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1. INTRODUCTION

There is no doubt that scientists worked hard to introduce a new
concept of uniform space among of them in [8] kelley who said that a
uniformity for a set X is a non-void family U of subsets of X x X
satisfies some condition. He also said that there may be different
uniformities for a set X. The largest of these is the family of all those
subsets of X X X which contain A the diagonal and the smallest is the
family whose only member is X x X. Also, in [2] Badard defined a fuzzy
preuniform structure and studied some of its properties. Furthermore, in
[13, 14] the authors defined L-fuzzy preuniform space and L-fuzzy
quasi-uniform spaces by using (L, <,0, —,@,*) is a strictly two-sided
commutative quantale with an order reversing involution *. In [6, 12] the
authors defined and studied uniformites on fuzzy topological spaces. In this
paper was organized as follow: In section 2, the notion of fuzzy preuniform
space based on way below relation was established and some of its
properties were studied. Furthermore, the concepts of interior and closure
operators relative to L-fuzzifying preuniform space were investigated. In
section 3, the L-fuzzifying preuniform topology was studied. In section 4,
the L-fuzzifying preuniform continuity was introduced.
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Throughout thiswork L = (L, <,AV,") isacompletely distributive
complete lattice with an order reversing involution ', i.e,(L, <,AV,7) is a
complete lattice, for every i € [ and for A; € L,

AVA =V A W(@). and :L — L is a function such that
i€l lI’EiI;IIAi i€l

for every a,feL, (@) =a and if a<p, then a'=p . The
upper(resp.lower) universal element of L will denoted by T (resp..Ll).

2. PRELIMINARIES
Definition 2.1.[3] Let L be a complete lattice. We say that x is

way below y, in symbols x «< y, if for any directed subset D < L the
relation y < supD always implies the existence of a d € D with x < d.

Proposition 2.2.[3] In a complete lattice L one has the following
statements for all u,x,y,z € L:

() x <y implies x <y;

() usxKy<zimples u<K z;

(i) x < z and y « z together imply xV y < z;

(iv) 1< x.

(V) x <<y and y <z implies x < z.

(vi) If T K T, then a\</Ta =T.

Definition 2.3.[5] Let X be a nonempty set, L be a complete
lattice and 7: 2X — L be a function that satisfies the following conditions:

(O1) 1(X) = 7(¢) = 1,

(02) t(AnB) =t(A)At(B), forall A,B < 2%;

(03) for each {4;:j € J} < 2%, (Y 4)) = A T(4)).

Then t is calledan L-fuzzifying topology on X andthe pair (X, 7)
is called an L-fuzzifying topological space.

Definition 2.4.[5] Let (X,t;) and (Y,t,) be two L-fuzzifying
topological spaces.

A function f:(X,7y) — (Y,75) is called an L-fuzzifying
continuous if for all B € 2¥, 7,(B) < 1, (f~1(B)).

3. L-FUZZIFYING PREUNIFORM STRUCTURE
Definition 3.1. A function U:2¥*X — L is called an
L-fuzzifying preuniformstructure on X if it satisfies the following axioms:
PUL: For any u € 2X*Xif U(u) #L1, then A C u.
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PU2 : If U(u) <r and u<S v, then U(v) LKr , where
rel —{1}.

The pair (X, U) is called an L-fuzzifying preuniform space.

An L-fuzzifying preuniform is called of type D for any u;,u, €
2X><X.

PU3: If (U(u) ANU(uyp)) L 1, then U(u Nuy) KL r.

An L-fuzzifying preuniform is called symmetrical for any
u € 2X%X,

PU4: If U(u) <, then U(u™1) <.

Proposition 3.2. Let U; and U, two L-fuzzifying preuniform
structure. Then satisfies the following:-

(1) U; AU, and U4 VU, are L-fuzzifying preuniform structures.

(2) When U, , U, are symmetrical, then so are U; AU, and
Uy VU,.

(3) When U, , U, areof type D,thensois U; A U,.

Proof.

(1) First, we prove that U; AU, is an L-fuzzifying preuniform
structure.

PUL : If (Ui AUy)() #L, then U(w)AU,(u) #L . So,
U, (w) #L and U, (u) #L. Hence A € u for any u € 2X*X,

PU2: Suppose uSv. If (U1 AU)W) L7, then Ui(u) A
uz(u) Lr.

S0, Uy(u) K r or Uy(u) Kr. Hence Uy (v) Kr or U,(v) K
r. Thus (U4 A U)(W) = U1 (v) AU, (v) L r. Therefore U; AU, is an
L-fuzzifying preuniform structure.

Second, we prove that U; VU, is an L-fuzzifying preuniform
structure.

PUL : If (U; VUy)w)#L, then U;(w)VU(u) #L. So,
Uy (u) #L or U,(u) #L. Hence A € u for any u € 2X*X

PU2: Suppose uSv. If (U1V U)W L7, then Uy(w)V
U,(u) Lr. So, Uy(u) Kr and U,(u) K r. Hence U;(v) K r and
U,(v) Kr . Thus (U VU)W) =U(v)VU,(w) L1 . Therefore
U4, VU, is an L-fuzzifying preuniform structure.

(2) Suppose U; and U, are symmetrical.

If (U AU)W)=U () AU;(u) L1, then Uj(u) KLr or
U,(w) <7 . So, Uy(u V) Kr or Uy(u)«r which implies
U DHAU;u™)= (U AU D) <r . Hence U AU, s
symmetrical.

If (U vU)W)=U(w)VU(u) L7, then Ui(u) Kr and
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Uyw) <7 . So, Uyu-1)«<r and Uyu-1)«r which implies
(’Ul (u_l) \ Uz(u_l)) = (‘Ul \ UZ)(U_l) Lr . Hence 'Ul \ 'Uz [
symmetrical.

(3) Suppose U4, U, are of type D.

If (UL AU WA (UL A U)K T : then
(U () AU () A (U2 (W) AU (V) K7. SO, (Uy(w) ANUL(V)) K7
or (U,(u)AU,(v)) Kr. Hence (U4y(unv) AUy(unv)) Lr. Then
(U; NUy)(uNv) L 1. Therefore, U; AU, is of type D.

Definition 3.3. Let U;, U, are two L-fuzzifying preuniform
structures on X . We denote U; © U,:2X*X — L defined by
(U O U)(W) =V{U; (W) AU W)v Nw S u}

Proposition 3.4. Let U;, U, are two L-fuzzifying preuniform
structures on X. Then

() U; © U, is an L-fuzzifying preuniform structure.

(i) When U, and U, are symmetrical, then sois U; O U,.

(i) When U, and U, are of type D, then sois U; O U,.

Proof.

(i) Suppose U4, U, are two L-fuzzifying preuniform structures on
X.

PUL:If Uy O Uy(w) =V{U (W) AU, (W) |lvNnw S u} #1, then
there exist v,w € 2X*X such that U;(v) AU,(w) #L and vNw S u.
So, Uy(v) #L and U,(w) #L.Hence ACvnNnw S u.

PU2 : Suppose U; © U, (u) K 7. Then V{U;(x) AU,(y)|x N
y Cu} K r.Since u € v, then

V() AU, xnycSvi<r . So, U OU,(w) K1 .
Therefore U; O U, is an L-fuzzifying preuniform structure.

(ii) Suppose that U, and U, are symmetrical.
If (U QUMW) =V{Ui(W)AU,W)|vnw S u} KL r, then
(UMW) AU;(w) Lrforall vnw Cu. So, Uy(v) LK ror Uw) LK

which  implies U, (v ) «r o UwH«Kr . Thus
U (v HAU,w D))< r forall vinw lcul
Then VIU, 0 D) AU, (w D v tnw t cu Y= (U, O

U,)(w™Y) « r. Therefore U; O U, is symmetrical.

(i) Suppose that U, and U, are D and
(U O U)W A (Uy O U)(@)) = ((V{U; (x1) A U () ]x1 N
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y1 S uPANV{U () AUz () ]x2 Ny, S v) <. Then (VU (1) A
Uy (x2)) AUz () AUz @I (x1 N x) N (7 Nyz) Sunv}) K. So,
for some xq,%5,v1,y, € 2XXX such that (U;(xq) AU (%)) K1 or
(Uy(1) ANUL(y2)) L1. Hence Ui(x1Nxy) LK1 or Uy(y1 Nyy) L.
Then V{U (1 Nx) A U Y Nx) N Nyz) Sun
v) = VA UO)xnycunvh) =U OUnv) <Kr
where x = x; N x5 and y = y; N y,. Therefore, (U; O U,) is of type
D.

Theorem 35. Let (X, U) be an L-fuzzifying preuniform space.
Define the function Jy:2% x (L — {T}) — 2% as follows:-
Ju(4,r)=U {D € 2X|( (’u(w))’) L 7'

we2XxX w[D]cA

Then 7, satisfies the following axioms:

D) JuX,r) =X; Jy(p,1) = ¢.

(2) I4(A,r) € A.

(3) If A < B, then 3y (A,r) € Iy(B, 7).

4) Iy(AnB,r) € Iy(A,r) NIy (B,r), but if U is of type D the
equality holds.

(5) If " < 1, then :]-u(A,T'l) 2 :]-u(A,Tz).

The function Jy is called an L-fuzzifying preuniform interior

operator.
Proof.
(1) Since w[D] € X , then
JuX, ) =U {D € 2X| ( A (‘U(w))’) Lr't=X . So,
we2X*X w[D]cXx
jfu (X, T) = X.

Since w[D] € ¢. Then w[D] =D = ¢ forall r. So,
Ju(p,r) =U {D € 2X| ( A [D]g(p(U(W))’) Lr'Y=Up=¢

we2XxXX

(2) Suppose x € 7y (A, ). Then there exist D € 2X such that
x €D, ( A (U(w))’) & r'", where x eD € w[D] <
CA

we2X*X w[D]|c

A. Hence x € A.So Jy(A,r) € A.

(3) Suppose ASB . Then (

_wwy)

_@wwy) =

we2XXX w[D]

(WEZXXX,W[D]
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When u (w))’) L7 , we have
CA

<WEZX><X,W[D]

( (U(W))’) « r'. Hence Jy(A,r) € 3y (B,r).
we2X*X w[D]|SB

(4) It is clear from (3) that An B < A implies Jy(ANnB,r) ©
Ju(A,vr) and AnNnB < B implies Jy(ANnB,r) < Jy(B,r) . Hence
Ju(ANn B,r) € Jy(A,r) N Iy (B, 7).

Now, suppose that x € 3y (A4,r) NIy (B,r). Then x € Iy (A,71)
and x € Jy (B, ). Hence there exist D,, D, € 2X such that

xX€D; , ( A A(‘U(wl))’> «r" and x€D, ,

wq€E ZXXX,Wl[Dl] c

(u(wz))') «r . So, xe€D,ND, and
B

(WZ EZXXX,WZ [D2]<

U ’) L1 |A ( U ,> «
((WlezxxX/,‘\/vl[Dl] QA( (Wl )) r ) ( WZEZXXX{‘\NZ[DZ]QB( (Wz))

r’). Then x € D;nD, such that ( A ('U(Wl))')v
A

W1€2XXX,W1[D1]Q

(U(wz))’) & r'. Thus
B

(erzxxX'Wz[Dz]g
Uw)AUW,)) K r’). Since
W1€2XXX'W1[D1]gA:WZEZXXX,Wz[Dz]EB( ( 1) ( 2))
U is of type D, then
(Uwy Nwy)) K r’) . Therefore

W1 nWZEZXXX,(Wln Wz) [DlnDz] CANB

x €D such that ( A umw))’ <<r’) which implies

we2X*X w[D]SANB

x €Jy(ANB,r). Hence Iy (AN B,r) =Jy(A,7v) NIy (B, 7).

(5) Suppose n<rn : Then
Ju(A,ry) =U {D € ZXI( A (’U(W))’) &K1’} Since n,' <n’,
CA

we2XXX w[D]<S
then

( (‘U(W))’) «Kn'. So, Jy(A,n) 2744, 1).
we2X*X w[D]cA

Theorem 3.6. Let (X, U) be an L-fuzzifying preuniform space.
Define the function Cq: 2% x (L — {T}) — 2% as follows:-
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Cy(4,r) =N {D € 2X|( (’U(w))’) < r'l.
we2X*X Acw[D]

Then Gy satisfies the following statements:

(1) Cu(d,7r) = ¢; Cy(X, 1) = X.

(2 cy(A,r) 2 A.

(3) If A< B,then Cy(A,r) S Cy(B,1).

4) Cy(AU B, 1) 2 Cy(A,r)U Cy(B,r), but if U is of type D the
equality holds.

(5) If " < 1, then Cfu(A,Tl) c C'u(A,Tz).

The function Cy is called an L-fuzzifying preuniform closure

operator.
Proof.
(1) Since ¢ € w[D] : then
3 = D 2X ( I> N — . ,
cu@n=n{p e (A wwy)«r)=¢ S0

Cy(p,r)=¢ . Again, since X € w[D], then D =X for all r. So,
CyX,r)=nN {D € 2X|( A [D](U(W))I) LKr'}=NX=X

we2XxX xcw

(2) Suppose x € Cy(A,r). Then for all D € 2X such that x € D
we have ( A : ](U(w))’> L r'.So, Cy(A,r) 2 A.
D

we2XxX Acw

(3 Suppose ACSB . Then ( [D](U(w))’)z

we2X*X Bcw

](u (w))’). When

(WEZXXX,AQW[D

[D]('U(w))’) & 7', then ( A ](u(w))') «

<W€ 2XxX Bcw we2X*X Acw[D

r'. Hence Cy(A,r) € Cy(B, 7).

(4) It is clear from (3) when AU B 2 A, then Cy4(AUB, 1) 2
Cy(A,r) and when AUB 2 B, then Cy(AUB,r) 2 Cy(B,r). Hence
Cy(AUB,r) 2 Cy(A, ) UCy(B, ). Conversely, Cy(A,r)UCy(B,7) =
(ﬂ {Dl € 2X| < A o ](U(wl))’> L r’}) U (ﬂ {DZ €

1

w1 EZXXX,Agwl

2X| ( A 0, u (Wz))'> « r’}).

Wwo€E ZXXX,BQWZ
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= n {D1UD2 € 2X

<<W1€2XXX/,:\4§W1[D1](H (Wl))l> «
W)‘” ((erzxxxf};gWZ[Dz](U(WZ))') « r>} =N {D1UD2 €
<(W162X><X,Agw1[1)1] (u(wl)),) A ( ](u(Wz)),)> <
r’} = n{p,up, e 2¢ |( (wGv

U(w,)) « r’)} =
N {D1UD2 € 2%

2X

WZEZXXX,BEWZ [DZ

w1E2XXX ACw[D;],w,€2X*X Bcw,[D,

](’u(wl) AUW,)) <

<w162X XX, ACw[D1],w,€2X*X BCw,[D,

r’)} 2N {DlUDz € 2X ](U(Wl N

(WanZEZXXX,AUBg(WanZ) [D1UD2

WZ))I « r’)} = N{D € 2X| ( A (‘U(W))') Lr't=Ccy(Au
we2X*X AuUBSw|[D]

B, 7”) ) where (W1 n W2)[D1 V) D2] c W1 [Dl] N Wy [Dz] . Hence Cfu(A V)

B,r) = Cy(A,v)U Cy(B,7).

(5) Suppose nmn : Then
Cy(4,r) =N {D € 2X><X|< A (’LL(w))’) &Kn't . Since
we2XxX Acw[D]
' < n' then
[ ](’U(w))’> &K n'. So, Cy(A,n) € Cy(A,m).
D

we2XXX Acw

4. L-FUZZIFYING PREUNIFORM TOPOLOGY

Theorem 4.1. Let (X, U) be an L-fuzzifying preuniform space of
type Dand T « T. Define amap 7¢:2%¥ — L by
Tu(A) = sup{r € (L — {TH|Ty(A,7) = 4}

Then 74, is an L-fuzzifying topology on X.

Proof.

(01) Since Jy(X,r)=X and IJy(¢p,r)= ¢, for all r e (L —
{T}). Then 74 (X) = t4(¢p) = T.

(O2) Suppose there exist A,B € 2X and t € L — {T} such that
Ty ATy(B) >t >1y(ANB). Then t¢4(A) >t and t(B)>t. So
there exist r,7, >t such that J;(A,1,) = A and Jy(B, ;) = B. Put
r =n Ar, and from Theorem 3.5 (4) and (5), we have Jy(ANB,r) =
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Ju(A,7)N Iy (B,7) 29y (A, 1) N Iy(B,1,) = ANB.So, Iy(ANB, 1) =
AN B.Thus, t¢y(AN B) > r and r >t and this is a contradiction. Hence
Tyu(ANB) = 1y (A) ANty (B).

(O3) Suppose there exists a family {4; € 2X|ieT} and t € L —

{T} such that 74 (,U Ai) <t < Az,(4;). Since A Ty (A;) > t for each
ier ier ier
i € T, then there exist r; > t such that J(4;,1;) = A;. Put r = '/\rri' We
AS]
have  Jy(U A;r) 2 (U Jdy(4;,1) 2 (UJy(4m)) = UA; . So,
iel el ielr ielr
Ju(UA,r) = UA;. Thus, 7 (UA;) 27 and r>t and this is a
iel ier ielr
contradiction. Hence ru(_U Ai) > Aty(4;) . Thus, 77 15 an
ier iel’

L-fuzzifying topology on X.

Theorem 4.2. Let (X,U) is an L-fuzzifying preuniform space of
type Dand T « T. Define amap 7¢:2%¥ — L by
Ty (A) = sup{r € (L — {T}|Cy(457) = A°}

Then ¢, is an L-fuzzifying topology on X.

proof

(01) Since Cy(X,r) =X and Cy(p,r) =¢, for all re (L—
{ThH, then 7 (X) = tu(P) = T.

(02) Suppose there exist A,B € 2X and t € L — {T} such that
Tu(A) N Tru(B) >t> Tu(A ﬂB) Then Tfu(A) > t and Tfu(B) >t. So
there exist r;,r, >t such that Cy(A€,1;) = A€ and Cy(B€,1,) = B€.
Put r =7, Ary. From theorem 3.6 (4) and (5), we have Cy (A€ U B€,r) =
Cy(A¢,r)VU Cy(BC,r) € Cy(A¢,y) UCy(BS,1p) =AU B¢ . So,
Cy((ANnB)r)=(AnB)¢. Thus, ty(ANB)=r>t and this is a
contradiction. Hence t¢/(A N B) = t¢/(A) A t/(B).

(O3) Suppose there exists a family {4; € 2X|ieT} and t € L —
{T} such that 7o (,U Ai) <t < At,(4;). Since A 7y (A;) > t for each
ier ier el

i €T, then there exists r; >t such that Cy((4;)¢,n) = (4;)¢. Put
r= ,/\rri . We have
AS]
Cu(N (A)4r) € (N Cu((4)4r)) € (NCyu((A)41)) = N (A"
ier iel ier ier
S0, Cu((UAD°r) =(UA). Thus, 7y (UA;) 27>t and
ier ier ieTr

this is a contradiction.
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Hence 1y (_U Ai) > Aty(4;). Thus, 74 is an L-fuzzifying
ier ielr
topology on X.
Theorem 4.3. Let (X,U) is an L-fuzzifying preuniform space of

type D. Define a map 7¢:2%X — L by
(A= A V 'U(u)

XEA u[x]c

Then 74, is an L-fuzzifying topology on X.

Proof.

(O1) Itis clear T¢y(X) = T.

(02
y(A) A ty(B) = (A V JU@A(A -V UR) <

XEA Uy uy[x]SB
<

xeA/,§ceB uq[x ]CAu (u(ul)Au(uZ)) E{}nB ulnuzgc]gAnBu(ul n
U2) = xe{él\nB ulx ]CAnBu(u) =w(@nB)

(03)
TU(igl"Ai) - xE,/L\J A u[x]\Q/,U Aiu(u) - ié\l" <xé\Ai u[x ]C U Alu(u)>

ier ier ier

AlD, weati) = A

5. THE CONTINUITY OF L-FUZZIFYING PREUNIFORM
SPACES
Definition 5.1. Let (X,U) and (Y,V) are two L-fuzzifying
preuniform spaces. Then f: (X,U) — (Y, V) is called an L-fuzzifying
preuniform continuous function if V(v) «< r, then U((f X f) "1 (v)) K
r Vv e2VxY,

Lemma5.2. Let (X,U), (Y,V) and (Z, W) be three L-fuzzifying
preuniform spaces. If f:(X,U) — (Y,V) and g: (Y,V) — (Z, W) are
L-fuzzifying preuniform continuous functions, then go f: (X,U) —
(Z, W) is an L-fuzzifying preuniform continuous function.

Proof

If Ww) < r, for all w e 22%% then V(g %X g) " H(w)) K r
forall (g x g)~H)(w) € 2Y*Y, Sp,

UWEXH)Mgx™HW) =U(g X DU x NI W) =
U(gofxgef)t(w) «Kr . Hence gof is an L-fuzzifying
preuniform continuous function.
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Lemma 5.3. Let (X,U) and (Y,V) be two L-fuzzifying
preuniform spaces. f is L-fuzzifying preuniform continuous function if
and only if V(v) « r for each v € 2Y*Y there exist u € 2X>*X such that
U)K rand (f X fH(u) Sv.

Proof.

Suppose f is an L-fuzzifying preuniform continuous function and
V(v) K r foreach v € 2Y*Y, Then

U(fFxH)Tw) < r. Put (f X f)~Y(v) =u. Then U(u) K r
and (f X f)(w) € v. If for each v € 2Y*Y, there exist u € 2X*X such
that U(w) «r and (fx fH(w) S v, then u S (f x /)~ 1(v). From
(U5), we have U((f x f)1(v)) Kr. Hence f is an L-fuzzifying
preuniform continuous.

Theorem 5.4. Let (X,U) and (Y,V) be two L-fuzzifying
preuniform spacesand f: (X, U) — (Y,V) be anL-fuzzifying preuniform
continuous function. Then:

) fCu(4,m) s Cy(f(A),r) VAE2K;

(3 Cy(f*(B),T) S fH(Cy(B,T)) VBE?2Y;

) f: (X,7y) — (Y, 17y) is an L-fuzzifying continuous function.

Proof.

W fewam=r(nfpea( A wmwy)«

we2X*X Acw[D]

r’}) =Nf ({D € 2X| ( A [D](U(W))') <L r'}) =N {f(D) €

we2XXX Acw

2Y|< (U(w))’) & 1'}. So, there exist w € 2X*X such that
we2XXX Acw|[D]

w=(Xxf)"1(v) where ve2*Y and (UW(f X)) «r' .
When f is continuous, then (V(v))’ « r'. Hence

n{roye 2| s

A
(FxN)w)e2XXAc((fxf) "1 (v))[D

-1 l ’ Y Y n —
prwy)<renfroye(_,, A @e))<r)
NGO

2 From (D) we have

Cy(fTHB), ) S TS (CuFH (B M) € fH (BT S
f=H(Cv(B, 7).

(3) Suppose Typ(B) >t >ty (f~1(B)). Then t,(B)>t. So,
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there exist » > t such that V(B,r) = B. Then f~1(Cy(B,7)) = f~1(B).
From 2 Cu(f~Y(B),r) S f~Y(CyB,r)=f"YB) , then
Cy(f~1(B),r) = f~1(B) for each B € 2¥. Hence t4(f~*(B)) =r and
it is contradiction. So, Ty(B) <ty (f~1(B)) . Therefore f is an
L-fuzzifying continuous function.

6. CONCLUSION
In the present paper, a new concept of preuniform structure based on way
below relation was introduced and some of its properties were studied.
Also, the relation between L-fuzzifying preuniform and L -fuzzifying
topology was established. Furthermore, the notion of interior and closure
operators were investigated.
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