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Abstract

The aim of this paper is to prove some common and coupled random fixed point theorems for a pair
of weakly monotone random operators satisfying some rational type contraction in the setting of partially
ordered S— metric space. Our results extend and generalize many existing results in the literature. Moreover,
an example is given to support our results. Finally, the results are used to prove the existence and uniqueness
of solution of some random functional equations. (©2017 All rights reserved.
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1. Introduction

The metric fixed point theory is very important and useful in Mathematics. It can be applied in various
areas, for instant, variational inequalities, optimization and approximation theory. There were many authors
introduced the generalizations of a metric space such as Gahler [6] (called 2-metric space) and Dhage [4]
(called D—metric spaces). In 2003, Mustafa and Sims [16] presented some remarks and examples which show
that many of the claims concerning the topological structure of D—metric space are incorrect. Consequently,
they introduced a more generalized metric space (called G—metric spaces). In 2012, Sedghi et al. [26]
introduced a more general space namely S—metric space which generalizes D—metric and G—metric spaces
and proved fixed point theorems in this space.

The existence of fixed points for monotone operators in partially ordered metric spaces has been consid-
ered in [24] with some applications to matrix equations, then Nieto and Lépez [21, 22] extended these results
and applied them to study a problem of ordinary differential equations. In [1] Gnana-Bhaskar and Lak-
shmikantham introduced the concept of coupled fixed point for mixed monotone operator and established
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fixed point theorems in partially ordered metric spaces, then they discussed the existence and uniqueness
of solution for a periodic boundary value problem as an application. Moreover, Lakshmikantham and Ciri¢
[14] studied coupled coincidence and common fixed point theorems for nonlinear contractions in partially
ordered metric spaces. The same authors Ciri¢ and Lakshmikantham [3] also studied some coupled random
coincidence and coupled random fixed point theorems for a pair of random mappings under certain contrac-
tive conditions in partially ordered complete separable metric spaces. Following that, many authors worked
on these topics (see e. g. [9, 13, 15, 28, 29]).

Random fixed point theorems are stochastic generalizations of classical fixed point theorems and play
an important role in the theory of random integral equations and random differential equations. Because of
their importance, random fixed point theorems for contractive mapping on complete separable metric space
have been proved by several authors (see [2, 11, 12, 20, 23, 27, 30, 31]).

2. Preliminaries

First we begin with the following definitions and results in the framework of S—metric space.

Definition 2.1 ([26]). Let X be a non-empty set. An S—metric on X is a function S : X3 — [0, 00) that
satisfies the following conditions for each z,y, z,a € X,

(51) S(z,y,2) =20,

(S2) S(z,y,2) =0 2=y ==z,

(S3) S(z,y,2) < S(z,z,a) + S(y,y,a) + S(z, z,a).

The pair (X, S) is called an S—metric space.

Example 2.2. Let X = R and the distance function S : X® — [0, 00) be defined as
S(x,y,2) =z —z|+y—z2|, Vz,y,z€ X.

Then (X, S) is a complete S— metric space.

Lemma 2.3 ([26]). In an S—metric space, we have S(x,z,y) = S(y,y, ).

Lemma 2.4 ([5]). Let (X,S) be an S— metric space. Then S(z,z,z) < 2S(x,z,y) + S(y,y,z) for all
z,y,z € X.

Definition 2.5 ([26]). Let (X,5) be an S-metric space. For € X and r > 0, we define the open ball
Bg(x,r) and the closed ball Bg(z,r) with center x and radius r as follows

Bs(z,r)={y € X : S(z,x,y) <7}, Bs(z,7) ={y € X : S(x,z,y) <r}.
Definition 2.6 ([26]). Let (X, S) be an S-metric space and A C X:
(1) A sequence {x,} in X converges to z if and only if S(zp,x,,z) — 0 as n — oco.
(2) A sequence {z,} in X is called a Cauchy sequence if S(zy, Tn, ZTm) — 0 as n,m — oo.
(3) The S-metric space (X, .S) is said to be complete if every Cauchy sequence is convergent.

Lemma 2.7 ([26]). Let (X,S) be an S—metric space. If there exist sequences {xn} and {yn,} such that
limy, 00 T, = & and limy, 00 Y, = y, then limy, o0 S(Tn, Tn,yn) = S(x, z,y).

Definition 2.8. The S— metric space (X, S) is called separable if it has a countable dense subset A C X.
That is there are 1, 79, ... € X such that {x1,22,...} = X (A4 denotes the closure of A).
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Lemma 2.9. A set A C X is dense in X if and only if for any v € X and r > 0 we can find x; € A such
that z; € Bg(z,1).

Definition 2.10. A triple (X, S, <) is called a partially ordered S— metric space if the pair (X, <) is a
partially ordered set endowed with an S— metric on X.

Definition 2.11 ([1]). Let (X, <) be an ordered set and F': X x X — X be a mapping. Then F' is said
to has the mixed monotone property if F' is monotone non-decreasing in its first argument and monotone
non-increasing in its second argument, that is, for any x,y € X,

x1,x2 € X, x1 <X zo implies F(z1,y) = F(z2,y),

and
y1,y2 € X, y1 2 y2 implies F(x,y1) = F(x,y2).

Definition 2.12 ([1]). An element (z,y) € X x X is called a coupled fixed point of the mapping F' :
X x X = X, if
F(z,y) =2, F(y,z)=y.

In 2012, Gordii et al. [7] introduced the concept of the mixed weakly increasing property of mappings
and proved a coupled common fixed point result for two single-valued mappings. Then Gupta and Deep
[10] used altering distance function to generalize these results in S—metric space.

Definition 2.13 ([7]). Let (X, <) be a partially ordered set and F,G : X x X — X be mappings. We say
that a pair F, G has the mixed weakly monotone property on X if for any =,y € X

r =2 F(z,y), y= Fy,),
= F(z,y) 2 G(F(z,y), F(y,2)), F(y,z) = G(F(y, ), F(z,y)),

and

Tz = G(a?,y), Y= G(y,w),
= G(z,y) 2 F(G(2,y),G(y,v)), G(y,z) = F(G(y,z),G(z,y)).

Throughout the paper, we follow the notions of Ciri¢ and Lakshmikantham [3]: Let (£, X) be a mea-
surable space with sigma algebra ¥ generated by all measurable subsets of Q2 and (X,S) be an S— metric
space with Borel o— algebra B = B(X) (which is the smallest c— algebra that contains all open sub-
sets of X). A mapping £ : @ — X is called o0— measurable if for any open subset U of X, the set
EHU) = {w € Q: £(w) € U} is measurable. Notice that when we say that a set A is ”measurable”
we mean that A is o— measurable. A mapping f : @ x X — X is called a random operator if f(.,z) is
measurable for any x € X. A measurable mapping £ : 2 — X is called a random fixed of f: Q2 x X — X
if £(w) = f(w,&(w)) for all w € Q. A mapping T : Q x X — X is called a random operator if T'(.,x) is
measurable for any x € X. A measurable mapping & : 2 — X is called a random fixed point of a random
function T : @ x X — X if {(w) = T(w,&(w)) for every w € . A measurable mapping & :  — X is called
a random coincidence of T: Q@ x X — X and g: Q x X — X if g(w,{(w)) = T(w, {(w)) for every w € Q.

In this paper, we consider the following class of pairs of functions & (for more discussion and examples
on these functions, one can see [25]).

Definition 2.14 ([25]). A pair of functions (¢, ¢) is said to belong to the class < if they satisfy the following
conditions:

(al) ¢, ¢ :[0,00) = [0,00);

(a2) ¢(t) < ¢(s) implies t < s, for ¢, s € [0,00);
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(a3) For {t,} and {s,} sequences in [0, 00) such that lim, o t, = limy, 00 Sn = a, if p(t,) < @(sy) for any
n € N, then a = 0.

Remark 2.15 ([25]). If (¢, ¢) € S and ¢(t) < ¢(t), then t = 0 (we can apply (a3) with ¢, = s, = 1).

Example 2.16. The conditions (al) — (a3) of the above definition are fulfilled for the functions ¢, ¢ :
[0,00) — [0, 00) defined by ¢(t) =t and ¢(t) = At, for any A < 1 and ¢ € [0, 00).

Example 2.17 ([25]). Let ¢ : [0,00) — [0,00) be a continuous and increasing function such that ¢(t) =0
if and only if ¢ = 0 (these functions are known in the literature as altering distance functions). Let
¢ :[0,00) = [0,00) be a non-decreasing function such that ¢(¢t) = 0 if and only if ¢ = 0 and suppose that
¢ < . Then the pair (¢, — @) € S.

An interesting particular case is when ¢ is the identity mapping, ¢ = 1jg) and ¢ : [0,00) — [0,00) is a
non-decreasing function such that ¢(¢t) = 0 if and only if ¢t = 0 and suppose that ¢(t) < ¢ for any ¢ € [0, 00).

Example 2.18 ([25]). Let S be the class of functions defined by S = {a : [0,00) — [0,00) : a(ty,) — 1 =
tn — 0}. Let us consider the pairs of functions (1jp ), @ljg,c)), Where a € S and aljg ) is defined by
aljg,00)(t) = a(t)t, for t € [0,00). Then (1jg o), ljg o)) € 3.

Using some of these pairs of functions satisfying certain assumptions, Singh et al. [18] proved the
following fixed point theorem.

Theorem 2.19. Let (X, <) be a partially ordered set. Suppose that there exists an S—metric on X such
that (X,S) be a complete S—metric space. Let f : X — X be a non-decreasing mapping such that there
exists a pair of functions (p,¢) € I satisfying

Sy, fy)ll + S(z,z, fz)] )
L+ S(fz, fz, fy) ’

for all comparable elements x,y € X. Assume that if {x,} is non-decreasing sequence in X such that
Ty — U, then xn, 2w, for alln € N. If there exists xg € X such that xqg = fxg, then f has a fixed point.

o(S(fz, fz, fy)) < max {#(S(z,,y)), $(

(2.1)

The aim of this work is to prove some common random fixed point and coupled random fixed point
theorems for a pair of weakly monotone random operators satisfying some contractive conditions of rational
type in the setting of partially ordered S— metric space. These results are some random versions and
extensions of results of Singh et al. [18]. Our results generalize the results of [17] and many of the well-
known results in the current literature. An example is also established to support the usability of our results.
The results are used to prove the existence and uniqueness of solution of some random functional equations.

3. Random fixed point theorems

First we introduce the notion of random weakly monotone property.

Definition 3.1. Let (X, <) be a partially ordered set and F,G : Q@ x X x X — X be random mappings.
We say that a pair (F, G) has the mixed weakly monotone property on X if for any z,y € X

r =X Fw,z,y), y= F(w,y,x),
= F(w,z,y) 2 G(w, F(w,z,y), F(w,y,)), F(wy,z) = Gw,F(wy,z), Fw,z,y)),

and

r = Gw,z,y), y=Gw,y,),
= G(w,z,y) 2 F(w,G(w,z,y),G(w,y, 1)), Gw,y,z) = Fw,G(w,y,z),G(w,,y)).

Note that, may all the arguments like x,y depend also on w, i.e., x = z(w).
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Now we state our main results as follows:

Theorem 3.2. Let (X, <) be a partially ordered set, (X,S) be a complete separable S—metric space, (€2,3)
be a measurable space and f,g: Q x X — X be two mappings such that

(1) f(w,.), g(w,.) are continuous, for allw € €,
(ii) f(.,z), g(.,x) are measurable, for all x € X,
(iii) The pair (f,g) satisfy the weakly monotone property,
(iv) There exists a pair of functions (¢, d) € S, such that

S(u,u, g(w,uw))[1 4+ S(z,z, f(w,z))]
1+ S(f(w, ), f(w, ), g(w,u))

e(S(f(w,), f(w,2),g(w, ) < max {$(S(x,2,u)), d( )} (3.1)

for comparable elements x and u € X.

If there exists a measurable mapping & : Q@ — X with {o(w) = f(w,&(w)) or {o(w) = g(w,&o(w)). Then f
and g have a common random fized point in X.

Proof. Let 0 = {£ : @ — X} be a family of measurable mappings. Since f(w,&p(w)) is measurable in its
first argument w, then the mapping defined by &;(w) = f(w, & (w)) is measurable, that is, & € 6 . Similarly,
as g(w,&1(w)) is measurable, then there is & € 6 such that & (w) = g(w, &1 (w)). Continuing this process, we
can construct sequence {{,(w)} in X with

Sont1(w) = fw, &on(w)),

3.2
Sont2(w) = g(w, &ant1(w)), Vn € N U{0}. (32

Step 1. First we use mathematical induction to prove that
En(w) = &np1(w), (3.3)

for all n € N U{0}. Let n = 0. By assumption we have §(w) < f(w,&o(w)) = &1 (w). Therefore, (3.3)
holds for n = 0. Suppose it is true for some fixed n > 0. Thus, we have to discuss two cases

x If n is even, say n = 2m. That is,
Som (W) =X Lamt1(w) = f(w, Eam(w)).
Since f and g satisfy the weakly monotone property, then
Ent1(w) = Sami1(w) = f(w, &om(w)) = g(w, f(w, Sam(W))) = Sam2(w) = &nta(w).
x If n is odd, say n = 2m + 1. That is,
Somt1(w) 2 Samp2(w) = g(w, Lami1(w)).
Again by weak monotonicity for f and g, we get
Ent1(w) = Eamr2(w) = g(w, Sam+1(w)) 2 flw, g(w, Sam+1(w))) = Eomy3(w) = Enya(w).

Thus, (3.3) holds for all n.
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Step 2. In this step we prove lim,, o0 S(§n(w), §nt1(w), Eng1(w)) = 0. By equations (3.1) - (3.3) we obtain

@(S(f(wa£2n(w))af(w7£2n( ))s 9(w, Eang1(w ¢ (§2n(w), Eon(w), f2n+1(w)))a
¢(5(€2n+1(w)a€2n+1( w), g(w, §2n+1( INL 4 S(&2n(w), fon(w )f(w7£2n(w)))]))}
L+ S(f(w,&an(w)), f(w, &an(w)), g(w, Eant1(w)))

@ (S (E2nt1(w),Eant1(w), fanta(w))) < max {¢(S(§2n(w)7§2n(w)v§2n+1(w)))v
(

S(&2n+1(w), Sant1(w), Eanta(w))[1 + S(E2n(w), Son(w), §2n+1(w))]))}
1+ S(§2n+1(w), §2n+1(w)7 §2n+2(w)> ‘

For simplicity, we denote S,, = S(&,(w), {n(w), Eny1(w)).

Son+1[1 + Sop]
1+ S2n+1

a

p(S2n+1) < max{e(San), ¢ (3.4)

Now, we can distinguish two cases.

* If max{¢(Sa), gb(%)} ¢(*557{f37i512ﬂ) then Eq. (3.4) and property (c2) of (¢, ¢) yield

Son+1[1 + Son]
1+ Sont1

Son+1[1 + Sy
14+ Sont1

= Sgn_H < Sop,.

SO(SZn+1) < ¢(

= Sopt1 <

* Otherwise, max{¢(Sa,), gb(smifsiiiz”])} ?(Say,), then we have So, 41 < Sop,.

Hence, in both cases we obtain that
Son+1 < Son. (3.5)

Interchanging the role of mappings f and g and using (3.1) - (3.3), we get

©(S(9(w, Ean—1(w)),g(w, E2n—1(w)), f(w, on(w)))) < max {¢(5(§2n1(w), Can—1(w), Eon(w))),

S(€an (W), an(w), f(w, Eon(w)))[1 + S(Ean—1(w), Ean—1(w), g(w, §2n-1(w)))]))}
14 S(g(w, Ean-1(w)), 9(w, L2n—1(w)), f(w, Ean(w)))

90(5(5271 (w)>§2n (w)7 £2n+1(w))) < max {¢(S(§2n—1(w)a €2n—1(w)7 an(W») )

S(&2n(w), &2n(w), E2nt1(W))[1 + S(E2n—1(w), E2n-1(w), E2n(w))]) )}
1+ 5(6271,(0))’ §on (w)a £2n+1(w))
Sonll + Son—1]
1+ Sop

o (

é(

¢(S2n) < max{d(S2n-1), ¢( )}

which implies that
Sop < Sop_1. (3.6)

From (3.5)and (3.6) we conclude that {5, } is a decreasing sequence of non-negative real numbers and
is bounded below, then there is r(w) > 0 such that

nh_)rgo Sp = 1r(w).

Letting n — oo in Eq. (3.4) and using property (c3) of (¢, ¢) imply that r(w) = 0, Vw. Therefore,
lim S, = 0. (3.7)

n—o0
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Step 3. Now we show that {{,(w)} is a Cauchy sequence in X for every w € €, it is sufficient to prove that
{&n(w)} is a Cauchy sequence. Suppose the contrary, then there exist e(w) > 0 for which we can find
two sub-sequences of positive integers {my} and {ny} such that my is the smallest integer with

myg > ng > ]{7, S(fgnk,fgnk,fgmk) > E(M), (38)
and
S(fgnk,égnk,fgmk_z) < 6(60). (3.9)
By Lemmas 2.3, 2.4 and using equations (3.8), (3.9), we have

E(w) < S(§2nk (w)a ank (w), §2mk (w)) = S(£2mk (w)a §2mk (w)? §2Tbk (w))
< 25(&omy, (W), Eamy, (W), Eamy—2(w)) + S (E2my—2(w), Eamy—2(w), Ean, (W)
< 2[28(Eomy, (W) E2my (W) E2my—1 (W) + S(Eamy—1(W) s E2my—1 (W), E2my—2(w))]
+ S (&2n, (W), Eony, (W), E2my,—2(w))
< 2(25277%—1 + Ska_Q) + e(w).
On Letting the limit as k — oo in the above inequality and using (3.7), we get
]}LHOIO S(£2nk ) 52“1@ ) ngk) = e(w)' (3'10)

Also we have,

S(2ny+1(W) €20, +1(W), E2my+2(w)) < 25(Eany+1(W); E2nge+1(W); E2ny, (W) + S (Eamy+2(w), Eamy+2(W); E2ny, (W)
< 2850, +25(omy+2(W), E2mp+2(w), Lamp+1(W)) + S (E2mp+1 (W), Eamy+1(w), Eany (W)
(

< 2S2nk + 25’2mk+1 + 252mk + 5(527% (OJ), £2nk w)7 ngk( ))7
and
S (&an, (W), Ean, (W), Eam,, (W) < 289p, + 252, + 252m,+1 + S (Ean+1 (W), Eanpt1 (W), Eamy 12 (w)).
That is,

| S(&ani+1(w), Eony41(w), S2myt2(w)) — S(€any (W), E2ny (W), Eamy (W) | 250, 4 252m), + 252my41-
On making k — 0o above, we obtain that
Jim S(&aner1(w), Eone+1 (W), E2my42(w)) = €(w)- (3.11)
By a similar way, we obtain
| 5(&an,, (), &ony, (W), E2my+1(w)) — S (Eany, (), Eony (W), E2my, (W) [ 292y
Thus,
JHm S (€n,, (W), €20, (W), E2my+1(w)) = €(w). (3.12)
Since ny < my, and o, < £am, 11, then by contractive condition (3.1), we get
P (S(f(w, Eany (W), f (W, G2, (), 9 (W, E2my41(w)))) = (S (€2mp+1(W), E2my 41 (W), E2my12(w)))
< 1 {0(S(€am (), €2 (), Eam 1),

S(&2my+1(W); Eamy+1 (W), Eamy+2(W))[1 + S (E2n, (W), Eany (W), S2ny+1(w))] )}
14+ S(&onp+1(w)s Eong+1 (W), Eamy+2(w)) .

¢

Now we have to discuss two cases
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* If

max {qb(S(&%k (0)s Eamy (0)s Exmp i1 () 6
= ¢(S(£2nk (W)a §2nk (w), 52mk+1 (W))) s

Somy+1[1 + Sany,] )}
L+ S(&2n,+1(w), S2ny 41 (W), E2my+2(w))

then
(S (&anp41 (W), Eang+1(W), Eompt2(W))) < D(S(Eany (W), Eany (W), Eamp+1(w)))-
But since (¢, ¢) € £ and by (3.11), (3.12), we get e(w) = 0 which is a contradiction.

* If
Somp+1[1 + Son,
s (8 e (9, om0 Eomes ()0 gy e |
_ ¢( Somp+1[1 + Son,] )
1+ S(ﬁan-H(w)a §2nk+1(w)7 £2mk+2 (w)> ’
then

Somp+1[1 + San, | )
14 S(&anyt1(w), Eany 11 (W), Eamy12(w))

Letting £ — oo in the last inequality and using (3.7) we get e(w) < 0 which is a contradiction.
Then our claim follows.

(S (Eanp+1(w), Eonp+1(W), Eamyt2(w))) < &(

Since X is complete, then there exists £ € 6 such that

lim &,(w) = &(w).

k—o0

Step 4. Here we show the existence of the fixed point. Since f(w,.) and g(w,.) are continuous for all w € €,

then
() = lim G (@) = f(w, lim En(w)) = F(w, ),
and
{(w) = klggo&nw(w) = Q(W,klggo $ont1(w)) = g(w, §(w))-
So we have

§(w) = f(w,€(w)) = g(w,§(w)). (3.13)
That is £(w) € X is a common fixed point for f and g.

From Theorem 3.2 we obtain the following corollaries.

Corollary 3.3. Let (X, =) be a partially ordered set, (X,S) be a complete separable S—metric space, (22, %)
be a measurable space and f,g: 2 x X — X be two mappings such that for comparable elements x and u
€ X, we have

(i) f(w,.), g(w,.) are continuous, for all w € €2,
(ii) f(.,z), g(.,x) are measurable, for all x € X,

(iii) The pair (f,g) satisfy the weakly monotone property,
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(iv) There exist o, f > 0 with a + 5 < 1 such that
S(u,u, g(w,uw))[1 + S(z,z, f(w,x))]
L+ S(f(w,z), f(w, ), g(w,u))

If there exists a measurable mapping & : Q@ — X with {o(w) = f(w,&(w)) or {o(w) = g(w,&o(w)). Then f
and g have a common random fized point in X.

Proof. Since

S(f(w,x), f(w,z),g(w,u)) <«

+ BS(z, z,u). (3.14)

S(u,u, g(w,u))[1+ S(z,z, f(w,x))]
L+ S(flwsa), S, o) glw,w) 00T
S(“?“ag(w7u))[1 + S(x,x, f(w,x))] }
1+ S(f(w,2), f(w,z), g(w,u))
S(u,u, g(w,u Sz, z, fw,z
< max {(a+ H)S (.2, u). (o + 50 - ;((f<w7);gf;(w’(x)’ g({i u))m 1.

This condition is a particular case of the contractive condition appearing in Theorem 3.2 with the pair of
functions(p, ¢) € S, given by ¢(t) =t and ¢(t) = (o + B)t, (see Example 2.16). O

S(f(w>$)7f(w7x)7g(wau)> <«

< (a+ B)max {S(z, z,u),

Corollary 3.4. Let (X, =) be a partially ordered set, (X,S) be a complete separable S—metric space, (2, %)
be a measurable space and f,g: 2 x X — X be two mappings such that for comparable elements x and u
€ X, we have

(i) f(w,.), g(w,.) are continuous, for all w € €2,
(i) f(.,x), g(.,z) are measurable, for all x € X,
(iii) The pair (f,g) satisfy the weakly monotone property,

(iv) There exist two functions v, ¢ : [0,00) — [0,00) with the same conditions in Example 2.17 and
p(S(f(w, ), f(w, ), g(w,u))) < max {o(S(z, z,u)) — ¢(S(z, 2, u)),
SO(S(U, u, g(w, w))[1 + Sz, z, f(w, ﬂf))]) _ ¢(5(u, u, g(w, u))[1+ 5z, z, f(w, z))] )
14+ S(f(w, ), f(w, z), g(w,u)) 1+ S5(f(w, ), f(w, ), g(w,u)) 7

If there exists a measurable mapping & : Q@ — X with &(w) =X f(w,&(w)) or &(w) =X g(w,&o(w)). Then f
and g have a common random fized point in X .

(3.15)

Note that, Condition (3.15) is a particular case of the contractive condition appearing in Theorem 3.2
with the pair of functions(p, p — ¢) € S, (see Example 2.17).

Corollary 3.5. Let (X, =) be a partially ordered set, (X, S) be a complete separable S—metric space, (§2,X)
be a measurable space and f,g: 2 x X — X be two mappings such that for comparable elements x and u
€ X, we have

(1) f(w,.), g(w,.) are continuous, for all w € €2,
(i) f(.,x), g(.,z) are measurable, for all v € X,
(iii) The pair (f,g) satisfy the weakly monotone property,
(iv) There exists a € S, such that
S(f(w,z), f(w,x),9(w,u)) < max {a(S(z,z,u))S(z,z,u),

(20t 90w, w)[1 + S, 2, f(w, )] S(u, v, g(w, w)[L + Sz, 2, f(w, 2))

T 5 S(F(w,2), Fw,a)g(w.w) ) 1+ S(F(w,a), Flw, ) g(w,u)
(3.16)
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If there exists a measurable mapping & : Q@ — X with {o(w) = f(w,&(w)) or {o(w) = g(w,&o(w)). Then f
and g have a common random fized point in X.

Note that, Condition (3.16) is a particular case of the contractive condition appearing in Theorem 3.2
with the pair of functions(p, ¢) € 3, given by ¢ = 15 ) and ¢ = g o), (see Example 2.18).
4. Coupled random fixed point theorems

Lemma 4.1. If (X, 5) is a separable S— metric space, then B equals the c— algebra generated by the open
balls of X, where B is the Borel o— algebra that contains all open (closed) subsets of X.

Proof. Denote A := o— algebra generated by the open balls of X. Clearly, A C B. Let D and U be
countable dense subset and open subset of X, respectively. Since U is open, then for any x € U there

exist 7 > 0 such that B(z,r) C U. Also since D is dense in X, then there exist y, € D such that
Yo € B(x,5) = x € B(ys,5) CU. Set r, = 5, we have

U=U{B(yz,rs) : x € U},
which is a countable union of elements in .A. Therefore U € A. Hence A = B. O

Lemma 4.2. Consider that S : Z x Z — RY, where Z = X?, defined by

F((':C.layl)7 ($17y1)7 ($27y2)) - S(‘:Ul’xl?xQ) + S(y17y17y2)'

Then S is an S— metric on Z and if (X,S) is separable then (Z,S) is separable. Moreover, if (X,S) is
complete then (Z,S) is complete, too.

Proof. Clearly S(z1, 29, 23) > 0 for all 21 = (1,51), 22 = (v2,%2), 23 = (3,93) € Z and
g(’2172(272:3) =0& S(.’L’l,])g,]?g) = S(y17y27y3) =0
S a1 =29 =x3 and Y = Y2 = Y3 & 21 = 29 = 23.

Also, for z1, 22, 23, (a,b) € Z we have

S(z1,22,23) = S(x1, 22, 23) + S (Y1, Y2, Y3)
a,r2,23) + S(a,a,x1) + S(b,y2,y3) + S(b,b,y1)
)

(
(
((a,b), (x2,92), (x3,93)) + S((a,b), (a,b), (z1,91))
((a,b), 22, 23) + S((a,b), (a,0), 21).

IANIA A

S
S
S

Thus S is an S— metric on Z. Furthermore, if (X, S) is separable, then X has a countable dense subset A.
Now we show that A2 is countable dense subset in Z. Since A is dense in X then for x € X and /2 > 0
there is @ € A such that S(z,z,a) < § and for y € X and r/2 > 0 there is b € A such that S(y,y,b) < 3.
Hence, for any z = (x,y) € Z and r > 0 there exist (a,b) € A? such that

S(z,2,(a,b)) = S(x,x,a) + S(y,y,b) <r

Then A2 is dense in Z and (Z, S) is separable S—metric.

Finally, we prove that (Z,S) is complete if (X, S) is complete. Let {z,} be Cauchy sequence in (Z,S),
then we have for all € > 0 there exists ng € N such that S(z,,zn,2m) < € for all n > m > ng. Say
Zn = (T, Yn) Vn, then S(z,, Tn, Tm) < € and S(Yn, Yn, Ym) < €, that is, {z,,} and {y, } are Cauchy sequences
in X. Since X is complete then there exist x,y € X such that x, — = and y, — y as n — co. Then we
have z, — (x,y) € Z. Hence, (Z,S) is complete. O
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Lemma 4.3. Let (X,S) be separable S— metric space. The mapping ¢ : Q@ — Z defined by ((w) =
({(w),n(w)) is measurable, whenever £,n: Q — X are measurable mappings.

Proof. Since ¢ must be measurable iff (~1(U) is measurable for each open set U in Z. By Lemmas 4.1 and
4.2 we can find z = (x,y) € X? and 7 > 0 such that U = B(z,r).

(THU) = {w: ((w) € B(z,m)}

(2,2, ( ))<T}

(( Y): (€(w),n(w))) <r}
(

(

»l Wl

={w:S
={w:S

x, ( ))+S(yyn( ) <r}
7,2,6w)) < 5} {w: Sy, nw) < 5} € .

Hence ( is measurable mapping. O

Lemma 4.4. Let (X,S) be separable S— metric space and F : Q x X x X — X be Carathéodory function
(that is, it is measurable in w for each x,y € X and continuous in x and y for each w € Q). Then the
function T : Q x Z — Z defined by T(w, (z,y)) = (F(w,z,y), F(w,y,x)) is also Carathéodory function.

Proof. We shall show that T'(w, z) is measurable in w € §2 and continuous in z € Z. By Lemmas 4.1 and
4.2 we can find zp = (z9,y0) € Z and r > 0 such that U = B(z, ) for any open set U C Z.

T Y U) = {w: To(w) = T(w, 2) € B(z,7)}
{w:S(20, 20, To(w)) < 7}
= {w: S((z0,y0), (0, m0), (F(w, z,y), F(w,y,x))) <7}
= {w : S(zo, xo, F(w,x y))—i—S(yo Yo, F'(w,y,x)) <r}
= {w: S(z0, w0, F(w,z,9)) < }ﬁ {w: S(yo,y0, Fw,y,x)) < g}

={w: F(w,z, y)GB(mo,i)}ﬂ{uﬂ wuyax)EB(y()ag)}eE'

Hence T is measurable in w for all z € Z. To prove that T is continuous we have to prove that T, (z,) — T3, (2)
for any convergent sequence z, — z in Z. Consider z, = (z,,y,) for all n € N. Since z, — z, say there
exist z,y € X with z = (x,y), ,, = = and y,, — y. From the continuity of F' in z,y € X we have

n—o0 n—oo

lim T,(z,) = ( lim F,(zn,yn), li_>m Fw(yn,azn)) = (Fw(x,y),Fw(y,x)) =T,(2).
This finishes our proof. O

Remark 4.5. Let (X, <) be a partially ordered set. We can endow the product space X x X with the partial
order <, given by

(z,y) =p (u,0) © & 2w,y =0,

Theorem 4.6. Let (X, =) be a partially ordered set, (X,S) be a complete separable S—metric space, (2,Y)
be a measurable space and F,G : QA x X x X — X be two mappings such that

(i) F(w,.), G(w,.) are continuous, for all w € Q,
(ii) F(.,v), G(.,v) are measurable, for allv € X x X,

(iii) The pair (F,G) satisfy the weakly monotone property,
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(iv) There exists a pair of functions (¢, ®) € S, such that

go(S(F(w,a:,y), F(w,z,y), G(w,u,v)) + S(F(w,y,z), F(w,y, x), G(w,v,u))) < max {d)(S(m,x,u) + S(y,y,v)),

¢([S(u, u, G(w,u,v)) + S(v,v, Glw,v,u))|[1 + S(z,z, F(w,z,y)) + S(y,y, F(w,y, x))] ) }
1+ S(F(w,z,y), F(w,z,y), G(w,u,v)) + S(F(w,y,z), F(w,y,x), G(w,v,u)) ’

(4.1)
for comparable elements (z,y) and (u,v) € X x X.

If there exist measurable mappings £o,mo @ Q@ — X with &(w) = F(or G)(w,&(w),no(w)) and no(w) =
F(or G)(w,mo(w),&(w)). Then F and G have a coupled common random fixed point in X.

Proof. Consider the functional S : X2 x X? — R, defined by

S(z1, 22, 23) = S(x1, 22, 73) + S(y1,y2,¥3), V21 = (21,91), 22 = (v2,y2)andzz = (23,y3) € X°.

By Lemma 4.2, (X?2,5) is a complete separable S— metric space.
Define T1,T» : Q x X% — X2 as

Tl(wv (:v,y))
TQ(W? (a:,y)) = (G(w7$7y)7G(way7x))'

i
=
&
S
=
&
S
&2

By Lemma 4.4, Ty and T are measurable in w € Q and continuous in (z,y) € X?2. Moreover, since I and G
have mixed weakly monotone property with respect to ” <", then 77 and 75 have weakly monotone property
with respect to 7 <,”, i.e.,

(xa y) € X27 (x7y) jp Tl(w7 (x7y)> = Tl(w7 (x7y)) jp TQ(val(w’ (‘Ta y)))

Also, we define a sequence of measurable mappings ¢, : @ — X2 by (,(w) = (£4(w), nu(w)) for alln € NU{0}.
Since &o(w) = F(w, &(w), mo(w)) and no(w) = F(w,mo(w),&(w)), then we have that

(50(‘*’)7770(“))) jp (F(w,f’o(w),no(w)),F(w,no(w),ﬁo(w)))
Co(w) =p Ti(w, (So(w), no(w))) = T1(w, Co(w)).

Finally the contraction condition implies that

@(E(Tl(wv (xvy))7T1(w’ (55, y))7T2(w’ (u’v)))) < max {¢(S(($7y)7 (.T,y), (u’ U)))’

¢<5((u7 v), (u,v), To(w, (u,v)))[1 + S((2, y), (,y), i (w, (z, y)))]) }
1+ S(Tl(w7 ($7y))7T1(w7 (xvy))7T2(w7 (u7 U)))

Therefore, now we can apply the conclusion of Theorem 2.19 and get that 77 and 75 have at least one
random fixed point in X?2. That is, there exists a measurable mapping ¢ : 2 — X? such that

((w) =Ti(w,((w)) = Ta(w, ((w)).
This implies
{(w) = F(w,&(w),n(w)) = G(w, {(w), n(w)), (4.2)
and
nw) = Fw,n(w),§{(w)) = Glw,nw),{(w)). (4.3)

That is, F' and G have a coupled common random fixed point in X. O
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Now we construct an example to support our results.

Example 4.7. Let X = [0, 7] be equipped with the usual order ” <” and S—metric defined by

S(x,y,2) = Sllve —zl+ly—zl], Yo,y,2€X.

N | =

Let © = [0,1] and ¥ be the sigma algebra of all Lebesgue measurable subsets of ). Define the following
partial order on X?:

(z,y) 2 (u,v) &z <wu and y > v.
Consider the mappings F,G : 2 x X x X — X defined by

2

F(w,z,y) = G(w,z,y) = 10

[sinz +siny], V z,y € X and we X.

Define the functions ¢, ¢ : [0,00) — [0, 00) as follows

1 ot 1 3t
ﬁ+§ and ¢(t) = ﬁJrﬁ’ vV te0,00).

Now we will check the contraction condition of Theorem 3.2 is satisfied for comparable elements (z,y) and
(u,v) € X2.

S(F(w,z,y), F(w,z,y), G(w,u,v)) + S(F(w,y, ), F(w,y,z), G(w,v,u))
= ‘F(w,:c,y) — G(w,u,v)‘ + ‘F(w,y,x) — G(w,v,u)‘
1 —w?

=—F |(sinz — sinu) + (siny — sinv)|,

e(S(F(w,z,y), F(w,z,y), G(w,u,v)) + S(F(w,y,z), F(w,y,z), Gw,v,u)))

B 1+1—w2|(. inu) + (si inv)
= 12 12 SN xr SN u Sin y S1in v
1

S\t %H(Sinx —sinu)| + [(siny — sinv)|]
< % + %H(sinw —sinu)| + |(siny — sinv)|]

< &(S(x,2,u) + 5(y,y,0))
< max {¢<S<x,x, W)+ Sy, ),

¢<[S(u,u, G(w,u,v)) + S(v,v, G(w,v,u))][1 + S(z,z, F(w,x,y)) + S(y, y, F(w,y,x))]) }
1+ S(F(w,z,y), F(w,z,y), G(w,u,v)) + S(F(w,y,x), F(w,y,x), G(w,v,u)) '

It is obvious that other hypothesis of Theorem 3.2 are satisfied. We deduce that F' and G have a coupled
random fixed point &, 7 : 0 — X defined as

E(w)=nw)=0, V we

5. Application

Now, we introduce the existence and uniqueness solution for a class of random functional equations by
using Theorem 3.2.
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Let A, B be Banach spaces, D C A, E C B and R be the field of real numbers.
Let X = B(D) be the set of all bounded real valued functions on D with S— metric defined by

S(f(w,z(W)), Mw,2(w)), tw,z(w))) = sup  [f(w,2(w)) — h(w,z(w))|
(w,z)eQxD

+  sup ‘f(w,a:(w)) +t(w, x(w) — 2h(w,x(w))|,
(w,z)eQxD

(5.1)

where, f,h,t: Q x A — R be bounded i.e., f,h,t € X. Then (X,S) is complete S— metric space. Let
(Q, %) be a given probability space. we will study the existence and uniqueness of a solution of the following
functional equation:-

P(z(w)) = sup [9(w, 2(w), y(w)) + G(z(w), y(w), P(r(z(w), y(w))))], (5.2)

where, x : @ — D and y : ) — F represent the random state and decision vector, respectively, P : D — R
is bounded, i.e., P € X, 7: D x E — D represents the optimal return function with initial state.

Also, g: QA x DxE— R, G:D x Ex R— R are bonded functions.

Let T : Q2 x X — X be mapping defined as

T(w, h(z(w))) = sup [9(w, 2(w), y(w)) + G(x(w),y(W), (7 (x(w), y(w))))], (5.3)

where, h: D — R, is in X.

Theorem 5.1. Assume that for every (z,y) € D x E, h,k: D — R and w € Q such that

o) ), T(w, hz(@)[1 + P(). T h@@)] o
T+ S(T(w, ha()), T, h((w)), T(w, kz(w))
+ B()S(h(2(w)), hz(w)), kz(w)))),

where a, B : @ — [0, 00) with a(w) + f(w) < 1.
Then the functional equation (5.2) has a unique solution in X.

Proof. Let u be positive real number and for any z(w) € D, y1(w), y2(w) € E, from Equation (5.3) we have:

T(w, h(z(w))) < g(w, 2(w), 11 (w)) + G(z(W), y1(w), h(T(2(w), y1(w)))) + 1 (5.5)
T(w, k(z(w))) < g(w, 2(w), y2(w)) + G(2(w), y2(w), k(T(z(w), y2(w)))) + 1 '
On the other hand from the definition of 7" and equation (5.3)
T(w, h(z(w))) = g(w, 2(w), y2(w)) + G(z(w), y2(w), h(7(2(w), y2(w)))) (5.6)
T(w, k(z(w))) = g(w, z(w), y1(w)) + G(x(w), y1 (), k(7(2(w), y1(w))))- '
From (5.5) and (5.6) we have
T(w, h(z(w))) = T(w, k(z(w))) < G(z(w), y1(w), M7 (z(w), y1(w)))) (57)
-G x(w 7y1(w ,]C(T(H?(w » Y1 W))))+M ‘
and
T(w, k(z(w))) = T(w, h(z(w))) < G(z(w), y2(w), k(T(x(w), y2(w)))) (5.8)
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From (5.1),

(5.4), (5.7) and (5.8) we have

S(T(w, h(z(W))), T(w, Mz(w))), T(w, k(z(w)))) = sup |T(w, k(z(w))) — T(w, h(z(w)))| <

we

(

S(k(z(w)), k(z(W)), T(w, k(z(w)))[1 + S(h(z(w)), Mz(w)), T(w, M(z(@))] (5.9
(
(

); (z
14+ S(T(w, h(z(w))), T (w, h(z(w))), T(w, k(z(w))))
+ B(w)S(h(z(w)), h(z(w)), k(z(w))))-

Therefore all conditions of Theorem 3.2 are satisfied. Hence the random functional equation (5.2) has a

solution.

O
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