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Abstract

Inspired by the recent work Sahin and Agha gave recursion formulas for G; and G> Horn
hypergeometric functions (Sahin and Agha in Miskolc Math Notes 16(2):1153-1162, 2015).
The object of work is to establish several new recursion relations, relevant differential recur-
sion formulas, new integral operators, infinite summations and interesting results for Horn’s
hypergeometric functions Gi, G» and G3.

Keywords Contiguous relations - Infinite summation formulas - Recursion formulas -
Horn functions

Mathematics Subject Classification Primary 33C05 - 33C20; Secondary 33C15 - 11J72

1 Introduction and notations

The problem of recursion formulas is famous in the field of hypergeometric functions with
respect to their parameters, see example [2, 4, 5, 7, 8, 11, 15, 18]. In this direction, Sahin
[12], Sahin and Agha [13] studied the recursion formulas of G; and G» Horn hypergeometric
functions. Pathan et al. [9], Shehata and Moustafa [14] have investigated the properties and
numerous extensions of various recursion formulas of Horn hypergeometric functions in
depth.

In [10, 16, 17], the I'(p) Gamma function is defined as

r(p)zfooe"tﬂ—ldr, NR(p) > 0. (LD
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The Pochhammer symbol (p),, is given by

(o) _M_{l’ (peC,m=0); (12)

Pm="ry " 1pe+Dp+2)...p+m—1), (peCmeN), &
—1nt

o)=Y (20414243, .. LeN), (13)
(I —p)e

) 0, {>m; w

Plm—t =1 (=D )

" ﬁs 0<l<m,m,LeN
and
() 0, > 2m; s
P)2m—t =\ (=D (P)om }
" Ty, 0=<€<2m,m, LeN,

where N and C represent the set of complex and natural numbers.
Following abbreviated notations to keep the paper are used (see [10, 16, 17]). We write

(P)mt1 = p(p+ Dy = (o +m)(0)m,

1
Pm-1=——@ = Dm; p#1,
p—1

(0 + D = (1 + %)(p)m; p#0,
—1
0 =D =(p =Dt = ————(p): p#1—m. (1.6)
p+m—1

The Horn’s functions Gj, G, and Gs are defined by (see [6, 16, 17])

@ man (Bn—m (V) m—n m.n
Xy,
m!n!

gl = gl(Ol, 137 V’xa)’) = Z

m,n=0

(B, y satisty conditions (1.3) and (1.4), |x| <r,|y| <s,r+s < 1), (1.7)

oo
(&) m—
Gr = Gola, B, 7, 8: %, y) = Z @) (B)n (¥ )n—m (8)m nxmyn’
m!n!
m,n=0
(y, & satisfy conditions (1.3) and (1.4), |x| < 1,]y| < 1) (1.8)
and
o (@)20-m(B)2
O3 =Gsla. prx.y) = Yy —— ey
m!n!
m,n=0
(o, B satisfy conditions (1.3) and
(1.5), |x| < r, |y| <s,27r%s> + 18rs £ 4(r —s) = 1), (1.9)

In order to keep the paper completed, the investigation of recursion formulas of Horn functions
G1, G2 and G3 are important, the most famous interesting and neglect any further discussions
[3,9, 14].

Motivated actually by the verified workable for applications of Horn functions Gi, G, and
G3 in many numerous areas of mathematics, physical, engineering and statistical sciences.
This paper is complementary to publish paper [13], is prepared as follows. We establish
new recursion formulas for the G3(o £ ¢, B; x,y) to £ € N in Sect. 2. We present new
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differential recursion formulas for the G, G» and G3 in Sect. 3. In Sect. 4, we discuss the
various new integral operators of the G, G» and G3. In Sect. 5, we derive the various infinite
summation formulas of the G;, G and G3. Section 6, several concluding remarks of outcomes
are described.

2 Recursion formulas of Horn function G3

Some recursion formulas of Horn function Gs are given here.

Theorem 2.1 For £ € N. Recursion formulas for Horn function G3 are as follows

2y ¢
93(a+€,ﬂ;x,y)=Q3+ﬁ2(cx+wg3(a+s+l,ﬂ—1;x,y)
s=1
l
~BB+Dx) 1 3@ +s—2.f+2x.)
BB + ) T B+2x, ),
B#*la#l—s,a#2—s5,5s€N 2.1)

and

2x ¢
Gl B+6x,y) =03+ ——=> (B+5)G:@—1,+s+1;x,y)
oa—1 =

¢
1
—a(a+1>y§ TRy e CCR N A L0
a#x#FlL,B#l—s,B#2—5s,5seN. (2.2)
Proof From (1.9) and transformation
2n —
(o + 1)2n7m = (a)anm(l + na m>, o 7& 0, (23)
we get the relation:
2 1
oo+ 1, x,) = Ga + =5 G +2, — 15, )
1
—m%(oz—l,ﬂ—i-lx,y), B#La#0,a#l 2.4)
a(ax—1)

By applying this contiguous relation to Horn function G3 with the parameter « = o + ¢
through relation (2.4) for ¢ times, we get (2.1).
Using (1.9) and the relation

2m —n
B+ Dam—n = (ﬁ)zm—n(l + T) B #0, (2.5)
we obtain the contiguous function
2 1
Gy, B+ 1:x,y) =03 + %Qs(cx —LA+2x, )
ala+ 1)y )
—m%(a—i-lﬂ—l,x,y), a#1,8#0,1. (2.6)
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By iterating this method on G3 with the parameter § + £ for £ times in (2.6), we obtain the
relation (2.2). O

3 Differential recursion formulas of G1, G, and G3

Here, we obtain several differential recursion formulas of Horn’s functions Gi, G> and G3
through using differential operators ®, = x% and Oy = y%.

Theorem 3.1 Differential recursion formulas of function Gz are as follows

£—1

20, — 0O,
Qs(a+€,ﬂ;x,y)=H<1+y7.)g3(a,ﬂ;x,y), o« #0 3.1)
i=0 @+
and
-1
20, — 0,
QS(O‘»,B-FK,%X»)’):H<1+W>g3(a’/3,xa)’)v IB#O (32)
i=0

Proof Defining the differential operators

O x" =x—x" =mx™,
dx
n 8 n n
Oyy =y@y =ny". (3.3)

By using the above differential operators and (2.3), we get the differential recursion formula
for G3

00 (1 + 2nTim)(05)271—m(,3)2m—n

Gila +1,B:x,y) =m;:0 —_ Xy
0, O,
=G3(a, B x,y) + 2793(11, Bix,y) — 7@3(01, Bix,y). (3.4)

By iterating this method on G3 for £ times in (3.4), we obtain (3.1). Similarly, using the above
differential operators (3.3) and iterating this technique on G3 for £ times, we obtain (3.2). O

Theorem 3.2 Differential recursion formulas for the functions Gy and G

-1

O+ 06
gl(a‘i‘e»ﬂ,lﬁxa)’)=H<1+Tiy>gl(a,ﬁ»)’§%)’)v (x?éo,
i=0
{—1 o
Gr@+ £ 8,7, 85,0 =[] (1 + —‘.)gz(a, By, 8:ix,y), a#0,  (3.5)
im0 a+1
—1
By — 0, .
gl(a,ﬁ+€,y;x,y)=H<l+ﬁ>gl(a,ﬁ,y;x,y% B # —i,
i=0
-1
@y .
gz(a,ﬂ%y,a;x,y):H(1+ﬂ+i>gz(a,ﬂ,y,a;x,y), B#—i, (36)
i=0
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£—1

0, — 0, _
Giw. oy +Lx. ) =[] (1+ — o @ Byixy. v # i
i=0
-1
0, — 6, _
Gol@, By + 6,85, =[] (1 + W)Qz(a, B.v.&ix.y), yv#i 37
i=0
and
-1
0, — 0, .
G, By 8+ Gx, )y =[] (1+ 1 JR@h sy, §#£-i (¥

=

are established.

Theorem 3.3 The derivative formulas for the functions G3, G1 and G

a@ -1 4
DG piry = T2 g gtk ), a £ 1,23,
0x (I —a)y
3.9)
3t (=D ,
T)}Zg:ﬁ(a»ﬂaxmy)_Wg3(a+2£’ﬂ_z5~x’y>9 ﬂ#15273a
(3.10)
9" (=D (a)e
—0=————¢ +4,86—L,y+4;x,y), 1,2,3,...,
7 = 0= B e+t =Ly +bxy), B#
3t (=D (e, .
Wgz—mgﬂa%—ﬁ,ﬁ,y—ﬁﬁ%—ﬁ,x,y), ]/#1,2,3,
(3.11)
and
at -1t
2 G s EV @G b gy —txy), y£1,23,
dy (I =)
3t (DB ]
Wgz—Wgz(a,ﬂ—l-ﬁ,y-l-@,é—e,x,y), 6#1,2,3,
(3.12)
are derived.
Proof Differentiating (1.9) with respect to x, we get
a . > m(O{)anm(/s)men m—1_n > (“)anmfl(ﬂ)merH»Z m.n
ag:;(a’ ﬂ?x!y): ZO mn! X yo= ZO m!n! Yy

oo

BB+ 1) @=DomB+2mn o BB+ .
T a1 Z min! v :ﬁ%(a—l,ﬁ—i—lx,y).

m,n=0

@ Springer



65 Page6of12 A. Shehata, S. I. Moustafa

Repeating the above relation, we arrive at

" . BB+D...(B+20—1) .
7P T @ D2, @@ TP TENY)
C=EDEBBAD (B2 1)
T l-—0)2—-a)...(—)
(=D (B2
== — €, B+20x, ).
T p) Gs3(a B+26x,y)

Gia — L, B+26x,y)

The derivative (1.9) with respect to y, we proceed

9 afa+1)

—G3(, Bix,y) = ———G3(@+2, - Lix, y).

ay B—1
By iterating this approach on the rth derivatives, we get (3.10). Similar way, we prove the
Egs. (3.11) and (3.12). O

4 Integral operators of G1, G and G3

Now, we define an integral operator i acting on the Horn functions Gy, G, and G3 such that

[1]
.1 1Y
11=7/ dx—i—f/ dy, 4.1)
X Jo y Jo

where the integration is carried out with respect to each variable individually on the assump-
tion that the other is constant.

Theorem 4.1 The following integration formulas of the Horn functions Gy, Go and G3 hold
true:

o BB+ 1) B N
I = e ha-20 - Do t@ 2P +2y —2xy)
2
o ne-p @B by
y(y+1)
e Da-26-DE-2""
(@—2,B=2,B+2x,y),a, B,y #1,2,x,y #0, (4.2)
P y(y+1 B S
I = e De-26-ne_nr@ Ay +2i-2xy)
2
—-2,8—=2,v,6; x,
o@D —2@ -DE -2 @Ry
§G+1)
B e RN
(0, -2,y —2,8+2x,9),a,8, vy #1,2,x,y #0 4.3)
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and
leg . ala+1)
PTXRBE-DBE-2B-3HB -4

2
+mg3((¥ —1,8-1x,y)

g3(05+27,3_4§x’y)

BB+ 1) Gila =4, p+2x,y),a,8#1,2,3,4,x,y #0.

YA = Dia = 2)(@ = 3)(« —4)

Proof Acting the definition I on the function g1, we have

io: < 1 n 1 )(a)m+n(,3)n—m(y)m—nxm n
m+1 n+1 m!n! Y
I y 1
_x(o[—l)(y—l)gl(a 1,/3‘1‘1»)/ 1,X,y)
v
ye—-D(B -1

ifef

m,n=0

4.4

Gila—1,8—-1,y+Lx,y), afB,y#1x,y#0.

We can be written I = ]VIX + ]Vly where ]VIX = %fg dx and ﬁy = % f()) dy, then the operator 12

is such that

2 = 1l = (f,)? + 21,1, + (i,)?

1 X X 2 y X 1 y y
= —2/ / dxdx+f/ / dxdy+7/ / dydy.
x=Jo Jo xy Jo Jo y=Jo Jo

Using the integral operator 2, we get (4.2). Similarly, we obtain the relations (4.3) and (4.4).

Theorem 4.2 The new integration formulas of the Horn functions Gy, Go> and Gz hold true:

4
[[©:+0,—k+ 13
k=1

(@ —=2¢,B8,v:x,y), a#1,2,3,...,x,y #0,

. 1
Itg, =
2T 30— )1 - B
L

g = 1
9= 0 o

XH(@X—I—@},—k+l)gg(a—ﬁ,ﬂ—ﬁ,y,zﬁ;x,y), a, B #1,2,3,...

k=1

and

12
v 1
I'Gs = []©:+6, —k+1)ds
k=1

Xy —a)e(1 =B
(a—¢,B—4x,y), o,B#1,2,3,...,x,y #0.

Proof Using the operators ]vI, O, and Oy, we get

oo

X, (m +n +2)(@)m+n (Bn—m (VI m—n m.n
6= 2. m+ Dl(n + 1! Xy

m,n=1

4.5)

X,y #0

(4.6)

A.7)
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_ i (m 4+ n)(@m+n—2B)n-m(VIm-n -1 n_1
N m!n! Y
m,n=0
O, + 0,

mgl(a_lﬂay;x’y)s a#1,2,x,y#0.

Iterating, for ¢ times, this integral I and differential operators on Gy, we get the formula (4.5).
Similar, we obtain the formulas (4.6) and (4.7).

O
Theorem 4.3 For Horn functions G\, G and G3, we have the integral operators ]Vlf; and Iv[f
o= P Gt prty—try. ay#l23.. x#0,
’ 1 —a)e(1—y)e
(4.8)
8 (=D"()e
g =——"-t" - — ; 1,2,3,...
y Gi ye(lf(x)@(lfﬁ)[gl(a LB—Ly+6xy), o, B#F1,2,3,...,y#0,
Y -
(]Ix]ly) Ql=ﬁ91(a—&ﬁw:x,y), a#1,2,3,...,x,y #0,
xEyH(l —a)e
4.9)
e D G-t py+06—txy), ad#L23....x£0
! xt1 —a)e(l = 8), o ' e ey ’
¥ (=D ()¢
G =——— G f—ly—5+Lx,y), By #1,23,...,y#0,
y 92 = T A= 2, B 4 x, 3, By # y#

14
vy 1
(]Ix]ly) gz:x{yl(l—ot)g(l—ﬁ)ggZ(W_g’ﬁ_e’C’&x’y)’ Ol,ﬂ;él,2,3,...,X,y750

(4.10)
and
Ty
ﬁi%:%%(d—i—ﬁ,ﬂ—%;x,y), B#£1,2,3,....,x #0,
xH(1 = B
Ty
ﬁf,ggz(el)ﬂgg(a—%,ﬁ—i—ﬂ;x,y), a#1,2,3,...,y#0,
’ Yo — @)
Lo\ ¢ 1
(My> P == py
(a_z,ﬂ_glx,y), aaﬁ#l’zv?’auw'xvy#o' (411)

Proof Using the operator related to ﬁx, we get

B

]ngl=mgl(a_1!ﬁ+l’y_l;xay)7 a,y #1,x #0.

By making use of the operation for ¢ times, we get the desired (4.8).
Similarly, for Jy and 7, J,, by applying use of the above operations, we obtain (4.9)—(4.11).

Now, the operator I [1] is considered in the form

. x y
I:/ dx—i—/ dy. (4.12)
0 0
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Theorem 4.4 The integral operators for Gi, Go and G3 are

i BB+1)
12 N _2’ 2’ _2; )
9= e D20 Do @Ry m BN
2
e Da—p@-2AyixY)
Yy +1) .
+(oc—1)(04_2)(5_1)(/3_2)91(“—2,/3—2,y+2,x,y), o By £ 1,2,
(4.13)
12, — cy +1) 3 L
Ig2_(a—l)(a—Z)(8—1)(5_2)92(“ 2,8,y +2,6—-2;x,y)
2
+mg2(a_1u3—1,7/,3,x,y)
s+ 1
k] _2, —2,8+2, s s , B, ’8 1,2
+(/3—1)(/3—2)(1/—1)(;/—2)92(“ p=2v x,y), o By, 8#
(4.14)
and
2. = ala+1) 2 b ax
Gs (,3—1)(ﬂ—2)(,3—3)(ﬂ—4)g3(a+ B x,y)
2
+mg3(a—l,ﬂ—l’x7y)
BB+ 1)

@D e D H P RA R, @B ALLIA GIS)

Proof Acting by this integral operator I on the Horn’s function Gy, it follows that

o > @ man (B (V) m—n m+1_n
6= ) m+ Dl Ty

m=1,n=0

. i @ mt+n Bn—m (¥ m—n xmyn-‘rl

m=0,n=1 m!(n+ 1)!
—m 1la—=1,8y—1x,y)

y .
“rmg](a—1,,3—1,)/+1’x7y),0{,'87y7&1'

By repeating the integral operator again for Horn function Gy, we get (4.13). In similar way,
we obtain the Egs. (4.14) and (4.15)

Theorem 4.5 The connections between integral and differential operators of G, G and G3
are

e
. 1
Ifgl:Wn((@x+®y—k—i—l)gl(a—%,ﬂ,y;x,y), a#£1,2,3,...,
- 2¢
k=1

(4.16)
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4

. 1
I'Go= ——J[(0:+0y —k+ 1)Gola—2¢,B, 7.8 x,y), a#1,273,...
(I —a)ae ;- ’
(4.17)
and
¢
ieg3=— (Ox + 0y —k +1)G3
(I —we( =B g )
(a—C,B—4;x,y), a,BF#1,2,3,.... (4.18)
Proof By using the integral operator and differential operators for G|, we get
< 1
I = ———— (0, + 0, —2,B,7;:x,), 1,2.
Gi (a—l)(a—z)( x+0))G1@ =2, B.yix.y), oF

Iteration the above relation for € times, implies (4.16). In similar way, we obtain the Egs. (4.17)
and (4.18)

Theorem 4.6 We have the integral operators if; and if for Horn functions Gy, G and G3:

iﬁgl:Lgl(a_gvﬁ'kzay_g;x,y)v 0[57/#172539"'5 (419)
(I —a)e(1—y)
%0 (¥)e _ _ .
Iygl_—(l—a)g(l—a)ggl(a LB—Cy+Ex,y), af#1,2,3,..., (420)
<0 _ (V)Z _ .
ngz_—(l_a)e(l_a)lgz(a 6B,y +€8—0x,y), a,d8#£1,2,3, ...,
¢ (8¢
g — - JB—=ly—0,8+0x,y), afb, 1,2,3,...
v92 (1—;8)[(1—;/)@%(“’3 Y X)), @By #
4.21)
and
BREY/
ieg3=wg3(a+ﬂ,ﬂ—2k;x,y), B#1,2,3, ...,
(1= B)2e
1\
i‘fg_gzwg_;(a—zz,ﬂw;x,y), a#£1,2,3,.... 4.22)
(1 —a)ay

Proof Now, we consider the integral operator iﬁ, where ix = f(;c dx such that iﬁ = ix 1 f_l,
we get

< B
Iglzigl(a_l,ﬂ‘f_lsy_l;x’y)v 05,7751-
N CE O
Iteration the above formula for £ times, implies (4.19). Similarly the integral operator I¢, the
relations (4.20)—(4.22) can be proved. ]

Theorem 4.7 The following integral for Horn's hypergeometric functions G, holds true:

o=l p—1 “t* ’u‘
G = F(a)F(,B)/ / et e dtdu. (4.23)

Proof Starting from (1.9) and using the gamma function, we obtain the integral for G, (4.23).
O
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5 Infinite summation for G, G, and G3

Here, we derive some infinite summation for G, G, and G3.

Theorem 5.1 For |t| < 1, the infinite summation for Horn’s functions Gy, G and G3

Z(”gl( +eB it = (1 -1 “gl(aﬁy, T ) 5.1)
=0
(/3)2 ¢ _ B
Z TG Byt =1 =076« B yix(1 - 1), t,
=0

Z(V)‘gma By +6x it = (-t Vgl<a by ,y<1—t>) (52)

=0

Z( )ég( +O By Xt = (1 -1 "Qz(a B.v, ’lit’y>’

=0

Z@g2(a B+ly sxmtt =0 —t)‘ﬁ%(% Py, i, 1it>’
=0

3 D Gt oy + .50 30t = (1= 1) ng<a By s x(1—1), l—_t)
=0

(9)e _ -5 )
Z—gz(a By 8+ x, Nt =1 -G By, 8;

,y(l—t)> (5.3)
=0

X
11—t

and

Zﬂgs(aw Brxt = (-0 “g3<a Bix(1 -0, (1_yt)2>’
=0

Z(ﬂ”ggax Bt tix i = (1 1) ﬁ%( B (lft)zﬂy(l—t)> (5.4)

=0

are established.

Proof With the help of the fact that

o
(- =YD g <,
=0 ’

expanding the sums, collecting the expression of the right-hand side (5.1) and after some
simplification, we obtain (5.1). In a similar manner, the infinite summation formulas (5.2)-
(5.4) can be established.

6 Concluding remarks

As a brief consequence of the numerous new recursion formulas, integral operators, infi-
nite summation formulas and interesting results of Horn functions G1, G, and Gz which we
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have discussed, an analytic procedure to calculate many of the various outcomes has been
established. Our analytic expressions can be used as a benchmark for the accuracy of unique
approximation approaches designed mainly for the investigation of radiation discipline prob-
lems.
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