k
9

* LG o ™,

q" ) (0 @)™

1 x m+n
L (m+ 1), (n+1) (3(p - q)>

T E)

GG

(p-q)x\™
Z((P q); (P> 9)) (™ 9™ 5 (P, 9))i (P”“,Q”“);(P"J))k< 3 >

<(P q) >m+n+3k.
P, ))k (P’”“ q")5 (0 ) (P g™ )5 (@) \ 3

_ (™ )) ))OO(( P ”“)) >()oo
) 0
Xk_zo (Pq
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Definition 12. The generatmgfunction F,(x;u,t|p,q) of the i r k
(p, q) -Humbert functions J\7) (x| p,q) of the seventh kind is ( ) < >+< >
defined by _ i (-1)q 2 p 2 2 q (f) k+i+ru’_kti_k.
1,r,k=0 [k]p,q [i]p,q'[ ]pq 3
Xu qxt X (60)
F s U, > = —E i S,
st 1) =6 () N( 3 )eP’q( )
o Replacing r by m + k and i by n + k in the above equation,
= Z JO) (x| py q)u™t". we obtain the following equality
N (59) <n+k+1> <m+k> <k>
v . (_l)kq 2 p 2 2 0\ 3k mn
From (11), (12) and ((59), we have m,r;mkgo [k]pq [m+ k] [n+ k]p)q! (5) wit
mr o i1 = Y JO(xIpqure.
F.(x;u,t|p,q =m0
A )= ror] (e ); o
i 00 k(k-1)/2 k
<q;ct) Z ' ( 3?11‘) Explicitly, we get the explicit expressions of (p, q)-Hum-

P4 bert functions J7) (x| p, q) of the seventh kind as the follow-
ing power series

<n+k+1> <m+k> (k)
o kg 2 /N 2 2

X\ m+n+3k
m+k], \[n+k],,! (5)

I (x1p.q) = 1
mn ((L-a)5 (p9)),((9) 5 (P> 9)),,

(m+k> (k) <n+k+1>
00 (—l)kp 2 2 q 2

y <(P q) >m+n+3k
S (@) (@) (™ 4™ 5 (0 9))i (™ g 5 (@) \ 3

1 x m+n
 Dpg(m+ )Ty (n+ 1) (3(P-Q)> (62)

<m+k> (k) <n+k+1)
00 (—l)kp 2 2 q 2

(p—a)x\*
><Z(( )5 (29)) (" g™ 1) 5 (P, @), (0™ 47 1) 5 (P 9))i ( 3 >
~ ((Pm+1 m+1) (p)q))oo(( n+1 n+1) (P) ))
D)oo

B ((:9) 3 (P )0 (P> ) 5 (> 9))
<m+k> (k) <n+k+l>

y 00 ( (P q) m+n+3k
,;) ((P-9)5 (P 9))s ((P’”“ ™5 (0 ) (P a5 () ( 3 ) ‘
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Definition 13. The generatmgfunction Fg(xsu, t|p,q) of the
(p,q) -Humbert functions J) (x| p,q) of the eighth kind is

defined by

Fg(x;u, t|p,q)=E,, (q;ﬂ) €pa <x3t) “pa (_ %)
. (63)

= Y I (xlpqut"

m,n=—00

From (11), (12) and (63), we have

Fg(x;u,t|p,q)= iqm [ (quu)fi
P

)

3 X\ k+itr ik
=2 ], 1, 1, G) v
(64)

Substituting r by m + k and i by n + k in the above equa-
tion, we get the following equality

<m+k+1> <n+k> <k>
(-1fg\ 2 Jp\ 2 2

00 X\ m+n+3k mn
MZMZO [k]pq[m+k] k]| (5) wit

= Z J® (x1p, q)u”
(65)

Explicitly, we obtain the explicit expressions of (p, q)-
Humbert functions /') (x| p, q) of the eighth kind as the
following power series

e 1pa)= Y
(X1 ) ;) T

P)q![m+k]p’q![n+k}p,q.
) (x1p.q) = :
PV= ) (o), (0 0)s (00 0)),

<n+k> <
1)kp 2

X\ m+n+3k
O

)

x Z ) ((pm-f-l

1 x m+n
T, (m+ 1), (n+1) (3@ - q))

<n+k> (
oo (1) \ 2

5 04"

T e

<m+k+1>
2

ko((Pq

(@) (@™, 4™1) 5 (ps

)

(p-q)
k((p™ ”*‘);(P:Q))k< 3 >
),

(295 (2 9)) oo

w (””‘)

(( m+1 m+1> ; (p, ) (( n+1’ n+1)
)

X;}((P:q);( )) ((PmH ey

(P 9))oo
< > <m+k+l>
(p_q)x> m+n+3k.

,q k pn+1 n+l);(P’Q))k< 3
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Furthermore, we show the relations between generating
functions for the (p, q)-Humbert functions.

Theorem 14. The connections between generating functions
of the (p, q) -Humbert functions of all kinds are given by

11
F4(x;u,t|p,q):F3<qx;u,t|,>,

P 4q

11 ©7)
F7(x;u,t|p,q)=F6<qx;u,t|1—7,6)

and
11
Fg(x;u,tlp,q):F5<qx;u,t|1—),5). (68)

Further examples can be discussed, but are omitted for the
sake of conciseness.

Theorem 15. (Multiplication theorem) The links between the
generating functions for the (p,q) -Humbert functions of all
kinds

Fi(xsu,t|p.q) = F5(x;u.t]p.q)e,, (ﬂ>em (_i)
Fy(xsu,t|p.q)=Fi(x;u.t|p.q)E,, (_ﬁ>EP"1 (i)’

xXu qxu
Fafosw t1p,q) = Folws s 10 )0y () g (<157

3)7 3
Fo(xsu,t|p,q) = F5(x;ut|p,q)E,, (_%‘)EM(‘P;_”),
Fy(xsu,t|p,q) =F,(x;ut|p,q)E,, (_%)EM (ﬁ>
Fy(x5u,t|p,q) = Fs(x;u,t |p,q)ep,q(% ep’q(_%))
Fg(x;u, tp,q) = Fg(x;u, t|p,q)E,, (_3_:;)1[51”4 (ﬁ)
Fy(oxs o 1920) = Fo(os 122 0)6g () 0 (- 557):

—xt
Fy(xsut|p.q)=F(x;utp.q)E,, = ) Eral 5 )

Journal of Function Spaces

3. The Recurrence Relations

In this section, we show the significant interesting recurrence
relations for the (p, g)-Humbert functions of the first kind so
far introduced can be established with respect to x on their
generating functions in different ways.

Theorem 16. The (p, q) -Humbert functions J\1) (x| p, q) sat-
isfy the recurrence relations

Tl 1n(0x190) + "2 PR (970 )
—m+n+2/3 m+n+2/3](1) ( 113213 5 | ps q)

-p q m+Lnr1 \P G
=30, {J\.(x1p.a) }.
(71)

m—2n-1/3 2n—m+1/3](1> ( 2/3 1/3

p q O (0720 x 1, q) + T (px | pg)

—m+n m+n 1
—pm +2/3q + +2/3]5nl]’n+1 (p1/3q2/3x | p, q)

= 3D, {1\ (x 1 p.0) |,
(72)

]1(21)” (px | p, q) n p2n—m—2/3 qm—2n+2/3 ]Si)nil (p1/3 qwxl », q)

N—zm— m-n 1
—p 2 1/3q2 +1/3]£’111)n+1 (p2/3q1/3x | p, q)

=30, {/\)(x1p.0)}.

(73)
2n-m-2/3 _n—-2m+1/3 1(1) 1/3 _2/3 (1)
p q T (0@ %1 @) + o1 (PX | P q)
m—<in— n—m 1
—p 2 1/3q2 +1/3]£nz-1,n+1 (p2/3q1/3x | p, q)
=30, {Jh(x1p )}
(74)
m+n— —m-n 1
p + 1/3q1 /3]’(1111)}1 (p2/3q1/3x Ip, q)
+pZn—m—2/3qm—2n+2/3]£i>n7I (75)
1
(0" %19, 9) = Tosbies (0% | P2 0)
=30, {Jihu(x1p.0)}
pZm—n—Z/S qn—2m+2/3 15;21,71 ( p1/3 q2/3 x| , q)
+pm+n—1/3q1—m—n/3]£i)n71 -
1
(070" 19 Q) = Tl s (PX 1 P )

=30, {/h(x1pg) }-
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Proof. By applying the (p, q)-derivative operator on both
sides of Eq. (19), using (15) and (18), we get

3 e (755 e 520
(5 on (55 ) (- )
o5 )ena (5 ) (-5

Z ]mnx|p’ ) mtn'

m,n=—00

Taking x = p¥3q'3x, u=p2?q?*u and t=p"3q'3¢ in
Eq. (19), then we get the result

o q—1/3tepyq (q’;u) o (p;d) Pﬂ( fzft)

z pn 2m/3 2m n/3]mn 1(P2/3 1/3x |P’ q) U "

m,n=—00

(78)

Using the generating function (19), and taking x = p'/3

q*Px, u=p13q"%u and t = p~1¢"¢, we have

1 qxu qxt px
p‘2/3q2/3ut €pq ( 3 ) P\ 3 g ( 3ut)

Z P—(m+n/3)qm+n/3]$ll’n+l< 1/3 mxlp, )

m,n=—00

(79)

Using Eqgs. (77), (78) and (79), we give the following rela-
tion

1 < m n
3 Z T, (px | p,q)u™ 't
m,n=—00
N o)
Z p2m—n—1/3qu—n+1/3]m’rh1 <p2/3 1/3x |P q) mtn
< 1
Z p2—m—n/3qm+n+2/3]£nil’n+1 (p1/3 213 | s q) UM
Z ]m n x | p’ )
m,n=—00

(80)

Thus, we obtain the recurrence relation (71). Similarly,
the other equations of this theorem can be proved.

Theorem 17. The (p,q) -Humbert functions J)
have the following recurrence relations

13
L(x1pq)

(1> —2m-1/3 _2m-n+1/3 7(1) 2/3 1/3
m1n(px|p’ ) n " qmn ]mn—( x|p’ )
2n—1/3 2n-m+1/3

m—4in— n—m ]m_ n(p

=p q
(1)
+ ]m,n—l (px |p’ q)’

2/3 1/3

x|p.q)

(81)

1 n—m-—. m—zn
]£n)1n(Px 1p,q) + 2 2/3q -2 +2/3]mn_ (p1/3 23, | p, q)
P —2m— 1/3q2m n+1/3]m+1 o (p2/3 13, |, q)
m—n— n—-2m 1
=P2 2/361 : +2/3]£n)1n( 1/392/335 | p> ) +]£n,)n—1 (px1p,q)

m—2n—1/3 _2n-m+1/3 2/3 1/3
-p q Tt (7°4x 1 p. q),

(82)

pm+n 1/3q1 m— n/3]m 1n(P2/3 1/3x|p q)

2n—-m—2/3 _m— 2n+2/3] (p1/3 2/3x |P q)
m,n—1 4

+p q
m1n<p xlp’q)

(83)
2m—-n-2/3 n— 2m+2/3]
+pm+n 1/3q1 m— n/3]mn 1(p2/3 1/3x |p’ q)’

1/3 2/3

=p q

n—2m—1/3 _2m-n+1/3 7(1)
q ]m,n 1

p

( 2/3 1/3

x| p,q)

—(m+n+2/3) m+n+2/3 ]() ( 1/3 2/3

m+1,n+1

1/3 2/3
m,n—1 (p

n—-2m-1/3 _2m- n+1/3]( )

P q m+1,n+1 (P

x|p.q)
x|p,q)
2/3 1/3x |P> q)

-p q

(84)
p2n m—2/3qm 2n+2/3]

m—-2n—1/3 _2n-m+1/3 2/3 1/3
q J

mln(p X|p, )

_(m+n+2/3)qm+n+2/3]£nll " (P1/3 23, | p, q)

p
P

(85)
pZm n—2/3qn 2m+2/3]

1/3 2/3

x1p.q)
2/3 1/3x |p) q)

m— In(p

m—2n—1/3 2n— m+1/3] (
m+1,n+1 P

-p q

Proof. By using (71) and (72), we obtain (81). In similar way,
the Eqs. (82), (83), (84) and (85) can be proven.

Theorem 18. The (p, q) -Humbert functions ]%,)n (x| p,q) sat-
isfy the following recurrence relations
51
pq]mn(xlp’ ) Pm+n 1/3]£n)n 1( 1/3x|P; )

+ pin 1/3 n]m+1 n+1( (1/3) X|P, ))
(86)

3[ }pq]mn(xlp) q) = PN 1/315’1)“!( ”3x|p, )

+Pm+n_1/3qm]£i2rz,n+1( (113) | p, ))
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[]Pq]mn(ﬂp) q) =q"" 1/3];)}1 1( ”3x|p, )

+ g™ 1/3pn1m+1,n+1( (113) | p, )
(88)

3[m]p,q](1) (x1p,q) = g 1/315'1)“1( (1/3) x|P’ )
m+n 1/3p ]m+1n+1( U3x|p, )

(89)

Proof. Multiplying both sides of Eq. (22) by [n], ,
that

and noting

[(1]pg =P [+ K, =P 0" K], (90)

and, we get

(1] b (x> )

S (-1)"[1],,,
K, + K, \fn + K,

(x) m+n+3k

(D (44 Ky = 20K ) ey momsst
(K], \[m + K], ![n + K], ! (5)
(U pHn+kl,, gy
g J[rn +k,, (_) k

) [ ] X\ mtn+3
[m +pk] : In+ k] (5) k
k —k X\ mAn+3
)I[)n+k—1} '<*) k

pa'l

=
Il
o

I
Mg

T
S)

I
Mg

(K] g![m + K],

00 (_

k]

=~
Il

0

0 Klpa!

M8

[kpq 3

& ( )kp‘kq f) m+n+3k
TR

paurt [m+ k}

[n+k,, (

(-1)*
[m+k] [n+k—1]

=

X
zpm+n—1/3
3f Z [k]pq

_ m+n-1+3k
. (p ;/33() +pm+n71/3qn ;_Ci

k=0

. (_l)k p,1/3x m+n+3k+2
k], lm+k+1], Mn+k+1], 1 3 '

(91)

Using (22) and (91), we obtain (86). Similarly, we can
prove (87), (88) and (89).

Journal of Function Spaces

Theorem 19. The (p,q) -Humbert functions J) L(x1p,q)
have the following recurrence relations
q ~(m+n— 1/3)];)’1 I(ql/sx | ps )
:p—(m+n 1/3)]5,1)# ( ”3x|p, ) (92)
+(p q) m+1n(x|p’ )’
q —(mtn- 1/3)15,1)1”((11/336 | p, q)
=p —(m+n-1/3) ]m 1n(P1/3x|P> q) (93)
+(P q) mn+1(x|p’ )’
q ~(m+n— 2/3)];1)1’1 l(qulp,q)
=p —(mtn— 2/3)]£n)1n 1( ”3x|p,q) (94)
* (P—q)gfm,n(x P 4).
p —(m+n—1/3) ]mn I( 1/3x|p, )
Zq—(m+n 1/3)];)71_ ( I/3X |P> ) (95)
(p q) m+1n(x|p’ )’
p ~(m+n—1/3) ]m M( 1/3x|p,q)
=q —(m+n— 1/3)]}(”)1 ; (q1/3x |p’ q) (96)
_(P q) mn+1(x|P’ )
p —(m+n— 2/3)];)”1 1(p1/3x|p, q)
=q —(mtn-— 2/3)]5’1)”! I(qz/sx | ps q) (97)
- (P—q)gfm,n(x |p.g).
Proof. By (22), we consider
q —(m+n— 1/3)]571)n 1((]1/336 | p, q)
0 k
_ o~ (mtn-1/3) (_1)
1 z[k]M[m+k] [+ k-1],,
xq1/3 m+n—1+3k (98)
(%)
io: ( l)k (f) m+n—1+3qu
Ik, m+ k], M+ k1], 13 '
Using the following identity
k_ k
¢ ="~ (p- DK, (99)
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we get

© k X\ mn-143
Z m+k(} 1)[n+k—1] G) k)

k—o P
© l)k X\ m+n—1+3k
k:O Im+ k] n+k- 1] <3)
k
(P pq)
OZO: 1)kpk X\ m+n—1+3k
=1 m+ﬂ[ww—m¢@>
i _l)k[k]pq (f)m+n—1+3k
D LW, k=T 3
=p —(m+n— 1/3)15’:)?1 1( 1/3X|P> ) (P q) m+1n(x|p’ )

(100)

Thus, the Eq. (92) is proved. In the same way, equations
(93), (94), (95), (96) and (97) can be proved.

Similar recurrence relations can be achieved by using the
generating function; in fact, by differentiating with respect to
u and v, separately, we have:

Theorem 20. The (p, q) -Humbert functions satisfy the follow-
ing properties:

x |:pm 2n—2/3]mn( 23y | p, q)

3
+P—(m+n+1/3)q2m n— ”3]5,,127“1 (q“3x | p, q)} (101)
Z[WZ‘I'” m+1n(x|P> )
X m-zn
3 [p - 2/3]2112 ntl (me VX))
4 pAmonl3 g-(mens113) {1) (p"q"x | p, q)} (102)

1
= [m+ 1], Jor1a(x 1 0. 0),

X |:Pn —2m-— 2/3]mn( 2/3x|p,q)

3
4 prlreme13) g2nmm-3 g 1) (P9 x 1 p, q)} (103)

=[n+ 1), T (x1p,)

[P (P7x 1 )

1/3 1/3

2n—m—1/3q—(m+n+1/3)](1) ( (104)

+p wn (70" x| p, q)}

=+ 1], o (x 19, ).

Proof. Differentiating with respect to u in (19), using (15) and
(17), we get

15
X pxu xt
3 Jera (5 )ra(~52)
1 gxu px
e Pq(T>eP ( ) M( 3ut)] (105)
[ee]
= X [ Sl g
Taking x = p?x, u = p'u and t = p~2*t, we have
PP pxu St px
3 eP’q( 3 ) P\ 3 P’q( 3ut)
) (106)
= Z - 2n/3] (2/3x|p, )
m,n=—00
Setting x=p3q'Px, u=p13¢"u and t=p g3,

we get
4/3

s (5 ) (3 (1)

(m+n/3) 2m n/3 1/3 _1/3 myn
Z P Tz (P x | p, g)u™e".

m,n=—00

(107)

Using (105) and by means of the results (106) and
(107), we arrive at the following equality:

x| S on
g l Z pm 2n 2/312’)’1 (p2/3x |P) q)umtn

m,n=—00

00
Z p7<m+n+1/3)q2m7”71/3]$12’n+1 (q1/3x | p q) u"t"
| .

1
(09
m,n=

=—00

n

m+ 1], ol (x| p, q)u™t".
(108)

Thus, we obtain the result (101). Proceeding on paral-
lel lines as mentioned above, the relations (102), (103) and
(104) are immediate consequences of the definitions (19),
(15) and (17).

4. Conclusion and Perspectives

The (p,q)-Humbert functions or the twin-basic Humbert
functions have various applications in the field of mathemat-
ical physics and engineering sciences and so on. There are
some results that have been noticed in this study. We have
seen some particular cases of (p, q)-Humbert functions of
the first kind that can be introduced belonging to the family
of (p, q)-Humbert functions. The (p, q)-Humbert functions
of the first kind allow us to describe many aspects of compu-
tational analysis. It is also interesting to explore how these
classes of (p, q)-Humbert functions of the first kind can be
described in terms of (p,q)-Humbert functions of the
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different types. Many properties of these new transforms
have been proved and should be a starting point of many
other works. For this, the researchers recommended to study
these other seven families of (p, g)-Humbert functions from
these extensions as a parallel study of this work. Further work
will be carried out in the next future in other fields of interest.
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